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ENTROPY SOLUTIONS FOR SOME NONLINEAR AND
NONCOERCIVE PARABOLIC PROBLEMS IN THE
ANISOTROPIC SOBOLEV SPACES

MOUSSA CHRIF!, YOUSSEF HAJJI?* AND HASSANE HJIAJ?

ABSTRACT. In this paper, we studied the existence of solutions for a class
parabolic problem involving a non-coercive Leray-Lions operator with a Hardy
potential. Using an approximate method and some a priori estimation tech-
niques, we show the existence of entropy solutions for the studied problem
within the framework of anisotropic Sobolev spaces.

1. INTRODUCTION

Let © be a bounded open subset of IRY (N > 2). For T > 0, the cylinder
2 x (0,7) has denoted by Qr, furthermore 02 x (0,7") is the lateral surface
denoted by Y. In this paper, we have studied the following nonlinear parabolic
problem

O + Aw + vjw[? A'“'sz iDif( t,w) in Q

— wF VW= A—mm— — x,t,w in Qr,

ot [z (1.1)
w= 0 on X,

w(z,0) = wp in Q,

where wy € L'(Q), and f;(z,t,7) verifying some growth condition. The non-
coercive Leray-Lions operator A acted from L7(0, T; W'7(Q)) into its dual L? (0, T;
W=7 (Q)) is given by

N
Aw = — Z Dia;(z,t,w, Vw).
i=1

In the specific case where v = 0 and f; =0 fori=1,--- , N, in [10], Baras and
N

Goldstein studied the linear version of problem (1.1), i.e., with Z Dia;(z,t,w, Vw) =
i=1

Aw and py = 2. They established the existence of solutions for A < Ay = (%) 2

and the initial datum wy. However, for A > Ay, they proved non-existence of
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local solutions for any wy > 0. For the nonlinear case, in [9], Azorero and Alonso
demonstrated the existence of solutions to problem (1.1) for A < Ay = (%)p.
Conversely, they showed non-existence of local solutions for A > Ay and any pos-
itive initial data wg. See also [5], and for related elliptic problems, we refer the
reader to [2, 32].

In [15], Bocardo et al. have studied problem (1.1) with Aw = —div(|Vw[F?Vw),
and the right-hand side replaced by f is belongs to L'(Qr). They have shown
the existence and regularity of solutions for problem (1.1). In [16], Bocardo et
al. proved the existence results for the nonlinear parabolic problem (1.1) with
the right-hand side replaced by p belongs M(Qr), the space of bounded Borel
measure on ()7. For a framework in the setting of anisotropic Sobolev spaces, we
refer to [1, 3, 7, 20, 29, 31, 34, 36] for more details.

Nonlinear parabolic equations have garnered significant attention in mathe-
matical analysis due to their wide-ranging applications, including the study of
non-homogeneous materials that exhibit varying behavior in different spatial di-
rections. Examples of such materials include electrorheological, thermoelectric
fluids, and image processing [1, 19, 33].

A substantial body of literature has been dedicated to studying elliptic and
parabolic equations with principal operators exhibiting Leray-Lions-type degen-
erate coercivity and classical divergence. Key research areas include the existence,
uniqueness, and regularity of solutions for such equations. For a comprehensive
overview [21, 5, 6, 8, 11, 13, 14, 17, 18, 22, 24, 25, 27, 30].

The primary objective of this work is to investigate the existence of entropy
solutions for the nonlinear parabolic problem (1.1). The singular nature of the
Hardy potential presents significant challenges in obtaining solutions. To address
this, we leverage the regularizing properties of the lower-order terms to mitigate
the non-existence effects induced by the Hardy potential. Similar difficulties were
encountered in previous studies, such as the work of Baras and Goldstein [10],
which examined the behavior of solutions about a specific parameter. Another
relevant research [9] explored the non-existence of solutions for the p-heat equa-
tion due to a singular term, requiring a particular condition on a parameter to
ensure existence.

This paper is organized as follows: Section 2 provides a review of essential
definitions and properties of anisotropic Sobolev spaces. Section 3 presents crucial
lemmas used to prove the main result. Section 4 introduces the definition of
entropy solutions for our parabolic equation and establishes the main theorem.

2. PRELIMINARIES

Let Q be an open bounded domain in RY (N > 2) with boundary 9.
Consider a vector of real exponents p' = (pg, p1,...,pn), Where 1 < p; < oo for
i=0,1,...,N.

We introduce the anisotropic Sobolev space W1?(Q) as

W'P(Q) = {w e LP(Q) such that D'w € LP(Q) for i=1,2,...,N},
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where
0 ; ow
po = max{p1,p2,...,pn}, D'w=w and D'w= o
Ti
Moreover, we denote
I_) = min{plap27 s 7pN}

The space W'7(Q) is equipped with the norm

N

lollg =Y I1Dwllp,- (2.1)
i=0

We set W) 7(2) as the closure of C3°(€2) in W'#(€2) for the norm (2.1).
The Sobolev spaces W'7(Q) and W,7(Q) are separable and reflexive Banach
space.

Lemma 2.1. Let Q be a bounded open set in RY. Then the following embedding
18 compact.

o if p< N then WiP(Q) s L"(Q) for anyr € (1, p*, where# =

e if p=N then Wol’ﬁ(Q) —< L"(Q) for any r € [1,400],
e if p> N then the embedding Wol’p(Q) s L®(Q) N Q).

The dual of the anisotropic Sobolev space W, 7(Q) is denoted by W17 (Q),
We cite [23] for more information on anisotropic Sobolev spaces.
Now, we present the definition of the anisotropic parabolic space LP(0, T; W7(Q))
as

1_ 1
p N

N T
LP(0, T; WP(Q)) = {w measurable function /Z/ HDiw iipi(g) dt < oo} ,
i=0 70

endowed with the norm

N
ol rozwr @y = Y ||Di“HLpi(QT> ‘
1=0

The space LP(0,T; Wy(Q)) is introduced by
LP(0,T; Wy P(Q)) = {w € LP(0, T; W'(Q)) /w = 0 on 0Q x [0,T7]} .
The dual of the anisotropic Sobolev space LF(0, T; Wy 7(Q)) is denoted by L (0, T; W17 (Q)).

Note that LZ(0, T; WP(Q)) and LP(0, T; WP (£2)) are separable and reflexive Ba-
nach spaces.

Lemma 2.2. (see [35]) Let By, B and By be a Banach spaces with By C B C B;.
Let us set

V={w:wel”0,T;By) and '€ L’(0,T;B)}

where pg > 1 and p; > 1 are reals numbers.
Assuming that the embedding By << B is compact, then

Y —— L?(0,T; B)
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and this imbedding is compact.

Remark 2.3. Let p> we set

2N
N +2’
By=Wy?P(Q), B=L*Q) and B =W ' (Q),
with pg =p and p; = pj. In view of the Lemma 2.2 we obtain

{w:we lP(0,T;Wy?(Q) and w' € L7 (0,T;W7(Q)} CY e LY(Qr).
2.2)

Moreover, in view of [12], we have

{w:we lP(0,T;Wy?(Q) and W' € LF(0,T;W7(Q))} € C([0,T]; L1()).
(2.3)

3. ESSENTIAL ASSUMPTIONS

Let Q € IRN(N > 2) be open and bounded containing the origin with boundary
0f). Denote
QT =0 x (O,T) and ET = 0f) X (O,T)
Let us consider the nonlinear and noncoercive parabolic problem with Hardy
potential in anisotropic Sobolev space

15} 0=2
w—l—Aw—l—u!w[‘s 1w—)\|w| ZDfotw in Qr,
ot o (3.1)
w= 0 on X,
w(z,0) = wp in Q,

with wg € L'(2), v > 0 and A > 0. The non-coercive Leray-Lions operator A is
a defined by

N
Aw = Z D'a;(z,t,w, Vw),
i=1
where a; : Qr x IR x RN +— IRY are Carathéodory functions verifying the
following conditions
I) there exists a positive functions K; € L”(Qr) and 8 > 0 such that for
a.e. (z,t) € Qr and all (s,£) € R x RY

|ai(z,t, 5, )] < B (1) + [s[P~ + &GP, (3.2)
IT) for a.e. (z,t) € Qr and for any &; # &
(Cli(l',t,s,/f) —(Ii(l',t, 575/))<€i _g) > 07 (33>
IIT) there exists a constant by > 0 for a.e. (x, t) € Qr and all (s,€) € Rx RN
such that
a;(x,t,s,)& > &|P 3.4
(54,596 > [t (3.

where 0 < 6 < min{py — 1, s(p — 1)}, such that s > max (NZSZE;OD, p0171>,
and let 5 > 0.
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The Carathéodory functions f; : Q7 x IR — IR satisfies only the growth condition
|[filw, b, 8)] < cil, ) + dif, £)]s]”, (3.5)
where ¢;(z,t), d;(z,t) respectively belongs to L™ (Qr) and L™ (Qr), with m; >

: { i—1)—0
ey =y and 0 < g; < 2@ZU=0

(S+1)(p1_1)_0'zp2 6’ DPi
Lemma 3.1. (see. [20]) Let (wp)n C LP(0,T; WaP(2)) be a sequence such that
8 n . .
Yn oo (0, T: W5 (Q)) and satisfying the following convergences:

((1§ Wy — w weakly in LP(0,T; W P(Q)),
ii

N
Z az x,t, wy, Vw,) — a;(z, t, w,, Vw)) (D'w, — D'w) dz dt
i=1 Y Qr

+/ (!wn]po’an — \w\p°’2w> (wp —w)dxdt — 0 as n— oo,
’ (3.6)

and assuming that conditions (3.2)—(3.4) hold, then w, — w strongly in LP(0, T; W, 7(Q))
for a subsequence.

Proposition 3.2. Let w € LF(0, T; WiP()) we set for all jp > 0

aplat) =u [ wlas)exp(uls = O)xom(s) ds

Then, the following assertions hold
0
(i) If w e LP(Qr), then w, is measurable in Qr, with %

/|wu|p°dxdt§/ |w[Podxdt
T T

(ii) If w € LP(0,T; Wy P(Q)), then wy, — w strongly in LP(0,T; WP (Q)) as
n — +00. B

(iti) If w, — w strongly in LP(0,T; WyP(Q)), then (w,), — w, strongly in
LP(0,T; Wy P (9)). )

(iv) [(Ti(w))u| < K for all w € LF(0, T; Wy P(Q)).

= p(w —w,) and

Proof of Proposition 3.2 is similar to those in the classical space
LP(0,T; Wy ().

4. MAIN RESULTS

First, we define an entropy solution for our noncoercive parabolic problem with
Hardy potential in anisotropic Sobolev space. Let Ty(¢) = max(—k, min(o, k)),

and ,
7 < it |o| <k
— T d = 2 —
o= [(mea={ 5 e & 30
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Definition 4.1. A measurable function w is called entropy solution of the
noncoercive parabolic equation (3.1) if Tj(w) € LP(0,T; W, ?(Q)) for all k > 0,
such that w satisfies the following equality

[ et oy do— [ oo —viopds+ [ i v)dra
Q N Q Qr
+ Z/ ai(z,t,w, Vw)D'Ti(w — 1) dx dt + V/ |w|*tw Ti(w — ) dx dt
i=1 7 Qr

T

P0—2
SA/ % (W d;pdt+z @) DTl =) d
Qr
(4.1)
for all ¢ € LP(0, T; W, P(Q))NL>(Qr) with %—f e L7 (0, T; W= (Q)) + LY(Q7).

Remark 4.2. In view of Young’s inequality, we have

=2y, —1 —po+1 1
)/ o (o) dat] < (22 )/ | dedt+kT(E =P )/ - dx,
|x|po s T =S Q |x s—po+1
N(po — 1 1 P02
since s > ]E/?Ofpo) then ) € Lo (Q2), it follows that %Tk(w—w) €

L*(Q7) hold true.

Theorem 4.3.  Under the assumptions (3.2)—(3.4) and (3.5), the non-coercive
anisotropic parabolic problem (3.1) has at least one entropy solution, such that

N(po—l)'

s 1
lw]® € LY (Qr) for all s> N 7o

Proof of the Theorem 4.3.

Step 1 : Approximate problems.
Let (wo.) be a sequence in C5°(Q) such that wg, — wp in strongly L'(Q) with
|wo.n| < |wo|. We consider the sequence of approximate problems

T (wp)|PO~2 T (wy)
ERE

(wn)e + Anwn + V[T (W) |5 T (wy) = )\| Z D' fi(x,t, Tp(wy))

wp(z,t) =0
Wy (2,0) = wop
(4.2)

where

N
, 1
Ay, = — Z Dia;(z,t, T (wn), Vi) + = |wn [P 2w,.
n

=1

in QT;
on X,
in ),
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It is easy to prove from (3.4) that the operator A, is coercive. Indeed, let w €
LP(0,T; W, P(Q)), we have

- 1
Ayw,w) Z/ a;(z,t, Ty (w), Vw)D'w dx dt + —/ |lw[Po dx dt.
T

a + G Z/ |D'wPi dx dt + — / |w[Po dz dt. (4.3)
n)

. Nb, 1
| ”Lp(OTw”(m) S (I4n)p W

with «,, = min {L, l}

(14+n)" n
For all w,v € LP(0,T; W,7(Q)), we define the operator G, : L#(0, T; W, 7(Q)) —
L7(0,T; W=7 (€2)) by

| T (w) [>T (w)
TNEp T vdx dt

(G, ) = v / . I ()" T () d dt — A / T

—Z fZ x,t, T, (w)) D" dx dt.

Let w,v € L0, T;Wg?(Q)), we can show from (3.5) that fi(z,t,Tp(w)) €

LPQ(QT), and in view of Holder inequality we have

|Grw,v)| < V/ | T (w)|*|v| dz dt—l—)\n/ T, (W) P~ o] da dt
Qr

T

N
=1 T

- 0 (4.4)
()\n ° +wvn®) (meas(Qr)) "0 v Lro @y
+Z i, 8, Tal 1ot o 1PVl ot .y
< CHUHLP 0,1, W)
Therefore, proceeding as in [20], there exists at least one weak solution w, €

LP(0,T; Wy P(Q)) for the problem (4.2), (cf. [23]).

Step 2 : A priori estimates.
SPi

(s+7)(pi—1) =0

1
(1+ | T (wn

sp;
(s+7)(pi—1)—04 pi—6

Let v > 1 small enough, such that m; > and r; >
fori=1,...,N.

Employing the test function 1 (w,) = (1 -

) |),Y_1 ) Slgn(wn)WIthln the
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framework of the approximate problem (4.2) yields

/0 ((wn)t,w(wn)>dt+z / a;(z,t, T, (w,), Vw,) Dib(w,) d dt

- 1
o [ el et L [ ) dea
Qr QT
|Tn(wn)|p0 1
:ALTW’ (wn’dl'dt—i—z fl:EtT(wn))Dw(wn)dl'dt

(4.5)
It’s clear that |1 (w,)| < 1, and using (3.4) and (3.5) we get

Pi

[ vty di+ iy Z [ ot

TL

/ 1T (o) [ ()| d dt < )\/ %d:ﬂ dt

p ol +

N i (4.6)
e, )| DT ()]
Z/T L+ L))

=1
g4

S |di(@, O] Tu(wn) |7 D T (w,)]
Z/ G+ Loy e

We remark that

v

1 1 1
- 1 5 1 >R=9v1_1
( (1 4+ |Th(wp)|)r— ) 5 OF T (wn)| > R 1 ’

hence
v

—/ T ()| da it
2 T

IN

wlt NN

TRS|Q|+5/ T (wn)|* da it
2 J{ta(wa)=RY

TR + 1// | T (wn)|* |9 (wy)| da dt.
Qr

Moreover, since s > pg — 1, we arrive by using Young’s inequality that

T (wn po—1 1
A/ Hw—]l'd:c dt < %/ | To(wn)|* dev dt + 1T /—Posd:‘j’ (48)
- |JI| T |‘/E

s—po+1

(4.7)

Hence, according to (4.6) — (4.8), we conclude that

T v )
/0 () (wn)) dE + bo(y — 1) Z/T 1+|T = I)W dmdt+Z/QT T (con)|* da dt

(2, )| DT (wn
<Yrrojo|+ T /| = dr + (v Z/ les(z, OIDTa@n)l g
X Qr

<

\)

s—po+1 1+‘T wn)‘)

|d;(x, )| T (wn )| D‘T( )|
7= Z/ Ot Ty

(4.9)
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Thanks to Young’s inequality, we have

lci(z, t)|| DT (wn))|

v —1) Z/ 1+|T oI dz dt

)
|ci( (14 T (wn)) 7T
< dx dt
CZ/ Rt
b - 1) DT, (wy,
b= 1) Z / |+|T !|)”+5 dz dt (4.10)
<C'32/ lei(x t)|m dxdt—{— 16 | Ty (wy)|® d dt
bo —1) | DT, (wy)|Pi
Z/ T e G

Similarly, we get

O T (wn)|7 | DT (w

2
‘12/ AT et

)
T (wn) 1P (1 + [T (wn) ) 7T
< Cy dz dt
Z/ uﬂﬂmw ’
bO —1) Z/ dz dt (4.11)
. 1+|T D”‘S '
< CGZ/ |d;(x,t) I Demis dy dt+1—6 | T (wy)|® dx dt

Lo —1) | D! )[pi
dx dt.
Z/1+w e

It follows that

g | DT (w) P v ]
/0<(wn>t,¢( ) e+ 20 =1 Z/QT AP dxdt+§/QT Ty, (wn)|* da dt

1 _spy
< 2TR|Q|+ T / ————dz + Cj Z/ li(, )| P03 dy dt
Q i=1 T

EARES
+C Z / (2, 1)

We set

(]

Wdzdt—i—czl

(4.12)

1 1 . 1
—2(1+]s))2  2-—
|s| — log(1 + |s|) for v=2,

for ~ €]1,2[U]2, 0o,

V(s) = sl v
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then ¢(s) = (¥(s))". Taking ~ €]1,2[U]2, co[ we obtain

[ tenviena = [ [0 g

:/:\Il(wn(T))dq:—/Q\If(wom) da.

Since W (w,(T")) > 0, it follows that

-1 | DT, (wy,) [P v
—_ T s
E:/; T 17w WHWMd#+8/;]nWM|dxﬁ

v

N
1 sy
—TRS|Q| + Cl / g5 dx + 03 E / |Ci(£€, t)| G+1®Pi—D=3 dg dt
Q | i=1 7/ Qr

'rl s—p0+1
S | s
i=1 T

[\]

£) |G D dg dt + / U(won) dz + Cy.
Q

(4.13)

Under the assumption s > (’Lpl) we have —5— € L*(Q).
1“5 po+1
In the case of 1 <y < 2, we have ¥(wy,,) < |wp,| then
- 1) | DT, (wy)|Pi
dx dt T (wp) | dz dt
Z/T +|T Dwa‘” +8/T| (wn) | daz
(4.14)

S 07 —|—/ |w07n\ dx
Q
< Ck.

We can also directly obtain the same result from (4.13) when ~ > 2.
one other hand for v =2, we have

/0 (@n)es lwn)) dt = / on(T)| — log(1 + wa(T)]) dz — / o] — 1og(L + [wo]) dz

> —/ |lwo| de.
Q

Yields from (4.12), that

v 1) DT (w y/ /
ddt—i—— T (w,)|Pdedt < Cy+ dx.
Z/le sdedee [T dedr < o [ unlds

(4.15)
Therefore from (4.14) and (4.15), yields that: for any v €]1, 00|, there exists a
constant (' independent of n, such that

| D'T (w ]
}:/; T17 |Wdeﬁ+— THMMM dedt < Cyy  forall ~>1.
(4.16)
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Let n > k > 0, we conclude that

T o) Pty < Z / DT ()

N
= Z/ | DT, (wy,) [P da dt + / Ty (wn) [P0 dz dt + N + 1
{\wn\<k}

T

)|P? dx dt —i—/ | Ty (wp)|P° dx dt + N + 1

| DT (wn) [P
g1+lﬂ+52/ ENRE dxdt+/T|Tk(wn)]p°dxdt+N+1

< Okt + Cukpo.

(4.17)
Step 3 : Weak convergence of truncations.
Thanks to (4.16) we have
kmeas{|w,| > k) :/ T (wn)|* d dt
|wn | >k}
< T, (wn)|* do dt
T
< Cho.
Therefore, we obtain
Cho
hmsupmeas{|wn| >k} < kz_ — 0 as k— +o0. (4.18)
Therefore, similarly as in [20], we show that (w,), is a Cauchy sequence in mea-

sure, therefore, the sequence converges almost everywhere, for a subsequence, to
some measurable function w. Thanks to (4.17), we deduce that

Ti(wy) = Tp(w)  weakly in  LP(0,T; WP (Q)), (4.19)
and in view of the Lebesgue dominated convergence theorem, we have
Ty (wn) = Te(w) strongly in  LP(Qr). (4.20)

Step 4: The equi-integrability of the sequences (|Ty,(w,)|"))n in LY Q7).

In this step, we will show that the sequence (|T},(w,)|"), converges strongly to
lw|" in LY(Q7) for any 0 < r < s.
Let n > 0 such that s —n > 0, it’s clear that |T,,(w,)|*™" — |w|*~" a.e. in Qr. In
view of Vitali’s theorem, it’s sufficient to prove that the sequence (|7}, (wy,)|*™")n
is uniformly equi-integrable.
Let 0 < h < n, for any measurable subset E C (Qr we have

/ T ()| di dt < / T (wa) |7 da + / Tl dz.  (4.21)
E E {lwn|>h}
Thanks to (4.16) we have

/ Ty, (wn)|*dze dt < Cho, (4.22)
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which implies that

B / T ()" da dit < / 1T (wn)|* dz < Cho. (4.23)
{lwn|>h} {lwn|>h}

It follows that

C
/ | T (wn)|*Tdx dt < h—f — 0 as h— oo.
{lwn|>h}

Then, for any e > 0, there exists hg(¢) > 0 such that
/ | T (wy)|* Mdx dt < S for any  h > ho(e). (4.24)
{lwon|>h) 2

On the other hand, there exists (e, h) > 0 small enough such that: for any
E C Qr with meas(F) < (e, h) we have

/ T (wn) | dt < & (4.25)
B 2
By combining (4.21), (4.24) and (4.25), we deduce that

/ | T (wp) P Mdx dt < e, with £ C Qr such that meas(E) < f(e).
E

(4.26)
As a result, the sequence (|T;,(wy,)|*~"), is uniformly equi-integrable, and in view
of Vitali’s theorem, we conclude that

T (wn)|" — |w|” strongly in ~ L'(Q7) forany 0<7r<s. (4.27)

Step 5 : The strongly convergence in L'(Q7).
In this step, we will show that

| T (wn) ¥ T (wn) — |w]*'w  strongly in  LY(Qr), (4.28)
T, (wp)[Po~2T, (wy, w|Po—2w _
T ( |x)|‘p0 5 (wn) ’]’W strongly in  L*(Qr), (4.29)
and )
E\wn]po’zwn — 0 strongly in L'(Qr). (4.30)

First of all, we have

T (W) P M (wy) — |w]*'w  a.e. in Qr,

|Tn(wn)|p072Tn(wn) |w|p072w ae. in Q
|zfpo + 1 |z |Po " o
n
and
1

—|wn 2w, — 0 ae. in Qr.
n

| T (wn) |p072Tn(Wn)

1
P + 5

)n

Now, we will show that the three sequences (|T},(wy)|* " Tr (W) ), (

1
and (E|wn|p°_2wn)n are uniformly equi-integrable.

Employing the test function T}, 1(w,) — Th(w,) within the framework of the
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approximate problem (4.2), and since Ty 1(w,) — Th(w,) have the same sign as
w, yields

ow,
(——, Thi1(wn) — Th(wy))dt + / (z,t,wp, Vw,)D'w, dx dt
/ ot " Z h<|wn|<h+1}

1
o / T, (@) Do (0n) — T (eon)| d dt + - / ol T ()
{h<|wn|} " J{n

<|wn |}
T, (wy po—1
~Ty(wn)| dz dt = )\/ [Tnlwn) [~
{h<|wnl}

jafpo + L | Tht1(wn) — Th(wy)| dx dt

N
> / filz,t,w,) D' Thir (wn) da dt.
{h<|wn|<h+1}

=1

We have
/ <a§;" Thir (wn) — Th(wn)) dt_ / 890"“ “n) ity — / / Onlwn) “’” dt dz
= / (ph+1(wn(T)) SOthl wOn f (ph(w[),n) dl’,
Q
with
w2(T) h?
eni1(wn(T)) dz — [ op(wn(T)) dz = (—5— = hlwa(T)| + =) da
Q 0 {(h<lwon(D)|<ht1} 2 : 2
- (Jwn(T)| = h — =) dz > 0.
(At 1<|wn(T)[} 2
(4.31)
It follows that
Z/ (z,t, wn, Vw,)D'w, dx dt + 1// | T (we)|* | Tha1 (wn) — Th(wy)| da dt
h<\wn\<h+1} {h<|wnl}
WP Ty (wn) = Th(wn)| da dt
n {h<|wn|}
T fion) P! v .
<A / [T (W) — T(wn)| dodt + > / lei(, )| D'en| de dt
{h<lonly TP  Jih<lwal<hiny

N
oy di(z.)
Z (h<|wn|<h+1}

=1

Diwn| dx dt + / ©h+1 (wo,n) dx — / @h(wo,n) dz.
Q Q

(4.32)
Thanks to Young’s inequality, we have

| T (wn) [P~ v ]
A ——————|Thi1(wn) — Th(wy)| dx dt < 3 | T (W) |*| Tha1 (wn) — Th(wy)| dz dt
{h<|wnl} {h<|wnl}

|g;|P0
+Cho T eon) ;sTh(wn)l dz dt.

{n<[wnl} || ==PoF1

(4.33)
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For the second term on the right-hand side of (4.32), Let ¢ > 0 small enough such

that s — ¢ > 5o 7, by using Young inequality we have
N
Z/ lci(z, t)|| D'w,| du dt
i=1 7 {h<|wn|<h+1}
N N
’ _6 bo ’DZ pi
< (i / lei(@, t) [P (1 + |wp|) 7=t do dt + — / ————dx dt
; {h<|wn|<ht1} 4 ; (h<lwnl<nt1y (1 [wn )
N (s—e)p;
<Cu) / les(, £)| T8 da dit + / T, (wn) [~ da dt
Z 1 Y {h<|wn|<h4-1} {h<|wn|<h+1}
+- / (7,t,wn, Vwy,)D'w, dx dt.
Z h<|wn|<h+1}

(4.34)
Concerning the third term on the right-hand side of (4.32). Similarly to (4.34) we
can write
N

3 / di(z, 1)
T J{h<|wn|<h+1}

1=

N 5 by |Diw |Pi
< (4 / \d; (2, 1) [P wn |7 (1 4 |wp )P da dt + — / " drdt
Z {h<|wn|<h+1} 4 Z {h<|wn|<h+1} (1 + ‘Wn|>6

D'w,| dx dt

i=1 = 1=1
N (s—e)p;
< (i Z/ |dZ(ZL‘7 t)| (s=e)pi—D—oiri =3 dx dt + / |Tn(wn)|s_€ dx dt
~ Jin<twnl<hrny {h<lwnl<h+1}
1 .
+- a;(x,t, wy, Vw,)D'w, dx dt.
4 {h<|wn|<h+1}
(4.35)
By combining (4.32) and (4.33) — (4.35) we get
1 = % v s
3 Z a;(z,t,w,, Vw,)D'w, dx dt + 3 | T (wp)|® dx dt
i=1 v {h<|wn|<h+1} {h+1<|wnl}

Tn n po*l 1
.y Dl par - [ a2 e it
{hi<lonly [P M J {ht 1<}
N

1 (s—2)p;
<20 / ——s— dr dt + Cis Z/ |ci(z,t)|C=2@i-D=5 da dt
{h<lwnl} |z {h<\wn\<h+1}

s—po+1 i
+/ T (wn) [~ 5d:cdt+0162/ (z,1)
{h<|wn|<h+1}

h<|wn|<h+1}
+/ Ont1(wopn) dor — / on(wo,n) de.
Q Q

(s—e)p;
(s—e)(pi—D—0o3p;=5 dx dt

(4.36)
We have meas{|w,| > h} — 0 as h — oo, then

1
/ ———drdt — 0 as h — oo. (4.37)
{h<tonl} |2

s—po+1
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Also, since wy € L*(Q), it follows that

/ s (o) dr — / on(won) do
Q Q

Wo.nl? h? 1
:/ w0l g+ 5 daz+/ (wom| = h— 1) da
fhtanalshin) 2 2 (1<l 2
< —dx—i—/ (lwo| —h—=)de — 0 as h — oo,
{h<lwo.n|<h+1} {h+1<lw0 0} 2
(4.38)
According to (4.27), we obtain
/ |To(wn)|"fdedt -0 as n,h — oo. (4.39)
{h<]wn|<h+1}
Choosing € > 0 such that % < m;, and (578)(;5:361@”7 5 < T;, we obtain
N (s—e)p;
Cia Z/ |c;(a, )| GOm0 da dt
i=1 Y {h<|wn|<h+1}

N

+Cis / |di(, 1)
; {h<|wn|<h+1}

(s—&)p;

G=e)ei-D-oiri=5 dr dt -0 as n,h — oo.

(4.40)
By combining (4.36) and (4.37) — (4.40), we deduce that
N .
lim lim sup Z/ a;(x,t, wy,, Vw,)D'w, dx dt =0, (4.41)
h=00  n—oo —1 J{h<|wn|<h+1}
Tn n po*l
/ |Tn(wn)|sdxdt+/ %dxdtﬁo as  n,h — oo,
{h+1<|wnl} thii<lwny TP
(4.42)
and
1
—/ lwp|Pot dx dt — 0 as n,h — oo, (4.43)
T J{h+1<|wn}
Moreover, in view of (4.34) — (4.35) and (4.41), we deduce that
N .
lim lim sup Z/ filz,t,wn)D'w, dx dt = 0. (4.44)
=90 noo 4= J{h<lwal<h 1}

Then, for any value of 7 > 0, there exists h(n) > 0 such that

’Tn(wnﬂpo_l

1
/ [T (wn)|° d dt+/ — o ——dxdt + —/ |wn P da dt <
{h(m)<lnl} thm<lonly TP 1S (h(n)<lon}
(4.45)

N3



300 M. CHRIF, Y. HAJJI AND H. HJIAJ

On the one hand : for any measurable set £ in ()7 we have
T (wy) [P0t 1
/|T wn)|® d:l:dt+/ |—|dxdt+—/ |w, [P0~ d dt
E
T, ) [Pt 1
/ |Th(n) wn)| dx dt+/ ‘ h(n| CTPO)‘ dx dt + —/ ’Th ( n)’po—l dx dt
E
| T (wn) [P

1
+/ | T (wp)|® dx dt + / e dwdt+— / |wp [P0t da dt.
(h(m)<lnl) thm<lonly 17| S ihm) <lonl)
(4.46)

On the other hand, for any n > 0 there exists 3(n) > 0 such that : for any
E C Qr with meas(F) < §(n) we have

Toir (w0, [P0~ 1
| T (n)l” o di + |h )™ gt L [T Pt dedr <
77) n (77) 2
E

|x|p
(4.47)
By combining (4.45) — (4.47) we conclude that
s T |
T (wy) | dadt+ dedt—i—ﬁ lwn|P° " dedt < with meas(E) < (7).
E E E
(4.48)

In view of Vitali’s theorem, we conclude that (4.28) — (4.30) hold true.

Step 6 : Convergence of the gradient.

We will use €(n) to represent various functions that tends to 0 as n approaches
infinity, respectively for €;(h), €;(n, h), and €;(n, i, h).

Let Sy,(-) € C*(IR) be an increasing function defined as

Sp(o) = if o] <h,
Supp(S;Q( ) C[=h—=1h+1],
supp(Sy,(+)) C [=h —1,=h] U [h, h + 1].

Employing the test function S} (wy,)(Tk(wy) — (Tk(w)),) within the framework of
the approximate problem (4.2), we obtain

T N
/0 / O Sh(wn) (T (wp) — T (w)) dz dt + Z/ (Ti(wn) — T (W) Sy (wn)ai(z, t, Ty (wn), an)Diwn dx dt

+Z Sh wn)ai (2, t, T (wn), Vo) (D' Th(wn) — D (Tx(w)),.) dz dt

+y/ |Tn(wn)|* 1T, (wn) S () (To (o) — Th(w)) da dt
Qr

—I-l / |wn [P0 2w Sh (W) (Th (wn) — Ti(w)) da dt

n

_ |Tf<wn>|po-2Tn<wn> , B
_)\/T afpo + 1 Sh(wn) (T (wp) — T(w)) de dt

—I—Z fl z,t, Ty (wn)) Sy, (wn) (D" Ty (wy) — D' (T (w)),,) d dt

+Z S;; (wn) fi(2, t, T (wn)) Dwn (T (wn) — (Tr(w)),.) dax dt.
(4.49)
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According to definition of Sy(+), we obtain
T
/ /atsh wn) (Ti(wn) — (To(w)),0) dar dt

+Z Sh wn) @i (2, t, T (Wn), Vewn ) (D Ty (wn) — D (T (w)),) da dt

< 2[5 ()| e ,R)Z/ (@,t, Ty (wn), Vo) Do, da dt
h<\wn\<h+1}
18O / [T (on) " Tin) — (Ti())| o
1 Qr B (4.50)
e ISE O [ loaPTilin) = (Tl do i

Qr
T (wy) [P0~
IS Ollei [ '(m)'

Qr

Ty (wn) = (Tk(w)),| da dt
+||S;L(')HL°°(IR) Z/ |fi<$7taTthl(Wn))”DiTk(wn) — Di(Tk(W))u\ da dt

+2K|| Sy ()|l oo (m) Z/h o |fi(z,t,wn) || Diwy| dx dt.
<|wn +

Thanks to (4.41), we have

2k||S, ()|l oo (m) Z/ (z,t,wpn, Vw,)D'w, dv dt — 0 as n,h — oo.

h<|wn|<h+1}
(4.51)
Remark that Tj(wy,) — (Th(w)), — 0 weak—x in L>°(Qr), and in view of (4.28) —
(4.30) we obtain

15 e /Q T ()| Ti) — (Ti()),] o

1., _
+E||Sh(')||L°°(IR)/ Jwon [P T (wn) = (Ti(w)) | da dt

Qr
NSOl [

Qr

Ty (wn) — (Th(w)) | de dt — 0 as  n,u — oo.

(4.52)
From (3.5) and Lebesgue dominated convergence theorem yields that

filw,t, Thr(wn)) — fiw,t, Thar () strongly in - LP(Qr) as n — oo,
and since DT}, (w,) — D'(T)(w)), — 0 weakly in LFi(Qr), it follows that

N
||S;L(.)HLOO(R)Z/ | fi(@,t, Thyr(wn))| | D' Ti(wn) — DY (T(w)) | dzdt — 0 as  n,p — oo.
; QT

(4.53)
Moreover, using (4.64), we have

IS e Z/ (st )| Diwn| dz dt — 0 as n,h — o,

{h<|wn|<h+1}

(4.54)
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Putting equations (4.50) and (4.54) together, we see that

/T/ OuSh(wn) (Th(wn) — (T(w)),.) dx dt

—i—Z/ n(wn)ai(z,t, T(wn), Vwn ) (DT (wn) — D(Ti(w)),) do dt < eq(n, u, h).

(4.55)
We can show that (see [20], step 4, page 17).

T
/ / OpSh(w) (T (wn) — (Tk(w)),) do dt > 3(n, p). (4.56)
o Jo
Since Sj,(-) > 0 and S} (w,) = 1 on the set {|w,| < k}, then

N
Z/ Sh(wn)ai(z,t, Ty (wn), Vwn ) (DT (w,) — DY (T (w)),,) d dt

_ Z/ a;(,t, Ti(wn), VT (wn)) (D' Ti(wn) — DU (To(w)),.) dz dt
i=1 T

N
72/ St (wn)ai(x, t, Thi1(wWn), V) DH(Th(w)) . dz dt
{Jwn| >}

N
2 Zl/T(ai(xathk(wn)7VTk(wn)) *ai(ZE,t,Tk(wn%VTk(w)))(DiTk(wn) *DlTk(w)) da dt

—Z/ lai(z,t, Ti(wn), VTk(w)||D Tk (wn) — D" Ty (w)| dz dt
—Z/ lai(z,t, Tx(wn), VI (wn))|| D T (w) — (D'T)(w)) | do dt

=18h ()2 R)Z/l | k}laz @,t, Thr1(wn), Vg1 (@)l DY (Ti(w)) )| d dt.
{lwn|>

(4.57)
By applying the same reasoning as in the referenced work [20], we can demon-
strate that: the last third terms on the right-hand side of equation (4.57) ap-
proaches zero as both n, p and h increase infinitely. Consequently

Z/ Sh(wn)ai(z,t, Ty (wy), Vw,) (D' Ty (wy,) — DY(T(w)),,) d dt

(4.58)
Z / i, Tu(wn), VTi(wn)) = i, Ti(wn), VTi(w))

X (D'Ty(wp) — D'Ti(w)) dx dt + 4(n, u, b).
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Putting (4.55) — (4.56) and (4.58) together, we deduce that

Z/Q (ai(z,t, Ti(wn), VIi(wn)) — ai(x,t, Ti(wy), VIi(w))) - (D'Ti(wy) — DTy (w)) da dt

<[ ' [ 051 Tuln) = (T ) o

+ Z /T Sh(wn)ai(z,t, wn, V) (D'Ti(wy) — D' (Ti(w)),) dx dt + 5(n, 1, h)

S 56(;7 2 h)
(4.59)
By letting n, and h tend to infinity, and thanks to (4.20), we get

3 / (ai(x, t, Ti(wn), VTi(wn)) — ai(z, £, Te(wn), VTk(w))) (D'Ti,(wn) — D'Ti(w)) dz dt
+/ (|Tk(wn)|p°_2Tk(wn) - |Tk(w)|p°_2Tk(w)> (Tx(wy) — Ti(w)) dxdt -0 as n — oo.
Qr

(4.60)
In view of Lemma 3.1, we deduce that

Ti(wy) = Ti(w) in LP(0,T;WaP(Q)) then Vw, — Vw ae in Qr.

(4.61)
By using Lemma Fatou’s and (4.41) yields that
N
lim / ai(z,t,w, Vw)D'w dz dt = 0. (4.62)
h=ro0 = J{h<|w|<h+1}
Similarly, we have
lim Z/ (2t )| D] da dt = 0. (4.63)
h—o0 {h<|w|<h+1}

Step 7 : The convergence of w, in C([0,T]; L'(Q)).

Let h > 1 and 0 < s < T, by taking 7' (w, — (Th(w)) k) X[0,5(t) as a test function
for the approximate problem (4.2), we obtain

// Qeon 1o Th(w)),) dt dz +Z/ 61,1, To(wn), Veon) DT (o — (Th(w)),) da dt

Jrl// T3 (wn)* ™ To(wn) Ty (W — (Th(w)),) da dt + n/Q |wn P 2w, T (W, — (Th(w)) ) dv dt

ol + 1

_A/ (T =°T, Calon) 1y (4, = (T (@)),) de dt+Z/Q Fiast, T (wn)) DT (0 — (Th(w)),.) da dt.
T (4.64)
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The initial term on the left-hand side of equation (4.64) may be written as

5 Owy,
| ﬂwwwm>>wm:=//a¢%— (@) Ta(on — (Th(w)),) dt da

// Tiwn — (Th(w)),) di da

01(wn(s (Th /9901 Won — Th(wg)) dx
+u/:/ To(w) — (Th(@)))Ta(wn — (Ta(w)),) dt da,
(4.65)

It’s clear that T, (w) — (Th(w)), and Ti(w — (Th(w)),) have same sign, then for
every s € [0, 7], we have

//zz (@) T3 (wn — (Th(w)),) dt da )
ﬁ//zz (@)))Ts(w — (Ty(w)),) di dx > 0,

and
/ ©1(won — Th(wp)) do — / o1(wo — Th(wo)) dz as  n — oc. (4.67)
Q Q

If we look at the second term of the left side of equation (4.64), we see that

Z/ | ai(z,t, T(wn), Vw,) DTy (w, — (Th(w)),) dz dt

= Z/ (ai(x,t, Thyr(wn), Vg1 (wn)) = @iz, t, Thpr (wn), V(Th(w)),)
- X (D' Thsr(wn) — Di(T3(w)),) de dt
+ Z/ ai(z,t, Thy1(wn), V(Th(w)), ) (D' Thit(w,) — DY(Th(w)),) dz dt.

(4.68)
Given assumptions (3.3), the initial term on the right-hand side of equation (4.68)
is non-negative. With respect to the final term, given the strong convergence of
a;(x,t, Thi1(wn), V(Th(w)),) to ai(z,t, Ty (w), VI,(w)) in LP(Qr) and the weak
convergence of DT}, 1(w,) to DTy 1 (w) in LPi(Qr), we obtain

Z/ ai(z,t, Thy1(wn), V(Th(w)),) (D' Thit (wy) — DY(Th(w)),,) dx dt

a;i(x,t, Thr (w), VIR (W) (D' Thr (w) — D'Th(w)) do dt as  n,p— o0

sz

.
Il

(z,t, Thy1(w),0)D'w dx dt = 0.

1/
>

HMZ

<|w|<h+1}

(4.69)
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For the third and fourth terms on the left side of equation (4.64), due to (4.28) —
(4.30), and the weak-* convergence of T(w, — (Th(w)),) to Ti(w — Th(w)) in
L>*(Qr), we have

]ﬁsjg|7a<wnns-17;«w»11<wn-—<za< W), de dt + 1t/°|amvm-2wnzaonn-—<7z«u»u>dx(ﬁ

—)/ /\w\51wT1(w—Th(w))dxdt as m,p — 00
0 Jo

</ lw|*dxdt — 0 as h — 0.
{lwl>h}

(4.70)
In view of (4.29) we obtain
’ |Tn<wn>’p0_l
|| P e - @), de e
0 n
i
SN / [P Ty (w—Th(w))|dxdt as n,pu— oo (4.71)
‘ Q(/‘)|pO*1

P drdt — 0 as h— o0o.
{lul>n} T

With respect to last term on the right-hand side of equation (4.64), we have
filw,t, Thor(wn)) = filz,t, Thai(w)) strongly in L7 (Qr), and since DT 41 (wy,) —
DTy, 1 (w) weakly in LPi(Qr), we get

Z/ /f, 2,8, To(0n)) D' T wn — (To(w)),) da dt
- l//ﬂxt%MMMDﬂd%)DWMD)Mﬁ
— / /fl 2, t, Thi1 (W) (D' Thy1 (W) — D'Th(w)) dodt  as n,pu — 0o

= / fi(z,t,w)D'wdrdt — 0 as h — oo.
{h<|w|<h+1}

=1

(4.72)
Putting (4.64) — (4.72), together, yield that

Q

/Q<P1(wn — (Th(w)),) dz < es(n,p, h) + / ©1(wo — Th(wo)) dz. (4.73)

Since

/ v1(wo — Th(wp)) dx — 0 as  h — oo, (4.74)
0

which implies that by combining (4.73) — (4.74), we conclude that

/ngl(wn(s) — (Th(w(s))),) de < eg(n, pu,h) — 0 as n,pand h — co. (4.75)
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On the other hand, we have

[ o < 2] o) = @) do + [ rn(s) - (Tul(s)),) de)

— 0 as n,m — oo.

(4.76)
We have
wn () — wm(s) |2 wn () — wm(s) " wn () — wm(s) "
/{|wnwm|s2} 2 ‘ dx+/{|wnwm|>2} 2 ‘d = 2/9%((4 - 2 )
and |
[}w@ﬂ%wa=/MMﬁﬂm&wwaﬂm+éwwpyw@—%@wm

< ( T lwn (5) — wim(5)]? dx>2 . (meas(Q))3

+ |lwn (s) — wim(s)| de.
{lwn—wm|>2}

(4.78)
In view of (4.75) — (4.77), we deduce that

/ n(s) — wm(s)[ dz — 0 as  m,n— oo (4.79)
Q

Hence (w,) is a Cauchy sequence in C'([0,T]; L*(€2)), thus w € C([0,T]; L*(Q))
and for 0 < s <T we have w,(s) — w(s) strongly in L'(Q).

Step 8 : Passage to the limit.
Let ¢ € LP(0,T; WyP(Q)) N L®(Qr) with %—f € L (0, T; W=7 (Q)) + LY (Qr),

and M =k + ||¢| L=y with k> 0.
Plugging Tk (w, — ) into equation (4.2), we obtain

T ow, Y ‘
/O <W’ Tk(wn - 1/})> dt + ; /T ai<m7thn<wn)7 an)Dsz(wn - ¢) dx dt

1
—l—u/ | T3 (W) | M (W) Th (W — %) dov dt + — / |wn|P0 2w, Ti(wy, — ) da dt
T

T

T po—2T
T n

(4.80)
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If |wy| > M then |w, — Y| > |wu| — |||l > k, therefore {|w, —¢| < k} C
{|wn| < M}, which implies that

N
> [ et T, Vi) DTa — ) i
=1 T
N

— Z/ﬂ e (Zz‘(fl?,ty TM(wn),VTM(wn))(DiTM(wn) . Dlw) du dt
i=1 wn—Y|<

N
2 /{| o @ Tarn), Vs ) = i b Taa(on), V) (D T (on) = DY)
i=1 wn—Y|<k
N
+ ; /{wn—wlﬁc} a;(z,t, Th(wp), V) (D' Ty (wy,) — D) dz dt.

Since DTy (wy,) — D'Th(w) strongly in LPi(Qr), and in view of Fatou’s Lemma
we obtain

N
lim inf Z / ai(r,t,wn, V) DTy (w, — ) dx dt
i=1 T

n—+oo 4

Z ; /{|w¢<k} (ai(I7 t, TM(W), VTM(W)) - ai(ZL‘, t, TM(Q)), Vl/}))(DZTM(w) o DZ@/)) du dt
" Z /{Iw—w|§k} ai(z,t, Tar(w), V) (DT (w) — D) dx dt

i=1
N
— Z/ ai(z,t,w, Vw)D'Ti(w — ) dz dt.
i=1 Y QT
(4.81)

With respect to the initial term on the left-hand side of equation (4.80), we
observe that

[ G i - onar = [ AR nw -+ [ T - )

ot ot
_ /;gpk(wn(T) — (7)) da —/Qcpk(wo,n —(0)) dx
o
+ o ETk@U’n - ¢) dx dt’

and since w, — w in C([0,T]; L'(Q)) then w,(T) — w(T) strongly in L'(Q),
it follows that

/Q or(om — B(0)) dz —s / ox(wo — (0)) d, (4.82)
and

/Q or(n(T) — (T)) dr — / ou(w(T) — H(T)) dz. (4.83)
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We have %—@f e L7 (0, T; W (Q)) + LY(Qr), with Tj(w, — 1) — Th(w — 1)
strongly in  LP(0, T; Wy ?(Q)) and weak—x in L>®(Q7), then

o, %Tk( — ) dx dt — o %Tk(w — ) dz dt, (4.84)

Having in mind (4.28) — (4.30), we deduce that

/ T ()" T () T — ) d dt — | | To(w — ) da dt, (4.85)
T Qr

1
—/ |wn|Po 2wy, Ti(wy, — ) do dt — 0, (4.86)
n T

and

T po—2 po—2
/ T (wn)] 1n(wn)Tk(wn—¢)dxdt—> ] “T(w—v)dedt. (4.87)
v |zl + 5 or |2l

If we look at the last term of the right-hand side of equation (4.80), we have
fi(z, t, Tar(wy)) — filx,t, Th(w)) strongly in LPi(Qr), and since DTy (w,) —

DTy (w) weakly in LPi(Q7), it follows that
N
S| filw t, Ta(wn)) D Ti(wn — ) da dt
i=1 Y Qr
N
-y / F (s 6, Tar(wn)) (D' Tog (wn) — D) de dt.
i=1 7 wn—9|<k}
N
— fi(z,t, T (W) (D' Ty (w) — D) da dt as n — oo

Z’:1 {lw—v|<k}

—Z fzItWDTk(w—w)dxdt.

(4.88)
By combining (4.80) — (4.88), we deduce that
0
[ —vmnae— [ oen—voder [ - v)dra
Q N Q Qr
—I—Z/ ai(z,t,w,Vw) - D'Ti(w — 1) do dt + V/ lw|* ™ w Ti(w — ) da dt
w2 z

gA/T o Ti(w dazdt+z fzxthTk(w—w)dxdt,

which conclude the proof of theorem 4.3.
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