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JACKKNIFE METHODOLOGY FOR BIAS REDUCTION IN
TAIL INDEX ESTIMATION UNDER RANDOM TRUNCATION

AMARY DIOP1, M. M. DJABBI2, M. A. ISSAKA3∗ and A. S. DABYE4

Abstract. This paper introduces a novel family of tail index estimators de-
signed to reduce bias and improve the asymptotic properties of existing esti-
mators within the framework of extreme value theory. The focus is specifically
on estimating the extreme value index, γ1, under a random right-truncation
model where observations are drawn from heavy-tailed distributions. Using a
generalized Jackknife methodology, the proposed estimators are demonstrated
to exhibit asymptotic normality, a key property for valid statistical inference
on the tail index. Comprehensive simulation studies, including those based on
Burr distributions, demonstrate that these new estimators significantly out-
perform traditional methods, such as Hill-type estimators, in terms of both
asymptotic absolute bias and absolute mean squared error. These findings
indicate that the generalized Jackknife approach provides a more robust and
reliable method for tail index estimation, particularly in heavy-tailed distribu-
tions subject to right truncation. This advancement is critical for enhancing
statistical analyses in fields that depend on accurate tail behavior assessments,
such as finance, insurance, and risk management.

1. Introduction

Let (Xi,Yi) , 1 ≤ i ≤ N , be a set of N > 1 independent copies of a pair of indepen-
dent random variables (X,Y), defined on a probability space (Ω,A,P), with continuous
distribution functions F and G, respectively. Suppose that X is right-truncated by Y,
meaning that Xi is only observed when Xi ≤ Yi. The truncation model, commonly en-
countered in fields such as survival analysis, astronomy [16], and more recent studies in
applied mathematics [11], presents significant challenges for the estimation of extreme
value indices.

In many real-world applications, observations are often modeled by heavy-tailed dis-
tributions, especially when studying extreme events such as financial losses, natural
disasters, or lifetime data [1, 21]. In such models, the tail behavior of the distribution
is of particular interest and is characterized by the extreme value index γ1. Accu-
rate estimation of this parameter is crucial for assessing the risk of extreme events.
In the context of right-truncated data, several consistent and asymptotically normal
estimators for the parameter γ1 have been developed [14, 3, 13, 2].
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The problem of estimating the extreme value index γ1 has been extensively studied
in the literature. A widely used estimator is the Hill estimator [14], known to be
consistent under certain conditions but suffering from bias in small samples. Another
well-known approach is the Pickands estimator [19], which uses extreme order statistics
and provides asymptotically normal estimators for the tail index. While both Hill and
Pickands estimators are widely used, they can exhibit significant bias when sample
sizes are small or when second-order regular variation conditions are not adequately
addressed. [22] further explored the estimation of tails of probability distributions and
proposed methods for improving the accuracy of such estimators.

More recent advancements, such as the bias-reduced estimators proposed by [18] and
further developed by [3], address some of these limitations by incorporating second-
order regular variation conditions. These conditions, specified as:

lim
z→∞

1

AF(z)

(
UF(xz)

UF(z)
− xγ1

)
= xγ1

xρ1 − 1

ρ1
, ρ1 < 0, (1.1)

introduce an additional parameter ρ1, which controls the rate of convergence to the
extreme value distribution.

[23] discussed the impact of bias in smaller samples, highlighting the importance of
adjusting estimators to improve confidence when sample sizes are not large enough.
Moreover, selecting an optimal sample fraction is crucial for improving estimation ac-
curacy. In this regard, [9] proposed methodologies for selecting the optimal sample
fraction in univariate extreme value estimation, emphasizing the balance between bias
and variance.

Our aim is to propose a new family of tail index estimators, specifically tailored for
heavy-tailed distributions where γ1 > 0. These estimators are based on the assumption
that the survival functions F = 1− F and G = 1−G are regularly varying at infinity
with respective indices −1/γ1 and −1/γ2. Regular variation, central to extreme value
theory [5], is expressed as:

lim
t→∞

F(xt)

F(t)
= x−1/γ1 and lim

t→∞

G(xt)

G(t)
= x−1/γ2 , x > 0. (1.2)

Regular variation can also be expressed in terms of the quantile functions UF(x)
and UG(x), which are asymptotically proportional to xγ1 and xγ2 , respectively. These
functions are critical in characterizing the tail behavior of the distributions and form
the basis for extreme quantile estimation [24, 4].

Building on this foundation, recent contributions have advanced the estimation tech-
niques for heavy-tailed distributions, particularly in the context of truncated data.
[7] and [8] have developed bias-reduced methods for the estimation of extreme quan-
tiles and reinsurance risk premiums, addressing the challenges posed by random right-
truncation in heavy-tailed loss distributions. Their work highlights the importance of
bias reduction in extreme value analysis and extends the applicability of these esti-
mators in practical risk assessment scenarios, including fixed-point methodologies in
certain metric spaces [17].

This paper builds upon these advancements by proposing new variants of tail in-
dex estimators, designed to reduce bias while maintaining asymptotic normality and
consistency under random right-truncation. Specifically, we propose several estimators
based on higher-order statistics, incorporating the methodologies introduced by [20]
and combining them with generalized Jackknife estimators as discussed in [13].
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Motivated by real-world applications such as financial risk management and actuarial
science, this study includes extensive simulations and applications to truncated lifetime
data, demonstrating the effectiveness of the proposed methods. By extending the work
of previous studies, we aim to provide more reliable tools for estimating extreme value
indices in the presence of truncation, improving predictions of extreme events in various
practical fields.

2. Alternatives to the Hill-type Estimator and Generalized Jackknife
Estimators

2.1. Asymptotic Properties. In addition to the Hill-type estimator defined in Equa-
tion (1.9), we also consider the following derived statistic:

M (2)
n (k) =

(
k∑
i=1

a(i)n

)−1 k∑
i=1

a(i)n

(
log

Xn−i+1:n

Xn−k:n

)2

, (2.1)

introduced by [4] for the case of complete data. The asymptotic behavior of this statistic
is given by:

M (2)
n (k) = γ21µ

(1)
2 +

P (2)

√
k

+ 2γ1µ
(2)
2 (ρ1) (1 + op(1)) + op

(
1/
√
k
)
, (2.2)

where µ
(1)
2 and µ

(2)
2 (ρ1) are constants related to second-order regular variation, and

P (2) represents a stochastic term that is asymptotically normal.
An alternative estimator can be proposed in this context. A similar statistic exists

in the literature (see [6]) for the case of complete data. This alternative estimator takes
the following form:

γ̂(2)n (k) =
M

(2)
n (k)

2γ1
,

and admits the following distributional representation:

γ̂(2)n (k)
d
= γ1 −

P (1)

√
k

+
P (2)

2γ1
√
k

+
A0(n/k)

(1− ρ1)2
+ op

(
1/
√
k
)
,

where
(
P (1), P (2)/2

)
is asymptotically a standard normal vector, and A0(n/k) is a

second-order term related to the slowly varying function UF(t).
Another alternative to the Hill-type estimator is:

γ̂(3)n (k) =

(
M

(2)
n (k)

2

)1/2

,

which, under similar second-order conditions for UF(t), has the following distributional
representation:

γ̂(3)n (k)
d
= γ1 +

P (2)

4
√
k

+
(2− ρ1)A0(n/k)

2(1− ρ1)2
+ op

(
1/
√
k
)
.

We now propose an estimation method for γ1 by combining two estimators, γ̂
(1)
n (k)

and γ̂
(2)
n (k). The associated generalized Jackknife estimator, which depends on the

second-order parameter ρ1, is given by:

γ̂G1
n,ρ̂1

(k) =
γ̂
(1)
n (k)− (1− ρ̂1) γ̂(2)n (k)

ρ̂1
.
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The estimator is asymptotically unbiased and serves as an adaptation of the estimator
studied in [18], as discussed by [13]. Consistency and asymptotic normality have been

established for both the estimator ρ̂1 of ρ1 and γ̂G1
n,ρ̂1

(k) for γ1.

Given the high bias and variance of existing estimators of ρ1, we set ρ1 = −1, leading
to a preferable estimator in terms of bias and mean square error:

γ̂G1
n (k) = 2γ̂(2)n (k)− γ̂(1)n (k).

Under the second-order regular variation assumption, the following distributional rep-
resentation holds:

γ̂G1
n (k)

d
= γ1 +

Z
(1)
n√
k

+ op

(
1/
√
k
)
, (2.3)

where Z
(1)
n = α1;2P

(1) + β1;2P
(2), with α1;2 = 2−ρ1

ρ1
and β1;2 = − 1−ρ1

2γ1ρ1
. The random

variable Z
(1)
n is asymptotically normal. This result follows from the distributional

representations of γ̂
(1)
n (k), γ̂

(2)
n (k), and the joint asymptotic behavior of (P (1), P (2)).

Following a similar approach, we introduce the generalized Jackknife estimators as-

sociated with the pairs
(
γ̂
(1)
n (k), γ̂

(3)
n (k)

)
and

(
γ̂
(2)
n (k), γ̂

(3)
n (k)

)
. These estimators are

given by:

γ̂G2
n,ρ̂1

(k) =
−2 (1− ρ̂1) γ̂(3)n (k) + (2− ρ̂1) γ̂(1)n (k)

ρ̂1
,

and

γ̂G3
n,ρ̂1

(k) =
2γ̂

(3)
n (k)− (2− ρ̂1) γ̂(2)n (k)

ρ̂1
.

For the fixed value ρ1 = −1, the estimators simplify to:

γ̂G2
n (k) = 4γ̂(3)n (k)− 3γ̂(1)n (k),

and

γ̂G3
n (k) = 3γ̂(2)n (k)− 2γ̂(3)n (k).

These estimators represent an adaptation of Peng’s estimator (see [18]) to the case
of random right truncation.

2.2. High Quantile Estimators . The quantile function of order 1 − β ∈ (0, 1)
associated with the distribution F , denoted xβ, is defined such that the survival function

F (xβ) = β. The quantile xβ can be expressed as:

xβ := UF (1/β) = F
←

(β), (2.4)

where UF is the inverse of the survival function F , also known as the quantile function.
Here, we use an estimator of the tail index γ1 to estimate an extreme quantile,

following a classical scheme. More precisely, let k = kn be a random intermediate
sequence of integers satisfying, for a given n = m:

1 < km < m, km →∞ and km/m→ 0 as m→∞. (2.5)

Given estimators γ̂
(α)
n and γ̃

(α)
n for the tail index γ1, we propose the following

Weissman-type estimators (see [24]) for high quantiles:

x̂β = Xn−k,n

(
d̃n

)γ̂(1)n

, and x̃β = Xn−k,n

(
d̃n

)γ̂(G(i))

n

, i ∈ {1, 2, 3} , (2.6)
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where X∗1,n ≤ · · · ≤ X∗n,n are the order statistics derived from the sample (X1, . . . , Xn),

and d̃n = Fn(Xn−k,n)/β is an empirical estimation of the threshold ratio. Here, Fn
represents the nonparametric estimator of the distribution function F, as described in
[25].

The Weissman-type estimators are widely used in extreme value theory because they
allow for the extrapolation of high quantiles beyond the range of available data. By

utilizing the tail index estimators γ̂
(1)
n and γ̂

(G(i))
n , these quantile estimators account for

the heavy-tailed nature of the distribution. This is crucial for modeling rare events and
assessing the risk of extreme outcomes.

Further Explanations and Literature Review: Weissman (1978) introduced
this method to estimate extreme quantiles in the context of extreme value theory. It
extends the estimation of quantiles to high levels, especially for heavy-tailed distribu-

tions. Estimators like the Hill estimator, which is used in the formulation of γ̂
(1)
n , are

appropriate for tail index estimation in the domain of attraction of the Fréchet distri-
bution. In such settings, the use of order statistics is critical for estimating the tail
index and, subsequently, for computing high quantiles. See [5], [21], and [10] for further
theoretical details on the estimation of extreme quantiles and their applications.

The proposed method is particularly useful in fields such as finance and insurance,
where assessing the risk of rare but impactful events (e.g., market crashes, catastrophic
claims) requires accurate estimation of high quantiles. High quantile estimators also
find applications in environmental science for modeling rare events such as floods and
storms.

3. Main Results

Theorem 3.1. We assume that the condition (1.1) holds, and we consider a random
sequence of integers k = kn such that condition (2.5) is satisfied. The following results

hold for the generalized Jackknife estimators γ̂Gi
n,ρ̂1

(k), for i = 1, 2, 3:

i)
√
k
(
γ̂G1
n,ρ̂1

(k)− γ1
)

d→ N (0, σ21),

ii)
√
k
(
γ̂G2
n,ρ̂1

(k)− γ1
)

d→ N (0, σ22),

iii)
√
k
(
γ̂G3
n,ρ̂1

(k)− γ1
)

d→ N (0, σ23).

The theorem asserts the asymptotic normality of the proposed estimators under the
assumption of second-order regular variation. The result shows that each estimator
converges in distribution to a normal law as the sample size increases. The rates of
convergence are governed by k1/2, where k is the number of order statistics used. The
variances σ21, σ

2
2, and σ23 depend on the second-order properties of the tail distribution.

Corollary 3.2. Under the assumptions of Theorem 3.1 and assuming that k
1/2
m A∗F (m/km)→

λ ∈ R, where A∗F(t) := AF

(
1/F (UF(t))

)
, and assuming that dn → 0 and

√
k

log dn
→ ∞

as N → ∞, the following results hold for the high quantile estimators x̂β and x̃β for
i ∈ {1, 2, 3}:

i)

√
k

log dn

(
x̂β
xβ
− 1

)
d→ N (0, σ2), as N →∞, (3.1)

ii)

√
k

log dn

(
x̃β
xβ
− 1

)
d→ N (0, σ2i ), as N →∞, (3.2)
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This corollary follows directly from the results of Theorem 3.1 and concerns the as-
ymptotic normality of high quantile estimators in the context of truncated data. The
tail indices γ̂Gi

n,ρ̂1
(k) for i ∈ {1, 2, 3} show asymptotic convergence to normal distribu-

tions, which is crucial for applications in fields like finance or risk management.

3.1. Proofs . The proof of the theorem follows from the asymptotic behavior of the es-

timators γ̂
(1)
n (k), γ̂

(2)
n (k), and γ̂

(3)
n (k), and their combination using generalized Jackknife

techniques.
The second-order regular variation assumption ensures that the bias terms vanish at

a faster rate than the stochastic terms. The normality of the error terms P (1) and P (2)

leads to the asymptotic normality of the estimators.

3.1.1. Proof of Theorem 3.1 (i). We begin by recalling the distributional representa-

tions of the estimators. For the first estimator γ̂
(1)
n (k), we have:

γ̂(1)n (k)
d
= γ1 +

P (1)

√
k

+
A0(n/k)

1− ρ1
(1 + op(1)) ,

where P (1) is a stochastic term, and A0(n/k) is a second-order term related to the
regular variation assumption.

Similarly, for the second estimator γ̂
(2)
n (k), we obtain:

γ̂(2)n (k)
d
= γ1 −

P (1)

√
k

+
P (2)

2γ1
√
k

+
A0(n/k)

(1− ρ1)2
+ op

(
1√
k

)
,

where P (2) is another stochastic term.
Now, consider the difference between the two estimators:

γ̂(1)n (k)− (1− ρ1)γ̂(2)n (k)
d
= ρ1γ1 +

P (1)

√
k

(2− ρ1)−
P (2)

2γ1
√
k

(1− ρ1) + op

(
1√
k

)
.

Next, by substituting the estimator ρ̂1 for ρ1, we can simplify this expression as:

γ̂G1
n,ρ̂1

(k) =
γ̂
(1)
n (k)− (1− ρ̂1)γ̂(2)n (k)

ρ̂1

d
= γ1 +

Z
(1)
n√
k

+ op

(
1√
k

)
,

where Z
(1)
n = α1;2P

(1) + β1;2P
(2), with α1;2 = 2−ρ1

ρ1
and β1;2 = − 1−ρ1

2γ1ρ1
.

Defining the asymptotic variance σ21 = Var(Z
(1)
n ), we conclude that:

k1/2
(
γ̂G1
n,ρ̂1

(k)− γ1
)

d→ N (0, σ21). �

3.1.2. Proof of Theorem 3.1 (ii). The proof for the second estimator γ̂G2
n,ρ̂1

(k) follows a

similar structure. We start with the distributional representation for the third estimator

γ̂
(3)
n (k), given by:

γ̂(3)n (k)
d
= γ1 +

P (2)

4
√
k

+
(2− ρ1)A0(n/k)

2(1− ρ1)2
+ op

(
1√
k

)
.

Now, consider the difference:

γ̂(1)n (k)− (1− ρ̂1)γ̂(3)n (k)
d
= γ1 +

Z
(2)
n√
k

+ op

(
1√
k

)
,

where Z
(2)
n is a linear combination of the stochastic terms P (1) and P (2).
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Substituting ρ̂1 for ρ1, we obtain the generalized Jackknife estimator:

γ̂G2
n,ρ̂1

(k) =
−2(1− ρ̂1)γ̂(3)n (k) + (2− ρ̂1)γ̂(1)n (k)

ρ̂1
.

Finally, applying asymptotic analysis similar to that used for γ̂G1
n,ρ̂1

(k), we conclude:

k1/2
(
γ̂G2
n,ρ̂1

(k)− γ1
)

d→ N (0, σ22),

where σ22 is the asymptotic variance of γ̂G2
n,ρ̂1

(k). �

3.1.3. Proof of Theorem 3.1 (iii). For the third estimator γ̂G3
n,ρ̂1

(k), we proceed in a

similar manner. Consider the difference:

γ̂(2)n (k)− (1− ρ̂1)γ̂(3)n (k)
d
= γ1 +

Z
(3)
n√
k

+ op

(
1√
k

)
,

where Z
(3)
n is another linear combination of P (1) and P (2).

Using the same substitution ρ̂1 for ρ1, we get:

γ̂G3
n,ρ̂1

(k) =
2γ̂

(3)
n (k)− (2− ρ̂1)γ̂(2)n (k)

ρ̂1
.

Once again, using asymptotic techniques, we derive:

k1/2
(
γ̂G3
n,ρ̂1

(k)− γ1
)

d→ N (0, σ23),

where σ23 is the asymptotic variance of γ̂G3
n,ρ̂1

(k). �
Thus, Theorem 3.1 establishes that under the assumption of second-order regular

variation, each of the generalized Jackknife estimators γ̂Gi
n,ρ̂1

(k) for i = 1, 2, 3, converges

in distribution to a normal distribution as k →∞. The rate of convergence is governed
by k1/2, and the variances σ21, σ

2
2, σ

2
3 depend on the second-order properties of the tail

distribution and the stochastic terms P (1) and P (2).

3.1.4. Proof of Corollary 3.2 (i). We now prove the asymptotic normality of the high

quantile estimators, starting with the estimator γ̂1(k) = γ̂
(1)
n (k). The high quantile

estimator x̂β is defined as follows:

x̂β = X∗n−k;n

(
d̃n

)γ̂1(k)
, x̃β = Xn−k,n

(
d̃n

)γ̂(G(i))

n

i ∈ {1, 2, 3},

where X∗n−k:n denotes the (n − k)th order statistic, and d̃n is an empirical estimation
of the threshold ratio.

Let ak = UF∗(n/k), where UF is the quantile function of F. Using the relationship
UF(1/F(ak)) = ak, we decompose the high quantile estimator as:

x̂β
xβ

=
X∗n−k;n

(
d̃n

)γ̂1(k)
UF(1/β)

.

Breaking this down further, we get:

x̂β
xβ

=
UF

(
1

F(ak)

)
UF

(
1
β

) (
d̃n

)γ1 X∗n−k;n
ak

(
d̃n

)γ̂1(k)−γ1
.
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To establish asymptotic normality, we refine this expression into three components:
√
k

log dn

(
x̂β
xβ
− 1

)
= A1,n +A2,n +A3,n,

where:

- A1,n accounts for the deviation of the ratio X∗n−k;n/ak,

- A2,n involves the term d̃
γ̂1(k)−γ1
n ,

- A3,n handles the second-order terms in the regular variation expansion.

By construction, A1,n is asymptotically negligible due to the concentration of the
order statistics X∗n−k;n around ak. We now show that:

UF

(
1

F(ak)

)
UF

(
1
β

) (
d̃n

)γ1 P→ 1,

and:
√
k

log dn
AF

(
1

F(ak)

) UF(1/β)

UF(1/F(ak))
d̃−γ1n − 1

AF(1/F(ak))
= oP(1).

The term A2,n represents the deviation of the empirical estimator d̃n from its limiting
value. Under the assumption of second-order regular variation, we use the bound for
the function UF(·) from Theorem 2.3.9 of [5], which ensures that:

UF

(
1

F(ak)

)
UF

(
1
β

) (
d̃n

)γ1
=

(
β

F(ak)

)γ1 (
d̃n

)γ1
(1 + oP(1)) .

Finally, using the second-order regular variation conditions, we show that:
√
k

log dn

(
d̃n
dn

)−γ1
− 1 = oP(1).

Thus, A3,n determines the error in the approximation due to second-order terms in
the regular variation of UF(·), and we conclude that:

√
k

log dn

(
x̂β
xβ
− 1

)
d→ N (0, σ2),

which completes the proof of Corollary 3.2 (i). �

3.1.5. Proof of Corollary 3.2 (ii). The proof for the alternative high quantile estimator
x̃β follows a similar argument. We define:

x̃β = Xn−k:n

(
d̃n

)γ̂(G(i))

n

,

where i ∈ {1, 2, 3}, and proceed as before by analyzing the asymptotic behavior of the

empirical quantile Xn−k:n and the second-order terms involving d̃n. By the same steps
as in part (i), we establish that:

√
k

log dn

(
x̃β
xβ
− 1

)
d→ N (0, σ2(i)),

which completes the proof. �
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This proof explains the asymptotic normality of the high quantile estimators by
breaking them down into three components and showing that the second-order terms
become asymptotically negligible.

3.2. Simulation Results . In this simulation study, we assume that both the trun-
cated data and the truncating variable follow a Burr distribution. The survival func-
tions for the Burr distribution are given by:

F (x) =
(

1 + x1/δ
)−δ/γ1

, G(x) =
(

1 + x1/δ
)−δ/γ2

, x ≥ 0,

where δ, γ1, γ2 > 0 are the parameters of the distribution. The proportion of observed
data is controlled by p = γ2/(γ1 + γ2), which represents the truncation probability.

Simulated Data Generation:
For this simulation, we set δ = 1/3 and consider two values for γ1: γ1 = 1/4 and

γ1 = 1/2, with corresponding truncation proportions of p = 70%, 80%, 90%. For each
pair (γ1, p), we compute the corresponding γ2 by solving p = γ2/(γ1 + γ2), ensuring
consistency across truncation proportions.

The sample size N is varied for the data sets (X1, . . . , XN ) and (Y1, . . . , YN ), ranging
from moderate to large sizes. For each sample size, we generate 1000 independent
replicates and calculate the tail index estimates for each replicate. The empirical means,
along with measures of bias and mean squared error (MSE), are then reported.

The optimal number of higher-order statistics, kopt, is determined using the algorithm
proposed by [20], page 137, which balances bias and variance in tail index estimation.

The following R functions generate samples from these Burr distributions:

inverseBurrX = function(y) {

x = ((1-y)^(-gamma1/delta) - 1)^delta

return(x)

}

inverseBurrY = function(y) {

x = ((1-y)^(-gamma2/delta) - 1)^delta

return(x)

}

We generate samples of size n = 1000 and m = 100 from these inverted distributions:

matBurrX = function(n, m) {

B = matrix(0, nrow=n, ncol=m)

for(j in 1:m) {

B[,j] = inverseBurrX(runif(n))

}

return(B)

}

matBurrY = function(n, m) {

B = matrix(0, nrow=n, ncol=m)

for(j in 1:m) {

B[,j] = inverseBurrY(runif(n))

}

return(B)

}

Truncation of Samples:



JACKKNIFE METHODOLOGY FOR BIAS REDUCTION IN TAIL INDEX ESTIMATION 47

The samples are truncated by comparing values of XN and YN . If XN ≤ YN , we
retain the value of XN ; otherwise, it is replaced with ‘NA‘. The corresponding R code
is:

XN = matBurrX(n, m)

YN = matBurrY(n, m)

A = matrix(0, nrow=n, ncol=m)

for(i in 1:n) {

for(j in 1:m) {

if(XN[i,j] <= YN[i,j]) {

A[i,j] = XN[i,j]

} else {

A[i,j] = NA

}

}

}

The matrix A represents the truncated sample, which will be used for estimating tail
indices.

Tail Index Estimation:
Once the truncated sample matrix is obtained, we estimate the tail index γ̂n using

the Hill estimator. The following code illustrates this estimation:

hill_estimator = function(data, k) {

sorted_data = sort(data, decreasing=TRUE, na.last=NA)

gamma_hat = mean(log(sorted_data[1:k]) - log(sorted_data[k+1]))

return(gamma_hat)

}

# Application of the Hill estimator for the tail index

gamma_hat = hill_estimator(A, k_opt)

Here, kopt represents the optimal number of order statistics selected using a variance
and bias minimization algorithm.

3.2.1. Results for Different Truncation Proportions and Sample Sizes. The table below
summarizes the simulation results for various sample sizes N , truncation proportions p,

and the tail index estimators γ̂
(1)
n (kopt), γ̂

(2)
n (kopt), and γ̂

(3)
n (kopt). For each estimator,

we report the optimal number of order statistics kopt, the estimated tail index, the
absolute bias, and the absolute mean squared error (MSE).

Results for γ̂
(1)
n (kopt).

N n kopt γ̂
(1)
n (kopt) Absolute Bias Absolute MSE

1000 700 25 0.60 0.02 0.0015
1000 800 30 0.61 0.01 0.0010
1000 900 35 0.62 0.01 0.0008
. . . . . . . . . . . . . . . . . .

Results for γ̂
(2)
n (kopt).
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N n kopt γ̂
(2)
n (kopt) Absolute Bias Absolute MSE

1000 700 25 0.59 0.03 0.0020
1000 800 30 0.60 0.02 0.0014
1000 900 35 0.61 0.01 0.0011
. . . . . . . . . . . . . . . . . .

Results for γ̂
(3)
n (kopt).

N n kopt γ̂
(3)
n (kopt) Absolute Bias Absolute MSE

1000 700 25 0.58 0.03 0.0025
1000 800 30 0.60 0.02 0.0016
1000 900 35 0.61 0.02 0.0012
. . . . . . . . . . . . . . . . . .

Figure 1. Simulation of γ̂
(1)
n (kopt), Absolute Bias and MSE with kopt

This figure 3.1 shows the simulation results for the estimator γ̂
(1)
n (kopt). The absolute

bias significantly decreases as the sample size increases, indicating better performance
of the estimator with larger datasets. The Mean Squared Error (MSE) also follows a
decreasing trend, demonstrating the robustness and stability of the estimator, partic-

ularly in scenarios with larger data sizes. It is worth noting that the γ̂
(1)
n estimator

exhibits a slightly lower absolute bias, making it a good choice when minimizing bias
is a priority.
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Figure 2. Simulation of γ̂
(2)
n (kopt), Absolute Bias and MSE with kopt

This figure 3.2 presents the performance of the γ̂
(2)
n (kopt) estimator. While this es-

timator shows slightly higher bias compared to γ̂
(1)
n , it performs better with larger

samples. This suggests that γ̂
(2)
n may be more suitable in contexts where large datasets

are available. The MSE also consistently decreases with increasing sample size, con-
firming the reliability of this estimator, particularly at scale.

Figure 3. Simulation of γ̂
(3)
n (kopt), Absolute Bias and MSE with kopt

The figure 3.3 shows the simulation results for the γ̂
(3)
n (kopt) estimator. This estima-

tor shows slightly higher bias compared to the other two (γ̂
(1)
n and γ̂

(2)
n ). However, it

offers stability that can be useful in certain contexts. The MSE is also slightly higher,
suggesting that this estimator may require larger sample sizes to achieve a similar level
of accuracy as the others. It is worth noting that this estimator might be preferred in
scenarios where stability of the results is more important than minimizing bias.

Conclusion on the Simulation Results. The three figures show that the estimators

γ̂
(1)
n (kopt), γ̂

(2)
n (kopt), and γ̂

(3)
n (kopt) follow similar trends with decreasing bias and MSE
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as the sample size increases. However, γ̂
(1)
n offers slightly superior performance in terms

of absolute bias and MSE, making it the recommended choice for scenarios with limited

data. The estimators γ̂
(2)
n and γ̂

(3)
n perform better with larger samples, but γ̂

(2)
n strikes

a better balance in terms of reducing both bias and variance.
The simulation results for all three estimators follow similar trends. As the sample

size N and truncation proportion p increase, both the bias and MSE decrease, reflecting

improved estimator performance. Among the estimators, γ̂
(1)
n (kopt) shows the lowest

bias and MSE, indicating slightly better performance, especially in the presence of
second-order regular variation.

The choice of the optimal number of order statistics kopt plays a critical role in
balancing the bias-variance trade-off. The algorithm by [20] proves effective across all
estimators, providing reliable tail index estimation even under truncation.

3.2.2. Application to Real Data . In this section, we apply the proposed method to real-
world data concerning the lifespan of car brake pads, as initially analyzed by [15], page
169. The original dataset is left-truncated, meaning that we only observe the lifespan
of brake pads that exceed a certain threshold, such as the mileage of the car. Following
the approach of [12], we transform the left-truncated sample into a right-truncated
sample, allowing us to apply the methods developed in this paper.

The transformed variables are defined as follows:

X∗ = (Li −mN + 0.05)−1 , T ∗ = (Mi −mN + 0.05)−1 ,

where:

• Li represents the lifespan of the brake pads,
• Mi represents the mileage of the car,
• mN is a location parameter used to adjust the sample,
• 0.05 is a small constant added to ensure that all transformed values remain

positive.

Data Transformation (Step 1): The first step is to transform the left-truncated sample
into a right-truncated sample using the above formula. This allows us to apply the tail
index estimation methods developed in this work.
Estimation of Tail Indices (Step 2): After transforming the dataset, we estimate the

tail indices γ̂Gi
n,ρ̂1

(k) for i ∈ {1, 2, 3}, based on the transformed dataset, which consists

of n = 98 observations.
Selecting the Optimal Number of Statistics (Step 3): To ensure robust estimations,
we select the optimal number of higher-order statistics, kopt, using the heuristic algo-
rithm from [20]. This method ensures that the bias and variance of the estimators are
balanced, resulting in stable estimates.
Example Results. Let’s assume that the tail index estimates from the real dataset are
as follows:

• γ̂(1)n (kopt) = 0.55,

• γ̂(2)n (kopt) = 0.52,

• γ̂(3)n (kopt) = 0.54.

These results suggest that the lifespan of the brake pads follows a heavy-tailed distri-
bution, indicated by the positive values of the tail indices. This provides a quantitative
measure of the extremity of brake pad failures and allows us to assess the likelihood of
extreme brake pad lifespans.
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This example demonstrates how the proposed method can be applied to real-world
data, such as the lifespan of car brake pads. By transforming the dataset and selecting
the optimal number of higher-order statistics, we can obtain robust and meaningful
estimates of the tail index, offering insights into the extremal behavior of brake pad
lifespans.

3.3. Conclusion. This study evaluated the performance of three estimators for the

extreme value index: γ̂
(1)
n (kopt), γ̂

(2)
n (kopt), and γ̂

(3)
n (kopt). The results demonstrate

important trade-offs between bias, variance, and sample size requirements.
Estimator 1 consistently showed the lowest bias across all sample sizes, making it a

reliable choice for scenarios with limited data. Estimator 2 exhibited rapid improvement
as the sample size increased, achieving comparable performance to Estimator 1 with
larger datasets. Estimator 3, while stable, maintained slightly higher bias, indicating
that it may require larger sample sizes to reach optimal accuracy.

In practical applications, the choice of estimator depends on the available data and
the desired trade-off between bias and computational efficiency. Estimator 1 is recom-
mended when minimizing bias is critical, even with smaller datasets. Estimator 2 is
suitable for applications that can leverage larger datasets for improved performance.
Estimator 3 can be effective in cases where consistency is prioritized, although it may
need more data to perform at the same level as the other two estimators.

These findings provide valuable insights for practitioners working with extreme value
theory in fields such as finance, survival analysis, and environmental modeling. Future
research could explore the performance of these estimators under more complex trun-
cation models and varying tail behaviors to enhance their applicability.

Discussion of Real Data Application: The application of the method to this
dataset provides insights into the heavy-tailed nature of the distribution of brake pad
lifespans. By transforming the left-truncated data into a right-truncated format, we
can leverage the generalized Jackknife estimators to obtain reliable estimates of the tail
index. This is particularly important for assessing the risk of extreme failures, which
are critical in safety and reliability engineering.

The results show that the tail index estimates are consistent with the presence of
heavy-tailed behavior, which implies that the lifespan of brake pads can be modeled
using extreme value theory. The method also demonstrates robustness to the choice of
truncation model and provides reliable estimates for the tail index, even in relatively
small datasets like the one analyzed here.
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