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GEOMETRIC PROPERTIES OF SOME BANACH SPACES ON
HYPERGROUPS

KOSSI ROLAND ETSE!, ANATE KODJOVI LAKMON2?*and YAOGAN MENSAH?

ABSTRACT. In this paper, we study some geometric properties of the Fourier
space of a hypergroup and other related Banach spaces. We are mainly con-
cerned with the Radon-Nikodym property, the Dunford-Pettis property and the
Schur property. Among other results, we proved that if H is a commutative hy-
pergroup, then the Fourier space of A(H ) has the Dunford-Pettis property; if H
is a compact hypergroup then A(H) has the Schur property and consequently
the Dunford-Pettis property. We also showed that the Figa-Talamanca—Herz
space Ap,(H) does not have the Schur property if H is not compact.

1. INTRODUCTION

The Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G) of a locally com-
pact group G is the center of much attention from researchers in harmonic analysis
since Eymard published his article [3] which deals with these objects. Many au-
thors have examined conditions under which certain Banach spaces related to the
Fourier algebra of the locally compact group G possess specific geometric prop-
erties such as the Radon-Nikodym property (RNP), the Dunford-Pettis property
(DDP) and the Schur property (SP). For instance, in [15], Lau and Ulger exten-
sively examined the aforementioned properties for the algebras A(G) and B(G)
with C*-algebras techniques. In the same sense, we may cite the work by Taylor
[22] who studied the geometry of the Fourier algebras on locally compact groups
with atomic representations. Subsequently, Miao [16] investigated these proper-
ties for the Figa -Talamanca-Herz (FTH) algebras A,(G) the category of which
generalizes the category of Fourier algebras. It is noteworthy to mention the
significant works of E. Granirer in the study of geometric properties of Banach
spaces related to the Fourier algebra of various classes of groups [I1, l.
In [9], Finet investigated the RNP for a subspace of the Lebesgue space Ll(K ),
where K is a compact hypergroup.

Hypergroups are topological spaces which, without being groups, exhibit some
of the characteristic structures of groups. These structures include the poten-
tial for defining convolution on the space of all finite regular Borel measures on
these topological spaces, similar to the group case. It was Dunkl [0], Jewett
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[11] and Spector [19] who, independently of each other, initiated the study of
hypergroups through their papers in the 1970s. Hypergroups generalize locally
compact groups in various aspects. Consequently, any result from group harmonic
analysis could have it analogous version (possibly under additional conditions)
in the realm of hypergroups, particularly in the context of commutative hyper-
groups and compact hypergroups. Details regarding the theory of hypergroups,
standard examples and most of their fundamental properties can be found in the
book [2] by Bloom and Heyer.

Muruganandam studied several hypergroups the Fourier spaces of which are
Banach algebras under pointwise multiplication. For commutative hypergroups,
he successfully constituted a list of sufficient conditions for the Fourier space
to be a Banach algebra in [17]. Additionally, in the article [18], he introduced
a new class of hypergroups called spherical hypergroups, along with a subclass
named ultraspherical hypergroups which includes double coset hypergroups. He
established that the Fourier spaces of ultraspherical hypergroups are Banach al-
gebras via pointwise multiplication. Vrem [23] also conducted harmonic analy-
sis on compact hypergroups and characterized their Fourier spaces. In [1], the
author introduce the Figa-Talamanca-Herz space A,(H) for a locally compact
measured hypergroup H. The Chapter 5 of Degenfeld-Schonburg’s thesis [3] on
multipliers for hypergroups is dedicated to these algebras in the case of commu-
tative hypergroups. In [7], the authors investigate the RNP for Fourier spaces
and other spaces related to commutative hypergroups and compact hypergroups.
The present article aims to explore the geometric properties (mainly the DPP
and the SP) for the Fourier spaces of hypergroups and other spaces related to
these Fourier spaces. The rest of the paper is organized as follows. In Section 2,
we provide essential definitions and facts related to hypergroups that are needed
throughout the paper. Additionally, we offer an overview of the RNP, DPP, and
SP. In Section 3, we explore the SP and DPP in the context of Fourier spaces of
hypergroups. Then, we obtain, among other results, a necessary condition on a
hypergroup to ensure that its Figa-Talamanca—Herz space has the SP.

2. PRELIMINARIES

2.1. Hypergroups : Definitions and basic facts. Let H be a locally com-
pact Hausdorff space. Denote by C(H), Cy(H), C.(H) and Cy(H) the space of
complex-valued continuous functions on H, the space of complex-valued contin-
uous functions with compact support and the space of complex-valued continu-
ous functions which vanish at infinity respectively. Denote by M(H) the set of
bounded Radon measures on H. The topology on M (H) is given by the weak
topology o(M(H),Cy(H)). Let M'(H) denote the space of all probability mea-
sures on H equipped with the weak topology and let M, (H) denote the subspace
of M(H) consisting of positive measures.

Let R(H) denote the space of all nonempty compact subsets of H. For subsets
U and V of H, set

Ru(V)={A€R(H): ANU £0,AC V}.
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The set R(H) is given the topology generated by the sets R (V) where U and V/
are open subsets of H. This topology is called the Michael topology on K(H) |2,
page 7].

We recall the following definition of hypergroup from [15] using Jewett’s axioms

[14].

Definition 2.1. A nonempty locally compact Hausdorff space H is called a hy-
pergroup, if the following conditions hold.

H1: There exists a binary operation * called convolution on M (H) under
which M (H) is an associative algebra. Moreover, for every x,y € H, the
product d, * , is a probability measure and the mapping (z,y) — d, * J,
is continuous from H x H into M'(H).

H2: There exists an element (necessarily unique) e in H such that §, xJ, =
0y %0, = 0, for all x € H.

H3: There exists a (necessarily unique) homeomorphism z — =~ of H called
inwolution satisfying the following :

(1) (z7)" =axforallz € H.

(2) If = is defined by / f(x)du (z) /f Ydu(z) for all f €

Cc(H), then (6, * d,)” = 0,- 0, for all z,y € H.
(3) e belongs to supp(d, * &) 1f and only if y = z~.
H4: For every z,y € H, supp(éx * 0,) is compact. Moreover, the mapping
(x,y) = supp(d, * 0,) is continuous from H x H into K(H ), with respect
to the Michael topology.

For a continuous function f on H, f(x *y) is defined by

Fawvy) = (f, 6% 8,) = /H F(2)d(6, #6,)(2).

If f is continuous on H and x € H, the left translation L, f of f by x is defined
by

L.f(y) = f(xxy).

If fis a function on H, set

f(z) = f(z7) and f(z) = f(z7).
Let H be a hypergroup with a left Haar measure. The Banach spaces LP(H),

1 < p < 00, are understood as usual.
For f,g € C.(H), define the convolution f g by

_ /H F(@ % y)g(y™)dy

It is well known that, for 1 < p < oo, if f € L'(H) and g € LP(H) fxg € LP(H)
and || f + gll, < [[fll1/lgllp-

For a Hilbert space #, denote by B(#) the involutive Banach algebra of all
bounded linear operators on H.
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Definition 2.2. [2, Definition 2.1.1] We refer to 7 as a representation of the
hypergroup H in some Hilbert space H, if
(1) 7 is a *-homomorphism from the involutive Banach algebra M (H) into
B(Hx),
(2) m(6.) = I, where I is the identity operator,
(3) For elements &, 1 € H,, the mapping pu — (m(u)&, )3, is continuous on
M, (H) with respect to the weak topology.

The Hilbert space H, is called the representation space of w. A representation
7 is said to be unitary if for all 4 € M(H), the operator 7(u) is a unitary operator
on H,. The representation 7 is said to be irreducible if there is no closed proper
subspace of H, that is invariant by m(u) for all p € M(H).

Let us say some words about commutative hypergroups [17, Section 4] and [3].

A hypergroup H is said to be commutative if the convolution is commutative.
That is for each x,y € H, 0, * 6, = 6, * 6,. In [20], the author proved that a left
Haar measure exists on every commutative hypergri)up.

Let H be a commutative hypergroup. The dual H of H is the space of contin-
uous complex-valued functions y such that

x(z #y) = x(z)x(y) and x(z") = x(x) for all 7,y € H.

The elements of H are called (hermitian) characters of H.
For p in M(H) the Fourier-Stieltjes transform of p is defined by

F0 = [ X@duta), x € 7
and for f in L'(H), the Fourier transform of f is defined by

/f dxXeH

Let us denote by S the subset of H defined by
S={xeH:|F(w)O)| < [IMwll, Vi e M(H)}.

There exists a unique non-negative measure v on H such that

/|f )Ede = [ IF(O0P )

for all f € L'(H) N L*(H). The measure v is called the Plancherel-Levitan
measure; moreover, S is the support of v. Let us notice that if H is a commutative
hypergroup, then the Fourier space A(H) is isometrically isomorphic to L'(S, v)
[17, page 69] (see Section 3 for the definiton of A(H)).

2.2. Overview of some geometric properties of Banach spaces.

Definition 2.3 (Radon-Nikodym property). A Banach space X has the Radon-
Nikodym property (RNP) if every bounded subset D of X is dentable; that is,
for each e > 0, there exists some x. € D such that z. ¢ @(D\Bg(xe)), where
B.(z.) ={y € X : ||[y—=z.|| < e} and co(D\B.(x)) is the norm closed convex-hull
of D\ B:(z).
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For further insight into the Radon-Nikodym property, we refer the interested
readers to [1] where various aspects of this property are discussed. We extract
from this book the following properties that we may need.

e If X has the RNP, then every subspace of X has the RNP.

e The space X has the RNP if every separable closed linear subspace of X
has the RNP.

o If X has the RNP, then any closed subspace of X has the RNP.

e Let I' be a discrete set. Then ¢! := ¢}(T") has the RNP and every Banach
space which is norm isomorphic to ¢! has the RNP.

Definition 2.4 (Dunford-Pettis property). The Banach space X is said to have
the Dunford-Pettis property (DPP) if, for any Banach space Y, every weakly
compact linear operator 7" : X — Y is completely continuous, i.e. T sends
weakly Cauchy sequences into norm convergent sequences.

Definition 2.5 (Schur property). The Banach space X is said to have the Schur
property (SP) if every weakly convergent sequence in X is norm convergent.

Remark 2.6. Note that if a Banach space has the SP, then it has the DPP. Also,
for every discrete set I, the space ¢*(T") has the SP.

3. MAIN RESULTS

3.1. Geometric properties of the Fourier space A(H) of a hypergroup
H. In the rest of the paper, H is assumed to be a hypergroup with a left Haar
measure.

Let us denote by A the left regular representation of H on L?(H) given by

Ax@)f(y) = fla™ xy)
where x,y € H and f € L?(H). This can be extended to L*(H) by setting

AM)g)=F*g
for f € L'(H) and g € L*(H). Let C*(H) denote the C*-algebras of H and by

C5(H) the norm closure of the space {\(f) : f € L'(H)} in the algebra B(L*(H))
of bounded linear operators on L*(H).

Definition 3.1. [I7, Definition 2.2] Let H be a hypergroup. The Banach space
dual of the C*-algebra C*(H) is called the Fourier-Stieltjes space of H and it is
denoted by B(H).

The Banach space dual of C§(H) is denoted by B)(H) and it is a closed sub-
space of B(H).

Definition 3.2. [17, Section 2.3] The closed subspace spanned by {f * f:fe
C.(H)} in By(H) is called the Fourier space of H and it is denoted by A(H).

Denote by [A(H)]” the bicommutant of A(H) = {A(z) : x € H}. The space
[A(H)]" is a von Neumann algebra called the von Neumann algebra of H and it
is denoted by V. N(H) [17, Definition 2.17].



6 K. R. ETSE, A. K. LAKMON, Y. MENSAH

The space VN(H) is called an atomic von Neumann algebra if the representa-
tion A is atomic. That is, A is the direct sum of irreducible representations [21,
Section 1.9 and Section II1.6].

It is noteworthy to recall the following result about the RNP related to the
theory of von Neumann algebra : Let M be a von Neumann algebra with predual
M.,. Then, the following assertions are equivalent[22, Theorem 3.5].

(1) The space M is an atomic von Neumann algebra.
(2) The space M, has the RNP.

Theorem 3.3. If H is a commutative hypergroup, then A(H) has the DPP.

Proof. If H is a commutative hypergroup, then A(H) is isometrically isomorphic
to L*(S,dv) [17, Proposition 4.2]. Thus A(H) has the DPP since any L'-spaces
has the DPP by [5]. O

Let M be a von Neumann algebra and M, be its predual. Then, the following
assertions are equivalent [15, Theorem 3.4].

(1) M is the direct summand of finite dimensional C*-algebras.
(2) The space M, has the SP.

Theorem 3.4. If H is a compact hypergroup, then A(H) has the SP, hence the
DPP.

Proof. If H is a compact hypergroup, then the left regular representation A can
be written as a direct sum of continuous irreductible subrepresentations each of
which is finite-dimensional ([23, Theorem 2.2]) and thus generate finite dimen-
sional subalgebras of B(L?(H)). This implies that X is atomic. Then, the von
Neumann algebra VN (H) = [A(H)]"” is the direct summand of finite dimensional
C*-algebras. Therefore, A(H) which is the predual of the von Neumann algebra
V N(H) has the SP. It also has the DPP since SP implies DPP. O

3.2. Geometric properties of the Figa-Talamanca—Herz spaces A,(H) of
a hypergroup H. The results in this section are the analogue for hypergroups
of some results on locally compact groups in [12, 15, 10].

Definition 3.5. ([1] or [3]) Let H be a hypergroup. For 1 < p < oo with

1 1
—+ — =1, define A,(H) to be the set
p q

{heColH):h =3 fusin, fu € L(H), gu € LACH), ¥n € N3 [ fullpllgnlly <
n=1 n=1

with the norm

12l 4y ey = inf {Z 1 fallpllgnllg s h =" fu *Qn} ,
n=1 n=1

where the infimum is taken over all possible representations of h. Equipped with
this norm, A,(H) a Banach space called the Figa-Talamanca-Herz space.

Fact 3.6. Hereafter are somes facts about A,(H).
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(1) If p=2, Ay(H) = A(H) the Fourier space of H.
(2) If w € A,(H), then there exists sequences (f,,) and (g,) in C.(H) such
that =3, f, * gp. [I, Lemma 2.2 ].

Definition 3.7. Let 1 < p < co. The topology on B(LP(H)) associated to the
family of semi-norms

T |3 [ e it

with Y07 | fo % g, € Ap(H), is called the ultraweak topology.
This topology is Hausdorff.

Definition 3.8. Let H be a hypergroup. For 1 < p < oo, the map A\, : M(H) —
B(LP(H)) defined by

() (f) = px f for p € M(H) and f € LP(H)

is a representation of M (H) in the Banach space B(LP(H)).

The closure of \,(L'(H)) in B(LP(H)) with respect to the ultraweak topology
is denoted by PM,(H). The elements of PM,(H) are called p-pseudomeasures
on H.

If p = 2, then A, is the left regular representation of H and PMy(H) is the von
Neumann algebra VN(H).

The dual space of A,(H) can be isometrically identified with the Banach space
PM,(H) by the following fact.
1 1
Fact 3.9. [1, Theorem 2.9] Let 1 < p < oo with — 4+ — =1. If ' € A,(H)*, then

b q
there exists a unique F' € PM,(H) such that for all f € LP(H) and g € LI(H),

Fif+) = [ Pl = (Fl). .
Moreover, the mapping
A,(H)* = PM,(H),F — F'

is a surjective isometry ; it carries the weak*-topology of A,(H)* to the ultraweak
topology of PM,(H).

Theorem 3.10. Let H be a hypergroup. Consider a sequence {f,} C LP(H). If
{fn} converges weakly to 0 in LP(H), then Vg € LI(H), the sequence {f, * ¢}
converges weakly to 0 in Ay(H).

Proof. Let F' € A,(H)*. By Fact 3.9, there exists a unique F' € PM,(H) such
that

F(f, # ) = /H F'(g) (@) ful)da
= (F'(9), fa)



8 K. R. ETSE, A. K. LAKMON, Y. MENSAH

Since {f,} converges weakly 0 in LP(H) and F’'(g) € L%(H), we have that the
sequence {(F"'(g), f.)} converges to 0. Therefore, the sequence {F(f, * §)} con-

verges to 0 for every F' € A,(H)*. It follows that {f, * ¢} converges weakly to 0
in A,(H). O

Theorem 3.11. Let H be a hypergroup. For x € H and f,g € C.(H), we have

Proof. Let z € H, we have
Lo(f=g)(z) =(f* )(x*z)

= Juf (2 * y)) ( )dy (by associativity of x) O
= Il L f (z*y)g(y)dy
((Laf) * 9)(2).

The following theorem is the analogue in the framework of hypergroups of
Lemme 3.1 in [16].

Theorem 3.12. Let H be a hypergroup. If H is not compact, then there is a
sequence {x,} in H such that z,, — oo ; that is, for any compact subset K of H
there is an N € N with x,, ¢ K for all n > N. Furthermore, if w € A,(H), then

the sequence {L,,w} converges weakly to 0 in A,(H).

Proof. 1f the space H is not compact, then let us choose a o-compact subset
H' = uUX K, of H, with K,, an open relatively compact set and K, C K,
for all n. For any compact subset K of H, there is some N € N such that
KnH CUY K,NK. For each n > 1, if we choose x, € K,;1\K,, then we
obtain that z, ¢ K for all n > N.

Now, let w € A,(H). By Fact 3.6 (2), there exists sequences (f;) and (g;) in
C.(H) such that w =32, fi* g;. Thus, L, w = >"", L, (fi* g;). By Theorem
311, Ly, (fi % gi) = (La, [i) * Gi-

Let us denote by V; the compact support of f;. We have | f;(y)| < || filloo1vi(v)
for all y € H, where 1y; is the characteristic function of V;.
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Let h € L(H). Then,

= | [ L.t
= ‘/Hh(y)fi(xn *y)dy)

< /H ’h(y)

< [ |1t <v)ay
< [ [po] ity

<l ([ nto'as) g [rew['a) "

(Holder inequality)
q 1/q
dy> ;

< ey ([ Jhiw

1/q
q
where m is the Haar measure of H. Moreover, (/ ‘h(y)‘ dm(y)) goes to
Ty *xV;

(5

‘. filzy * y))dy

0 when n tends to oo since for any compact subset K of H, x, * V;N K = ()
for sufficiently large n. Hence, the sequence {(h, L, f;)} converges to 0. Thus,
{L,, fi} converges weakly to 0 in LP(H). This implies, by Theorem 3.10, that for
every F' € A,(H)*, F (L., (fi*3:)) = F ((Ls, fi) * §;) converges to 0. It follows
that F (L, w) =Y ooy F (L, (fi * i) converges to 0 whenever n goes to co. [

For any x € H and f € PM,(H), let us define ,f € PM,(H) by (.f,u) =
(f, Ly-u), u e Ay(H).

Corollary 3.13. Let H be a non-compact hypergroup and let {x,} be a sequence
in H such that x, — oo as in Theorem 3.12. If f € PM,(H), then the sequence
{z.f} tends to 0 in the weak-* topology of PM,(H).

Proof. Let f be in PM,(H). Let u € A,(H). We have (,, f,u) = (f, (L, )u). It
follows from Theorem 3.12 that the sequence {(L,-)u} converges weakly to 0 in
A,(H). Thus, {(,,f,u)} converges to 0. O

Theorem 3.14. Let H be a hypergroup. If H is not compact, then A,(H) does
not have the SP.

Proof. Let V' be a relatively compact symmetric neighbourhood of e in H. If H
is not compact, then let x,, be as in Theorem 3.12. Set u,, = L,, (1y *1y). By the
choice of V', 1y, € C.(H) and 1y = 1y. Thus 1y * 1y € A,(H). Using Theorem
3.12, we get that the sequence {u,} converges weakly to 0 in A,(H). Moreover,

ly * 1y(e) =m{ex V NV} =m{V},
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where m is the left Haar measure on H. Hence,
[tnl[a, i) = Ly * Ly [la,m) 2 11y * 1y [l = m{V} > 0.

It follows that {u,} does not converge in norm in A(H). Thus, A,(H) does
not have the SP. O

Theorem 3.15. The space B\(H) has the RNP and the DPP if only if H is

compact.

To prove this theorem, we may need the following well-known results.

(1) The dual A* of a C*-algebra A has the RNP if and only if A does not
contain an isomorphic copy of £* [10, Corollary VII.10].

(2) If X* has the DPP, then so does X [5, Corollary 2].

(3) If X has the DPP and contains no copy of ¢!, then X* has the SP [5,
Theorem 3].

Proof. (of Theorem 3.15) We recall that By(H) = (C5(H))*. If By(H) has the
RNP, then C5(H) does not contain an isomorphic copy of ¢!. If By(H) has the
DPP, then C§(H) has also the DPP. Since C;(H) does not contain an isomor-
phic copy of ¢! and has the DPP, then its dual (C5(H))* = By(H) has the SP.
Therefore, A(H) := Ay(H) which is a subspace of By(H) has the SP. Thus H is
compact by Theorem 3.14.

In the converse, if H is compact, then by [17, Corollary 2.14], A(H) = By\(H).
Thus, By(H) has the DPP by Theorem 3.4 and the RNP by [7, Theorem 3.3]. O

CONCLUSION

We have established that if H is a commutative hypergroup, then the Fourier
space of A(H) has the Dunford-Pettis property ; if H is a compact hypergroup
then A(H) has the Schur property and consequently the Dunford-Pettis property.
We also showed that the Figa-Talamanca-Herz space A,(H) does not have the
Schur property if H is not compact.

As future work, we can study the geometric properties for spherical hyper-
groups and ultra-spherical hypergroups (see the definitions of such hypergroups
in [18]). Roughly speaking, they are hypergroups constructed from locally com-
pact groups. The challenge could be to predict geometric properties of spherical
hypergroups or ultra-spherical hypergroups from the properties of the underlying
locally compact groups.
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