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ON M-ISOTYPE SUBMODULES OF QTAG-MODULES
AYAZUL HASAN'* MOHD RAFIQUDDIN?, MOHD HANZLA? and MOHD NOMAN ALI*

ABSTRACT. Let A = (\;)ten be an increasing sequence of ordinals. We define
the class of A\;-isotype submodules and study their crucial properties. The
paper discusses various contexts in which every A;-isotype submodule is an h-
neat, an h-pure, an isotype submodule, a direct summand, an absolute direct
summand, respectively. Moreover, some comprehensive characterizations in
this direction are also established.

1. INTRODUCTION AND FUNDAMENTALS

The theory of modules is concerned with all questions directly or indirectly related
to abelian group theory. In 1976, Singh [20] introduced a new class of modules
that are now known as torsion abelian groups-like-modules or T'AG-modules.
This kind of TAG-module has been studied extensively. Many ideas for groups,
such as height, divisibility, purity, etc., play an important role in the research of
generalizations for these modules. Using these concepts, many authors introduced
and studied various types of torsion abelian groups-like-modules (see, for example,
[3, 16]). Many intriguing findings have emerged, but there is still much to discover.
However, T'AG-modules are especially fascinating.

If a module M fulfills the following two criteria related to uniserial modules
when placed over an arbitrary (associative, unitary) ring R, it is considered to be
a T'AG-module.

(1) Every finitely generated submodule of any homomorphic image of M is a
direct sum of uniserial modules.

(77) Given any two uniserial submodules U; and U, of a homomorphic image of
M, for any submodule N of Uy, any non-zero homomorphism ¢ : N — U, can be
extended to a homomorphism ¢ : U; — U,, provided that the composition length
d(U1/N) < d(Uz/$(N)) holds.

It has been proven that the modules satisfying the first criterion can be referred
to as quasi-torsion abelian groups-like modules, or QT'AG-modules (see [21]), and
that the second criterion can be inferred from the first with only a few additional
hypotheses. Several authors have examined various concepts and properties of
QT AG-modules; they have also characterized the various submodules of these
modules, advancing the theory of these modules by presenting a number of ideas

Date: Received: Nov 16, 2024; Accepted: Jan 12, 2025.

* Corresponding author.

2020 Mathematics Subject Classification. Primary 16K20; Secondary 06F25, 13CO05.

Key words and phrases. QTAG-modules, a-pure submodules, isotype submodules.
362



ON A\-ISOTYPE SUBMODULES OF QT AG-MODULES 363

(see, for instance, [10, 11, 12, 18 19] and the references therein). Numerous
developments in the theory of torsion abelian groups are similar to earlier dis-
coveries, which is not surprising. The current work adds to our understanding of
the structure of QT AG-modules and transfers some concepts from the theory of
torsion abelian groups to the structure of QT AG-modules.

We begin with some terminology. Let all the rings R discussed here be as-
sociative with unity (1 # 0). By the term “module” we mean a unital QT AG-
module. A module M over a ring R is known as the uniserial module if its
submodules are totally ordered by inclusion, that is, for any two submodules
N and L of M, either N C L or L C N. Likewise, we will state that M is
uniform if two of its non-zero submodules intersect in a non-zero fashion. In
particular, an element v in a module M is called the uniform element if uR is
a non-zero uniform (hence uniserial) module. The decomposition length of any
module M is indicated by the notation d(M). In addition, if u € M, then e(u)
is known as the exponent of u and e(u) = d(uR). As is customary, we use
Hy(u) = sup{d(vR/uR) : v € M, u € vR and v uniform} to determine the
height of v in M.

After that, we review the following ideas. The submodule of M generated by
the elements of height at least t is shown by H, (M) = {u € M| Hy(u) > t} for
each non-negative integer t. The submodule of a module M that has elements of
infinite height is always symbolized by M*!. The topology of M, which admits as
a base of neighborhoods of zero, is known as the h-topology. This topology has
the submodules H;(M) witht = 0,1, ..., c0. Thus, we shall say that a submodule
N C M is the closure in M if N = N2, (N + Hy(M)), and closed in terms of
the h-topology if N = N. By closed module M, we mean those modules that do
not have any element of infinite height and have a limit in M for every Cauchy
sequence. Moreover, the socle of M, or the sum of its simple submodules, is
represented by Soc(M). For any t > 0, Soc'(M) is defined inductively as follows:
Soc®(M) = 0 and Soc!™(M)/Soct(M) = Soc(M/Soc(M)).

We also add some fundamental definitions from [14, 15] (see [12] too). The
module M is named elementary if H~1(0) < H;(M) but H'(0) ¢ Hy(M), and
H'(0) = M, for every t > 0. The module M is said to be bounded, if for any
uniform element u € M, there exists an integer ¢ such that Hy,(u) < t. Moreover,
M is h-divisible if M = M' = N, H;(M). Therefore, if module M has no h-
divisible submodules, we say that it is A-reduced. A submodule N of M is h-pure
in M if NN Hy(M) = H(N) for every integer ¢t > 0. In particular, if t =1, N is
called h-neat in M. A submodule N C M is said to be high if it is a complement of
M?*, that is, M = N @ M*'. A submodule N C M is termed a basic submodule of
M, if N is a direct sum of uniserial modules, N is an h-pure submodule of M and
M/N is h-divisible. A submodule N C M is named essential in M if NN K =0
for every non-zero submodule K of M and M is known as the essential extension
of N.

It is intriguing to observe that almost all the findings for the T'AG-modules
are also applicable to the QT AG-modules [17]. The many significant results of
[1] are clearly the inspiration for our current work. For some other interesting
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generalizations of the topic mentioned here, the reader can see in [5, 0, 7]. As
such, it can be viewed as an extension of the work contained in [2, 13]. The
notation and terminology used in this paper are standard and can be found in
the books [8, 9]; for specific information, we refer the readers to [1, 22]. As usual,

U, denotes a direct sum of uniserial modules of the same exponent k£ for some
k e N.

2. MAIN RESULTS

A subclass of torsion abelian groups that plays a prominent role in QT AG-
module theory is the one consisting of all a-pureness, where « is an ordinal,
defined as: A submodule N of M can be described as a-pure if there is an
ordinal o that depends on N and H,(M) NN = H,(N) for all ordinals . This
definition going from [17] is very important and it is a generalization of the
ordinary purity (i.e., h-purity) in the classical theory of QT AG-modules. In
addition, a submodule N of M is termed isotype when it is a-pure for each
ordinal a.. It is convenient to consider the class of extended ordinal numbers,
which is obtain by adjoining the element co to the ordinal numbers as the last
element (i.e., @ < oo for every ordinal o). If we let Hoo(M) = Na<ooHao (M), then
N is t-isotype in M provided that H,(M) NN = H,(N) for every t € N and
a < oo. Similarly, N is A-isotype in M if H,(M)N N = H,(N) for every ordinal
7 <A

Our purpose here is to introduce a new concept of the above-mentioned ma-
chinery. Namely, we state the following definition of our main term.

Definition 2.1. Let A = (\)en be an increasing sequence of ordinals and symbol
oo; that is, for each t, either \; is an ordinal or \; < oco. With each such
sequence A we associate the submodule N of the QT AG-module M such that
H,(M)N N = H,(N) for every ordinal v < \;. This submodule is known as the
A¢-isotype submodule.

According to the discussion above, the consequences are immediate.
(2a) If A = (0,0,...), A= (1,1,...), A = (w,w,...), A = (00,00,...), then A\
isotype submodules of M are precisely submodules, h-neat submodules, h-pure
submodules, isotype submodules, respectively.
(20) If A = (A1, Mg, ...), 0 = (01,09,...) and A < o (i.e.,, \y < oy for each t € N)
then every o;-isotype submodule of M is A-isotype in M.
(2¢) A submodule N of M is A-isotype in M if and only if Soct(N) is A\i-isotype
in Soc'(M) for every t € N.
(2d) If w € M is any uniform element and e(u) = ¢, where ¢ € N and t; < ¢
for some integer ti, then (u) is tj-isotype in M < Hpy(Hy, —1(uR)) = t; — 1.
Moreover, (u) is h-pure (isotype) in M < Hy(H;—1(uR)) =1t — 1.

The following affirmation extends the corresponding one from [12].

Lemma 2.2. Let t be a natural number and M a QT AG-module with an h-neat
submodule N such that Soc'(M) is h-divisible, then N is isotype in M.

Proof. Note that
Soc'(N) N Hy(Soc'(M)) = Hy(Soc'(N)) = Soc'(N),
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for some ¢. Thus, we write N = Soc!(N) + N; and M = Soc'(M) + M, where
N1 C M;. Now suppose that M is the closure of M; and Nj is the closure of Ny
in My; since (M;/Ny) = 0, the result follows from [12]. We are done. O

We continue with another straightforward observation.

Lemma 2.3. Suppose that M is a QT AG-module and t; € N. If every t;-isotype
submodule of M is an h-pure submodule of M, then either M = M, @& M,, where
M, is h-divisible and Hy,—1(My) =0, or Hy, 1 (M) = Uy & Uyyq for some k € N.

Proof. Let M = M; ® M,, where M is h-divisible and M5 is h-reduced. If M;
is non-zero, then we write My = (x) @ M3, where e(x) =t and ¢t > t; for some
t > 0. Now, let y € M; be an element of exponent ¢t + 1. Then by point (2d),
there exists a t1-isotype submodule (z +y) of M, which is not h-pure in M. This
is contradictory, and so Hy, —1(Ms) = 0.

For the second part, we can apply the same concept. Suppose that M is h-
reduced and let M = (x)® (y) ® My, where e(x) =t, e(y) =ty and to—2 >t > 3.
And again by point (2d), the submodule (x + y') is t;-isotype in M such that
d(yR/y'R) = 1. Clearly, (x 4+ %) is not h-pure in M where d(yR/y'R) = 1, this
is a contradiction. Certainly, if M, is a basic submodule of M, then M = M, =
S1®...S, 1Sy, ®Si,+1, where ty > tq, and hence Hy, (M) = Uy ® U1 where
]{Z == t2 - tl -+ 1 |:|

The following improves (Lemma 2.2 of [12]) to the new framework.

Lemma 2.4. Let M be a QT AG-module and o < 3 ordinals. If Soc'(Hg(M)) is
not essential in Soc'(Hy(M)) and either Soc'(Hg1(M)) is non-zero or Hg(M) is
not a closed module for some natural number t, then there is a submodule N of M
such that H,(M)NN = H,(N) for every ordinal v < a+1 and Hp1(M)NN #
Hg 1 (N).

Proof. By Lemma 2.2 of [12], there is a non-zero uniform element z € Soc'(H,(M))
such that (z) N Soc'(Hg(M)) = 0 for some ¢. Let y € Hg(M) such that
either 0 # y € Soc (M) or e(y) = oo with d(yR/y'R) = 1. Write K =
(Soc(Hg(M)),y',x+y). It is easy to see that (z) N K = 0. Let N be an (z)-high

submodule of M containing K. Thus, [I7]’s result is applicable to deduce that
H,(M)NN = H,(N) for every ordinal v < ac+ 1. Since Soc(Hg(M)) C N, we
can infer that Hg (M) NN # Hg1(IN), we have our result. O

We turn now to our very satisfactory result.

Theorem 2.5. If A = (\)en s a sequence of ordinals and M is a QT AG-
module. Then the next two points are equivalent.

(1) Every Ai-isotype submodule of M is h-pure in M.

(it) For every t € N, if \y < w then either Soc'(M) = My & My where My is h-
divisible and Hy, (M) = 0, or M is a closed module and Soc'(M) is elementary
or M is a closed module and Hy, 1(Soc'(M)) = Uy & Uy,1 for some k € N.

Proof. (i) = (ii). For each t € N, every Ai-isotype submodule of Soct(M) is
A¢-isotype in M and hence h-pure in Soc'(M). Furthermore, by utilizing Lemma
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2.3, we get that Soc'(M) = M; & Msy; note that this automatically forces M; to
be h-divisible, and H),_1(M>) = 0. Now, assume that M is not a closed module
and \; = 0 for some t € N. Let x € M be any uniform element such that
e(x) = oo, then = ¢ (2, Soc'(M)) with d(xR/x’'R) = 1, so there is a submodule
N of M maximal with respect to the properties z ¢ N, (2/,Soc'(M)) C N is
Ai-isotype in M such that d(xR/2’R) = 1. Since N N H (M) = Hy(N) for
some t € N, there exists y € N such that d(zR/yR) = 1. Thus, 2 —y €
Soc'(M) C N, a contradiction. Finally, if M is not closed, \; < w for some ¢t € N
and H), 1(Soc!(M)) = Uy & Upy1 # 0 then Hy, x(Soc'(M)) is not essential in
Hy,—1(Soct(M)) and H),.r(M) is not closed in virtue of Lemma 2.4, which is
absurd, so we get the contradiction.

(1) = (7). Let N C M be a A-isotype submodule and ¢t € N. Letting v = \;.
In case that v > w, we are able to observe that N N H, (M) = H;(N) for some
t € N. For the second case where v = 0, it is simple to notice that M is
closed and Soc'(M) is elementary for some t. Write M = Soc'(M) & Mz and
N = Soc'(N) @ Ny. Then, for any natural number n, it follows that

H,(N) =N, = NN M; =N n H,(M),

i.e., N is h-pure in M. Let 0 < v < w. Supposing H.,_1(Soc!(M)) = Uy ® Uy41
and M is closed, it follows directly from point (2a) that

Hy(H,_1(Soc"(N))) = Soc"(N) N Hy(H,_1(Soc'(M))),
= H,_1(Soc'(N)) N Hy(H,—1(Soc'(M))),
i.e., H,_1(Soc'(N)) is h-neat in H,_1(Soc*(M)). Henceforth, in view of [15], we
see that
H, 1(Soc' (N)) N Hy(H, 1 (Soc (M))) = Hi(Hy1(Soc'(N))
and Soc'(N)N Hy(Soc'(M)) = Hy(Soc*(N)). Consequently, NN H, (M) = H;(N)
for some ¢. Now, suppose that Soc'(M) = M; + M, where M is h-divisible and
H., (M) =0. Then,
Hy(H, 1 (N)) = N (1 Hy (H, (M),
= H,_1(N) N Hi(Hy-1(M)).
Since H.,_1(Soc'(M)) is h-divisible, it therefore follows from Lemma 2.2 that
Hy 1 (N) N H (Hy 1 (M) = Hy(Hy 1 (N)),
Consequently, N N Hy(M) = H,(N), as expected. O

Regarding the above theorem, we obtain the following result.

Theorem 2.6. If A = (\)en 1S a sequence of ordinals and M is a QT AG-
module. Then, every A\;-isotype submodule of M is a direct summand of M if and
only if all of the next points are fulfilled.

(1) M = M, & My @® Ms, where M is closed, Ms is h-reduced and Hy(Msy) = My;
(i1) if A < w then either Hy,_1(Soc"(My)) = 0 or M is closed and Soc'(M) is
elementary or M is closed and Hy,_1(Soc'(M)) = Uy, @ Uyyq for some k € N;
(i14) if w < N\ then Soc' (M) is bounded.
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Proof. Concerning the necessity, if every \;-isotype submodule of M is a direct
summand of M. Then, every isotype submodule of M is a direct summand of
M, and it follows that every A;-isotype submodule of M is h-pure in M. We
furthermore appeal to Theorem 2.1 of [12] and Theorem 2.5 to obtain the desired
claim.

To treat the sufficiency, assuming that the conditions are fulfilled. By the usage
of Theorem 2.5 listed above, we see that every A\;-isotype submodule of M is h-
pure in M, and consequently, every h-pure submodule of M is a direct summand
of M, as required. O

The next assertion demonstrates a slight extension of Theorem 2.6.

Corollary 2.7. If A\ = (M )wen s a sequence of ordinals and M is a QT AG-
module. Then, every A\;-isotype submodule of M s an absolute direct summand
of M if and only if M satisfies one of the next two points.

(1) M is a closed module and for every t € N,

(a) if Ay = 0 then Soc'(M) is elementary,

(b) if Ay > 0 then either Soc' (M) is h-divisible or Soc'(M) = Uy, for some k € N.
(i1) A\t # 0 for every t € N and either M = H{(M) or M = M, + M where M,
is h-reduced and Hy(M) = M.

Proof. Since, as observed before, every \;-isotype submodule of M is an absolute
direct summand of M if and only if every A\;-isotype submodule of M is a direct
summand of M, and hence every direct summand of M is an absolute direct
summand of M. Thus, appealing to Theorem 2.6, we get the desired claim. [

We now briefly discuss one special case in which an h-neatness result occurs.

Theorem 2.8. If A = (\)wen s a sequence of ordinals and M is a QT AG-
module. Then the next two points are equivalent.

(1) Every M\i-isotype submodule of M is h-neat in M.

(ii) If Ay = 0 for some t € N then Soc'(M) is elementary and M is a closed
module.

Proof. (i) = (i1). For each t € N, every \-isotype submodule of Soct(M) is -
isotype in M and therefore h-neat in Soc!(M). In fact, if \; = 0 then obviously
Soct(M) is elementary. Suppose, instead, that the module M is not closed and
A¢ = 0 for some ¢t € N. To that end, let x be the uniform element of the module
M. 1In fact, if e(x) = oo, then there is a submodule N of M maximal with
respect to the properties x ¢ N, (2/, Soc'(M)) C N is M\-isotype in M such that
d(zR/x'R) = 1; but obviously it is not h-neat in M, as needed.

(17) = (i). If Ay > 0 for each t € N, one observes that every A-isotype submodule
of M is h-neat in M. If \; = 0 and M is a closed module, one sees that Soc'(M) is
elementary. Furthermore, by what we have shown previously, N being A;-isotype
submodule of M ensures that Soc'(N) is A\p-isotype in Soc'(M) for each t € N
and hence Soc'(N)N Hy(Soct(M)) = Hy(Soc*(N)). Consequently, NN H;(M) =
H{(N) and the claim is sustained. O

The following technical matter is one of the keys for further investigations.
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Lemma 2.9. Suppose that « is an ordinal. For any QT AG-module M there
exists a Ho(M)-high submodule N such that x € H,(M). If Hz(Soc"(M)) # 0
for some t € N and for each ordinal 3 < «, then there is a submodule K of M
with H3(M) N K = Hg(K) for each ordinal B < a and H,(K) = (z).

Proof. For all ordinals o we can distinguish the following basic cases:
Case 1: If v is not a limit ordinal, then there is an element y € H,_1(M) with the
property that ¢ = z and d(yR/y'R) = 1. Now, ify ¢ H, (M), we see that x5 =y
for every ordinal f < a and K, = (y). But, on the other hand, if y € H,(M),
there exists an element z € Soc(H,_1(N)) such that w € H,_1(M)\Hy(M) and
w' =z where w = y + z and d(wR/w'R) = 1. Hence z3 = w for every ordinal
f < a and K, = (w). Finally, one infers that K, N H,(M) = (z), as expected.
Case 2: Let a be a limit ordinal. For each ordinal § < « there is an element
a € Hg(M)\H,(M) with the property that x = &’ and d(aR/a’'R) = 1. We
will use a transfinite induction on Kz with 8 < a such that Ky = (z). Clearly,
KoNHy(M) = (z) and Soc(M N Ky) C (z). Furthermore, Ky = (K, b), where
be Hi(M)\H,(M) and b’ = x where d(bR/V'R) = 1. Apparently, K1 NH,(M) =
(x) and Soc(H,(M) N K;) C (x). Appealing to [12], one can write that Kz_1 N
H,(M) = (z) and Soc(Hz_1(M)N Kz_1) C (z) for some submodule Kz_1 D Kp.
If there is an element a € Kg_1 N Hg(M) such that ¢’ = x where d(aR/d'R) = 1,
and Tg=a with Kg e Kg_l. Let KB e <K5_1,I5>, where Tg € HB(M)\H,I(M)
and xjy = @ such that d(zsR/73R) = 1. Now, we need to show that KsNH, (M) =
(). Let ¢ € K1 be any element such that ¢ + t1x5 € H,(M) where ¢; is an
integer. Then ¢ € Kg_1 N H,(M) = (z) and ¢ = tyx where d(cR/cdR) = 1 and
ty is an integer. Thus, one may write that tsz’ + totyx = x where t3 and t4 are
integers and d(zR/2'R) = 1. So, x = v, where u = t3x + tyc € Kg_1 N Hzg(M)
and d(uR/uw'R) = 1. This is a contradiction. Hence t, = ¢/, p’ = 0 and p =
c—qr € Soc(Hsg_1(M)N Ksz_y) C (x) where d(vR/v'R) = d(pR/p'R) = 1.
Therefore ¢ € (z) and ¢+ t1xs € (xp) N Hy(M) = (x). We next will show that
Soc(Hg(M)N Kp) C (x). Let c+t1xs € Soc(Hz(M) N Kp), where ¢ € Ky and
t1 is an integer. In fact, ¢ = —t;x such that d(cR/c'R) = 1 and so x = ¢’ where
q = tsz — tyc such that d(¢R/q'R) = 1. Consequently, ¢ € Kz_1 N Hz(M), which
is a contradiction. Hence ¢+ t;z € Soc(Hz_1(M) N Kp_1) C (z), and therefore
c € (x). Finally, if 5 is a limit ordinal and ¢+ t;25 € (x), then Kz = U,e3K,.
Let K be a submodule of M maximal with respect to the conditions: K N
H,(M) = (x), K, C K. We next assert that Hg(M) N K = Hg(K) for every
£ < «a, it suffices to show that if this equality holds for  — 1 then it holds for
B. To this aim, given a € K N Hg(M) with a = s, where s € Hp_1(M) and
d(sR/s'R) = 1. If s € K is chosen such that s € K N Hg_1(M) = Hpg_1(K),
then a € Hg(K). But, on the other hand, if s ¢ K, there exists an element
¢ € K such that ¢+ ty;s € H,(M)\(z), where t; is an integer, and ¢ € Hz_1(M).
Since sty + ¢ € KN Hy(M) = (z) with d(sR/s'R) = d(cR/{R) = 1, it is
easily follows that tia + ¢ = tsz = ts2j_; and tya = Hy((tsz5-1 — ¢)R) where
d(cR/cR) = d(zg_1R/7j; | R) =1 and t5 is an integer. Therefore, ts75 1 —c €
KNHz 1(M)=Hg_1(K), whence tja € Hg(K) and thus a € Hg(K). O

We turn next to the following observation.
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Lemma 2.10. Let M be a QT AG-module and o an ordinal. Then the next two
points are equivalent.

(1) Every a-isotype submodule of M 1is isotype in M.

(i1) Either M = M, & M,, where Hy(M;) = My and Hg(Ms) = 0 for some ordinal
B < a, or Hy(M) is elementary or Hy_1(M) = Uy @ Ugyy for some k € N.

Proof. (i) = (i1). First observe that if a = 0, then M is elementary by [12].
Next, choose « is a limit ordinal. Then, we write v = «a, or v = a — 1. Thus
H.,(M) = M; & M;, where Mj is h-reduced and H;(M;) = M. If both M,
and Mj are non-zero, therefore Mz = (z) + M, such that e(z) = t¢;, for some
t1 € N. Indeed, the submodule H,,, (M) is not essential in H,(M). It therefore
follows that H,i¢11(M) # 0. But this contradicts Lemma 2.4. If H, (M) is
h-reduced and H.(M) = (x) & (y) & My, where e(x) = t1, e(y) = t2 and t5 —
t1 > 2. Note that the submodule H.,., (M) is not essential in H., (M), so that
H, 1, 41(M) # 0. But this would contradict Lemma 2.4. Consequently, either
H,(H,(M))=H,(M) or H (M) = Uy + Uy, for some k € N. Now, if y = v — 1,
we are done. Since Hq(H,(M)) = H,(M), it follows that M = H,(M) & M, and
H.,(M;) = 0. Hence, we suppose that v = a. Let Hi(Hy(M)) = Ho(M); we
write M = H, (M) & M,. Observe that Hz(M,) # 0 for every ordinal < a and
0# x € Soc(H,(M)). Thus, with Lemma 2.9 at hand, there exists an a-isotype
submodule N of M with the property that H,(N) = (x). Thus, H,1(N) =
0 # (x) = NN Hy1(M), a contradiction. Hence Hg(Ms) = 0, for some ordinal
B < a. Let Hy(M) = Uy, @ U1 and suppose that H, (M) is not elementary. If K
is a H, (M )-high submodule of M, then Hz(K) # 0 for every ordinal f < a. Let
x € Soc(Hyy1(M)) be any non-zero uniform element. Then, there is an a-isotype
submodule N of M such that H,(N) = (z), in conjunction with Lemma 2.9.
Thus, Hy+1(N) # NN Hyp (M), a contradiction. Hence H, (M) is elementary.
(17) = (i). Let K be an a-isotype submodule of M and H,_ (M) = Uy & U1
for some k € N, then

Hi(Ho-1(K)) = Ho(K),
= KN Hy(M),
= a,l(N)ﬂH1(Ha71(M))>

hence H,_1(K) is h-neat in H,_1(M), and therefore H,_1(N)is h-purein H,_1(M)
by [15]. Consequently,

Hr(Hafl(K» = Hafl(K) N Hr(Hafl(M)%
= KN H, (Ho1(M)),

for some r € N. Moreover, if r > k+1, then H,(H,_1(K)) =0. If M = M;® M,,
where M is h-divisible and Hgz(Ms) = 0 for some 5 < «, then

Hp(K)=KNHg(M)=KNH,(M)=H,(K).
If H,(M) is elementary, then
Ho1(K) = K0 Hoy (M) = 0.
Therefore, we conclude that K is isotype in M. O
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We proceed by proving now our important goal mentioned in [1] (see [12] too),
namely:

Theorem 2.11. If A = (M\)ien 1S a sequence of ordinals and M is a QT AG-
module. Then the next two points are equivalent.

(1) Every \-isotype submodule of M is isotype in M.

(it) For every t € N, either Soc'(M) = M; & My, where Hy(M,) = M; and
Hs(My) = 0 for some ordinal B < N\, or Hy,(M) is closed and Hy,(Soc'(M))
is elementary or Hy,(M) is closed and Hy, 1(Soc'(M)) = Uy, + U1 for some
k e N.

Proof. (i) = (ii). For each t € N, every Ap-isotype submodule of Soc'(M) is
isotype in Soc'(M) and hence Soc'(M) = M; @ M, in virtue of Lemma 2.10.
Suppose that H)y,(Soc'(M)) is not a closed module. If Hy, 1(Soc'(M)) = Uy ®
U1 # 0, then Hy, r(Soc'(M)) is not essential in Hy, 1(Soc'(M)) and Hy, (M)
is not a closed module. We will now demonstrate something more, namely that
Hy,(Soct(M)) is even elementary. In fact, Hy,1(Soc'(M)) is not essential in
H,,(Soc"(M)) and Hy,1(M) is not a closed module. In these both cases, we get
a contradiction because of Lemma 2.4.

Suppose now that Hy, (M) is not closed, Hy, (Soc'(M)) = 0 and Hg(Soc'(M)) #
0 for each ordinal 5 < \;. Let x € Hy, (M) with e(x) = oo and K be a Hy,(M)-
high submodule of M containing Soc*(M). Therefore, Hg(Soc'(K)) # 0 for each
ordinal g < A\;. By Lemma 2.9, there is a submodule L of M with the property
that Hg(L) = L N Hg(M) for every ordinal § < X\, and Hy,(L) = (z) where
d(xR/x'R) = 1; note that N be a submodule of M maximal with respect to

the conditions: L C N, z ¢ N. Thus, in view of [12], (M/N) = 0. Then,
we prove that Hg(M) N N = Hg(N) for each ordinal § < A;. It is enough to
prove that if this equality holds for 5 — 1 < \; then it holds also for 8. Let
y € NN Hg(M), there exists an element z € Hg_(M) such that y = 2’ where
d(zR/ZR) = 1, because y € Hz_;(N). Now, we shall consider two cases about
z. First, if z € N, then y € Hg(N). For the second case where z ¢ N, it is
obvious that z € (2, N) and x = t12 4+ a where, @ € N and ¢; is an integer.
Therefore, a € NN Hg_1(M) = Hz_1(N). Furthermore, 2’ = t,y+a’ € H,,(L) C
Hg(L) such that d(zR/2'R) = d(aR/a’R) = 1. Then, there exists an element
b € Hs_1(L) such that tyy + a’ =V where d(aR/a’'R) = d(bR/b'R) = 1. Hence
tiy = Hi((b— a)R), where b —a € Hg_;(N) and therefore t1y € Hg(N). Since
y', tiy € Hg(N), then y € Hg(N) where d(yR/y'R) = 1. Thus, N is A\i-isotype
in M. Finally, if 2’ € NN Hy,11(M)\Hy,+1(N) and 2’ = ¢ where ¢ € Hy,(N) and
d(zR/2'R) = d(cR/dR) = 1, then x — ¢ € Soc' (M) N Hy,(M) =0 and 2 € N, a
contradiction. Henceforth, N is not isotype in M.

(17) = (). If N is a \i-isotype submodule of M, then N is A\i-isotype in M, and
therefore, point (2¢) would imply that Soc'(N) is Ai-isotype in Soct(M). Thus,
by Lemma 2.10, Soc*(N) is isotype in Soc'(M), and so N is isotype in M in
conjunction with point (2¢). If H,, (M) is a closed module for some ¢t € N,

Hy(N) = Hg(N) = N N Hg(M) = N N Hg(M) = N N Hg(M),
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for some ordinal 8 > \;. Suppose now that Soc'(M) = M; & M, where M,
is h-divisible and Hz(Ms) = 0 for some ordinal 5 < A\.. Then Hgz(Soc'(M))
and Hg(Soc'(N)) are h-divisible. Setting Hg(N) = Hg(Soc'(N)) @ S. Since
Hg(Soc(M)) NS =0, we get Hg(M) = Hg(Soc'(M)) @ L, where S C L. We
next assert that H,(S) = S N H,(L) for each ordinal v, it is sufficient to show
that if this equality holds for v then it holds also for v+ 1. Let ¢ € SN H,11(L),
there exists an element y € Hg(N) such that ¢ = ¢ where d(yR/y'R) = 1.
Clearly, y = a + s, where a € Hz(Soc!(N)) and s € S. Since ¢ = o’ + ¢/, we
have a’ € SN Hg(Soc!(N)) = 0 where d(aR/a'R) = d(sR/s'R) = 1. Therefore,
¢ = ¢ with d(sR/s'R) = 1, and consequently, u — s € Soc'(L) = 0, where
ue SNH,(L)=H,(S). This, in turn, implies that ¢ € H,41(S). Finally,

H,(Hg(N)) = Hg(Soc'(N)) & H,(S),

= Hy(Soc'(N)) @ (S N H,(L)),

= Hj(N) N (Hp(Soc'(M)) & H, (L)),
= Hs(N) N H,(Hs(M)),

= NN H,(Hs(M)),

for each ordinal ~, and we complete the proof. O

3. CONCLUSION AND FUTURE WORK

The concept of the A\;-isotype submodule in QT AG-modules has been intro-
duced and initially investigated in this study. Some conditions under which a
Ai-isotype submodule admits an h-neat, an h-pure, an isotype submodule, a di-
rect summand, an absolute direct summand, respectively, are provided. Fol-
lowing this, we investigated the connections of these concepts and found that
every A\;-isotype submodule is an isotype submodule. Our analysis in depth aims
to enhance our understanding of these A\;-isotype submodules in the context of
QT AG-modules. According to our findings, our proposed study is promising and
applicable to examine the decompositions of various types of submodules or other
algebraic structures.

We close the work with certain challenging problems which are worthwhile for
a further study.

Problem 3.1. Find conditions on a closed module such that it is a A\;-isotype
submodule (resp., an isotype) submodule.

Problem 3.2. Construct, if possible, a A\;-isotype submodule which is not an
isotype submodule.

Problem 3.3. If ¢t > 0, and N; and N, are A;-isotype submodules such that
Soc'(Ny) is isometric to Soct(Ny), can we conclude that N is isomorphic to Ny?

Problem 3.4. Describe the properties of those h-reduced QT AG-modules M for
which there exist Ai-isotype submodules N of M such that M /N are h-divisible.
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