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ON CLASS OF BI-NONLOCAL PROBLEMS INVOLVING
FRACTIONAL p(.,.)-LAPLACIAN OPERATORS

OMAR EL ALAMI! and ANASS OURRAOUI?*

ABSTRACT. This work aims to obtain the existence and multiplicity of solu-
tions for a bi-nonlocal problem involving the p(.,.)-Laplacian operator. Under
specific assumptions, the paper uses the Mountain Pass Theorem combined
with the Ekeland variational approach to establish the existence of two non-
trivial solutions for the problem. The existence of infinitely many solutions
is proved using the Symmetric Mountain Pass Theorem and the Ljusternik-
Schnirelman Theorem. Finally, we study a p(.,.)-Laplacian problem with non-
variational form.

1. INTRODUCTION

Non-local problems are widely used to represent various problems in concrete
fields, including population dynamics, thin obstacle problems, phase transitions,
minimal surfaces, and game theory (see, e.g., [3, 9, 19, 26, 27]). On the other
hand, there is plenty of motivation to study problems involving variable exponent
growth conditions given their flexibility in representing the different types of phe-
nomena found in the study of elastic mechanics [31], electrorheological fluids [1],
or image restoration [10]. In this sense, the work of Kaufmann, Rossi, and Vidal,
published in [17], paved the way by providing significant results on fractional
Sobolev spaces with variable exponents of the form W#():()(Q)). Their con-
tributions include proving the compactness of these spaces in variable-exponent
Lebesgue spaces and establishing the existence of solutions for non-local prob-
lems involving the fractional p(.,.)-Laplacian. Concerning the basic features of
fractional Sobolev spaces, we can consult [11].

Our main objective in the present article is to study the bi-nonlocal fractional
p(.,.)-Laplacian equation with the Neumann boundary condition. In detail, we
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are interested in the problem below:

)[P(xv) _ )
fQ [z— y—|N+sp|(Z o drdy)(=Ap,)) w(z) + |w(z)[P@)—2 (fQ T, w dx)f(x,w) in Q,
(x)—w p(zy )
fQ |z — y|N4(rzip|(r ) dxdy)-/\/:e,p(,)w<x> =0 n ]RN\Q,

(P)
where Q C RV is a Lipschitz bounded open domain and @ := R*V\ (CQxCQ) with
CQL=R"\Q, N >2 s€(0,1) and p: Q — (1,+00) is a bounded continuous
function, such that

l<p = inf plx,y) <plx,y) <p"= sup pz,y) <+oo, (L1
(z‘,y)GRN xRN (x7y)€RN><]RN
p(y, ) = p(z,y), for all (z,7) € RY x RY; that is, p is symmetric.  (1.2)
We set
p(z) := p(z,z) for all z € RY.
The operator (—A,.))° mentioned above is the fractional p(.,.)-Laplacian oper-
ator determined by the expression:

w(x) — w(y)|P@ =2 (w(z) —w
(—Apz,)) w(z) ZP-U/ () ) (w(z) ) dy, forall x € RY,

RN ’x — y’N‘i’Sp(xvy)

where, the acronym p.v is frequently employed to refer to the principal value.
Furthermore, N, ) is defined by:

/ [w(z) = w( |p " Q(w(z) —w(y) dy, forall x € RN\Q.

’$ _ y’N+SP z,y)

The p-Laplacian operator has already been integrated into the enlargement of
the analysis of the Kirchhoff equations

—M( [, |[Vw|? dz)Ayw = f(z,w, Vw) inQ,

w=0 on 012,
(see [12, 16, 20, 21, 30]). However, many studies have extended the case of con-
stants to cover the p(z)-Laplacian operator, for instance, in [11], based on map-

ping theory and Mountain-Pass geometry, Fan presented the non-local Dirichlet
problem p(x)-Laplacian with non-variational form

—A(w)div(|Vw[P®=2Vw) = B(w) f(z,w) in Q,

w=20 on 012,

and nonlocal p(z)-Laplacian Dirichlet problem with variational form

—a( [, [Vl dr)A =b( J, F(z,w)dz) f(z,w) inQ,

p(z)

w=20 on 0f2,
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respectively and has obtained the existence of solutions, where A, B are two
functionals defined on W, *™(Q), and F(z,t) = [ f(x,s) ds. Likewise, sev-
eral researchers extended the classical case of integers to 1nclude the fractional
one. For instance, in [15], the authors approved the existence of infinitely many
solutions without considering the Ambrosetti-Rabinowitz condition by applying
variational methods, particularly the Symmetric Mountain Pass theorem.

)|play) R .
M(Jorq W dzdy)(—Ape,)) w(z) = f(z,w) inQ,

w =0 in 0f€),

where M and f are continuous functions satisfying certain growth conditions.

Inspired by the above papers, we aim to study for the first time p(., .)-Kirchhoff
equation with the Neumann boundary condition. To establish the existence and
multiplicity of solutions, we assume that f, M and K verify certain specific
conditions.

Concerning the Kirchhoff coefficient in (P), we suppose that, M : RT — R¥ is
a continuous function satisfying the following conditions:

(My): For every k > 0 there exists mg = mg(x) > 0 such that

M(s) > myg, forall s > k.
(My): There are v € (0,1) and sy > 0 such that

M(s) > yM(s)s, forall s > sy > 0, where M(s /M

(Ms): There is o > 1 such that

lim sup < +00

s—07F s

A classic model of M, presented by Kirchhoff in 1883, is defined as
M(s)=a+bs*" a,b>0,a+b>0,s>0,

and
€ (1,400) if b > 0,

a=1 if b =0,

Recall that Kirchhoff problems are degenerate if, for each s > 0, M(s) > 0 and
M (0) = 0. On the contrary, they are classified as non-degenerate when M (s) > 0
for each s > 0, and this occurs, for instance when, a > 0 and b > 0.
For the function K : R — R, we consider that it is continuous and verifying the
assumptions (Kp) and (K) such that:

(Kp): There exist fy € (0,1) and so > 0 such that

0 < BoK(s) < K(s)s, forall s> sy > 0, where K (s /K
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(K4): There is 8; > 0 such that
K(s)

| [

hm sup < 400

While, the continuous function f fulfills the following assumptions:
(1) : |f(2,9)] < C(L+ 15", for all (v,s) € @ x R,

where C' > 0, p(z) < q(x) < pi(z) == NNIZ;?)

(H3): The Ambrosetti-Rabinowitz (A-R) condition holds:

IS :L"t
/f

is f-super-homogeneous at infinity, i.e. there exists sy > 0 such that

0<0F(x,s) < sf(x,s), for all |s| > sp, x € Q2 where 0 > 5—;0.

(H3): The following holds uniformly for z € §2:
S

s—0 ‘3‘1’ —2g

(Hy): f(z,—s) = —f(x,s), for all (z,s) € Q x R.

=0.

(Hs): There exist an open subset €2 of € and r > 0 such that
lim inf Flz,s)

s—0 ’Slr
(Hg): There is § € C(Q, (1, +00)), verifies (1.1) and (1.2) such that

Ja +
im (z, S) > 0, with g~ > p_
s§—+400 | ‘5 ’750

Now we can reveal our principal results.

> 0 uniformly for z € Qq, with rgy < p~.

Theorem 1. Let the function p € C(Q) such that pt < Bip~. Assume that
(Mo)-(My), (Ko)-(K1) and (Hy)-(Hs3) are verified. Then the problem (P) has at
least two nontrivial weak solutions.

If in addition, [ satisfies conditions (Hy) and (Hg). Then the problem (P) has
a sequence of solutions (w;) such that ¢(tw;) — 0o as j — oo.

Theorem 2. (i) Let the function p € C(Q) such that Biqgt < p~. Assume
that (Mo)-(Ms), (Ko)-(K7) and (Hy) — (Hs) are satisfied. Then the prob-

lem (P) has a sequence of solutions (£w;) such that ¢ (£w;) < 0.
(ii) Under the assumptions (My)-(Mz), (Hy), (Hs) and the following condi-

tion:
(H7): | |lim [F(x s) — A1M|S|(p)} = —oo, uniformly for almost every
s|——+o00
x €,
Jw(z)—w(y)|PE 2Y) ded \w|p( x)
f €T xr— sp(x y + f ] x dx
where Ay i= inf —22&Y)] y‘M o 2 o >0 and p = min{@, 1} > 0.
weE\{0} lwlP) - 2

Q p(z)
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The problem

)|[P(x:v) s ) .
fQ - y—|N+sp|<z — dxdy)(— Ay, w(@) + Jw(z) PO 2w(z) = f(z,w) inQ,

w(z)—w(y)|P=y) .
M( /[, % dxdy) N p yw(z) =0 in RV\Q.
(Q)
has a nontrivial weak solution.
Example 1.1. (1) The following functions indicate that our conditions for

Theorem 1 are satisfied:
e M(s)=a+bs forall s >0, witha >0 and b > 0.
o K(s)=|s|""2s, for all s € R, where 3 > 1.
o f(x,8) = |s|9®2s, for all s € R, where p(x) < q(x) < p’(z), for all
r €.
(2) An ezample of our conditions being satisfied for the first assertion of the
Theorem 2 is provided by the next functions:
o M(s) =0bs*"1 for all s > 0, with a > 0 and b > 0.
o K(s)=|s|""2s, for all s € R, where $; > 1.
o f(x,8) =|s|9®2s, for all s € R, where p(x) < q(x) < p’(z), for all
x € Q.

The remaining sections of the paper are structured in this manner. In the sec-
ond section, we present certain initial results relating to Lebesque and fractional
Sobolev spaces, and we recall the essentiel tools for the sections coming up. The
validity of the compactness condition is confirmed in the third section. While, the
fourth and fifth sections are reserved for proving Theorem 1 and 2, respectively.
Finally, the sixth section is devoted to studying the general (non-variational) form
of the problem (P).

2. PRELIMINARY RESULTS

In this section, we provid a brief overview of Lebesgue spaces, including their
definitions and some basic properties. Interested readers can consult ([4, 18, 25,

]), and the references therein. Additionally, we discuss certain essential features
of fractional Sobolev spaces with variable exponents.

2.1. Variable-exponent Lebesgue spaces. Let {2 be an open bounded subset
of RY. In this subsection, we present certain needed features of variable exponent
Lebesgue spaces. We take the set

C(Q) ={aecCQ)|a(x)>1, foral xcQ}.

For all a € C,(9), we define:
at =supa(z) and o = inf a(z),
zeQ e
such that
l<a <alr) <at < +oo.
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For any a € C'(Q), the generalized Lebesgue space is defined as

LY®(Q) = {w: wis a measurable real-valued function,/ w(z)|*® dx < +o00}.
Q

and it is equipped a norm as given below (the Luxemburg norm)
lw|pac) = inf {p >0 |/ ‘#P(m) dz < 1}.
Q

Thus (L*9(€), |.|1a)) becomes a separable reflexive Banach space.

Let 5 € C, () such that, % + % = 1. We then obtain the next Holder-type
inequality:

Lemma 2.1. Ifv € L*Y) and w € LPV); then:
/ lvw| dx < 2[v|La0)|w] a0 -
Q

A key element in the manipulation of generalized Lebesgue spaces is represented
by the modular of the space L) (), which is defined as follows:

Pal) - La(z)(Q) —R
w - / ()@ da.
Q

Lemma 2.2. Let w € L*V(Q), then we get
o |Wlpayg) <1 (rp:=1,>1) & poy(w) <1 (rp=1,>1).
o at
° |wlpamo) > 1= |w|LO¢(4)(Q) < pa(y(w) < ’w’m(.)(g)'
at a~
o |W|pa)g) < 1= |7~U|La<.>(g) < pa()(w) < |w|La(.>(Q)'
2.2. Variable-exponent fractional Sobolev spaces. The definition and some
results on fractional Sobolev spaces with variable exponents are provided in this
subsection, which originally appeared in [3, 17].

Let p: RY x RY — (1, +00) be a Lipschitz continuous bounded function verifies
(1.1) and (1.2).

We define the fractional Sobolev space with variable exponent via the Gagliardo
approach as follows:

|w(z) — w(y) Py
axq WPV |z — y[Nspley

X =W (Q) = {we LP@(Q) | ) dzdy < +oo, for some p > 0}.
The space X is a separable, reflexive and Banach space if it is equipped with the
norm

|w||x = [w]|pse + [w}s,p(x,y)

where H s p(@) is a Gagliardo seminorm with variable exponent, which is defined
by
_ . () —w(y)[Pv
[w] sp(zyy) * [w} s,p(z,y),Q2 inf {'u >0 ‘ Ox O Mp(x’y)’x _ y’NJrsp(x,y) de’dy < 1}
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Let w : RY — R be a measurable function. We set

|w|| g = |w|pse + [w]syp(w)’Q, where E = {w:RY — R} [w||p < +o0}.

Proposition 2.1. Let hypotheses (1.1) and (1.2) be satisfied. Then, (E,||.|r) is
a reflexive Banach space.

Proof. The demonstration is analogous to that of [[7], Proposition 3.1].

Proposition 2.2. Let hypotheses (1.1) and (1.2) be satisfied. Then, for any
h € CY(Q) with 1 < h(x) < pi(z) for all x € Q, there exists a constant ¢ > 0 such
that |w|pnoy ) < cllw||lg for allw € E. Moreover, this embedding is compact.

Proof. It is obvious that |w|x < ||w||g, for all w € E. Therefore, X <<
L")(9). So we achieve the intended result.

Note that the norm ||| is equivalent on E to ||.|| = inf {s > 0 | p(%) < 1}.
where the modular p : ' — R is defined by

w(z) —w(y) [P B(x)
o o — g dxdy + i |w(x)|P'" dx

Later on in reasoning, this lemma will be useful.

p(w) =

Lemma 2.3. Let assumptions (1.1) and (1.2) be verified and w € E. Then the
following hold:

i) |lwl] <1(rp=1,>1) <= p(w) < 1(rp:=1,>1).
.o —+ -

(i) lwl| <1 = [lwl’” < p(w) < [Jwl .

(iii) Jlwll > 1= [lw[]"" < p(w) < [Jw[]”".

Proof. The demonstration is analogous to that of [5].

Now, we present the functional Z : E' — R, given by

w(z) — w(y)[PEy) w(z) [P
SNy I EST AP G

(2, )| — y|Vrertey)

Lemma 2.4. [[0], Lemma3.1] Suppose that condition (1.1) and (1.2) holds.
Then, the functional I is well-defined and convex on E. Furthermore, T € C*(E,R)
with the derivative expressed as follows

T Ry g DI w(a) - wly) @) =) ,

|x — y|N+5p(x7y)

+ [ @P u(a)ota) do.

Lemma 2.5. [[8], Lemma4.2] Suppose that condition (1.1) and (1.2) holds.
Then, the following assertions hold:

(i) £ is a bounded and strictly monotone operator.
(ii) £ is a mapping of type (S), that is, if wy, — w in E and
limsup,_,, o < L(wy) — L(w), wr, —w >< 0, then w, — w in E.
(iii) £ is a homeomorphism.



250 O. EL ALAMI, A. OURRAOUI

The following statement refers to the non-local equivalent of the divergence
Theorem also called integration by parts formula.

Proposition 2.3 ([7]). Let hypotheses (1.1) and (1.2) be satisfied. Let w and v
be bounded C*— functions in RYN. Then,

)
A(%u) r=— [ Neate) do

w(x Pﬂﬁy)wa_w o(z) — v
/\ y)l uféﬁmeX() @”W@:ﬂfk%mmwm

+ / v/\/'&p(,,.)w dz.
RN\Q

Definition 2.1. Let (E,||.||) be a Banach space and J € C*(E). We state that
J wverifies the Palais-Smale condition at the level ¢ € R (”(PS)Ccondition” for
short) if any sequence w, € E verifying

J(wy,) = ¢ and J'(w,) = 0 as n — +o0,

has a convergent subsequence.

3. EXISTENCE AND MULTIPLICITY RESULTS

Definition 3.1. We say that u € E is a weak solution of problem (P), if

u(z) — u(y)PEV 2 (u(z) — u(y))(v(z) — v
L) [ L ZHOP ) ot =),

/|u P24 (2)0(z) dx—K(/QF(x,u) dx)/gf(x,u)v dx =0, for allv € E.

Where, 0p(z.4)( fQ 2p|“ 2)—u(y)|7) dxdy.

(z,y)|z—y|N+sp(@.y)

The energy functlonal Y 1 E — R associated with the problem (P) is giving

A p A
P(u) = M(0pay( / Jul@)" | K(/ F(z,u)dz) := ®(u) — p(u), for allu € E.
0
Where ®(u) = M (0p(ey) (1)) + fQ |u;g‘:(1) dx and p(u (fﬂ z,u) d).
Standard arguments (see, [5], [11] ) and the continuity of M and K imply that

1 is well-defined and of C'-class on E. Moreover, we have

Mo /w — ()2 @) — () (0(e) ~ o)

|z — y|N+sp(z.y)

<¢%)v>—

Ul’ﬁx)_Z'UJLUULU T — T, U Xz T, U)v axr or all u,v .
+L|<n (2)o(z) d ldAFh)d)Aﬂ,)d,f Wu,ve B

Thus the weak solutions of (P) are the critical points of .
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Proposition 3.1. (1) v is sequentially weakly lower semi-continuous(s.w.l.s.c).
(il) ¢’ : B — E* is sequentially weakly-strongly continuous.
(iii) For any open set V.C E\{0}, with V.C E\{0}, mapping ' : V — E* is
of type (S4).

Proof.

(i) From [[8], Lemma 2.4] the operator u — o, ,(u) is strictly monotone.
From [[29], Proposition 25.10], 0p(s.,) is strictly convex. So, let (u,) C E
be a sequence such that w, — u in £. Then, by the convexity of o, ),
we have

Op(z,y) (Un) — Op(z,y) (U) Z< J;J(z,y) (un)a Uy — U > .
Hence we obtain

Op(ay) (w) < Mminf oy ) ().

n—-+o0o

So the map u — 0py(u) is (s.w.ls.c). However, as t — M(t) is a
continuous and increasing function, we obtain

~ p(z 15
lim inf ®(u,,) = lim inf M (u, )+lim inf Jun (@) 72 d > M(u / [u(z dx = ®(u).
n—-+oo n——+oo n—-+oo Q p((l}) )
Thus, the functional ® is (s.w.l.s.c). Moreover ¢ is (s.w.l.s.c) ([ ]), and

thus 9 is (s.w.l.s.c).

(i) ([11], Proposition3.1).

(iii) Let V' c E\{0}. Assume that (u,) C V such that u, — u in E and
limsup,,_,, o, ' (u, —u) < 0, then there is positive constants ¢; and c;
such that ¢ < 0p(zy)(uy) < c1, and therefore there is positive constants
cs and ¢4 such that ¢y < M(0p(gy)(un)) < cs.

It follows from lim sup,,_, , . @’(un)(un—u) < Othat, limsup,,_, o 07, ) (Un) (tn—
u) < 0. From ([3], Lemma2.4), o Oz 18 Of type (S4), we obtain u, — u
in E. Moreover, since ¢’ is sequentially weakly—strongly continuous, the
mapping ¢’ : V — E* is of type (S,).
From now on, C; and ¢;, 1 = 1,2, ... are positive constants whose exact value may
change from line to line.

Lemma 3.1. Under assumptions (My)-(M,), (Ko) and (Hy)-(Hz), the functional
Y satisfies the (PS). condition for any c¢ # 0.

Proof. There are two steps to take.
Step 1: We demonstrate that (u,) is bounded in E. Let (u,) C E be a (PS).
sequence for any ¢ # 0. When ||u|| is sufficiently large, we can use (M) to get

~ ‘u ‘P(i’?
(I)(u) = M Up(:t,y /
= M(Up(fﬂvy) (u)>0p(:v,y) (U) + ]? /Q |U(LE)|75(I) dz
> L '(u) - u

er
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From (Ha), there exist C; > 0 such that
—C; < 6/ F(z,u)dr < / fz,w)u dx + Cy, for all u € E,
thus, for all € € (0, QS)), there exist Aagz sg > 0 such that
(0 —¢) /Q Fla, u)de < / (@ wu do, it / Flo,u)de > A, (3.1)

We may suppose that A. > S Tt should be pointed out that in this instance,
the inequality fQ x,u)dx 2 A is equivalent to | fQ (x,u dx! > A., because

Jo Fz,u)de > =<1 for all u € E.
We clalm that there exist C. > 0 such that
o' (w)u — Bo(0 — e)p(u) > —C;, for allu € E. (3.2)

Indeed, if | [;, F(z,u) dz| < A, then it is immediately clear that (3.2) is valid.
When | Jo Fz,u)dz| > A., ie [, F(z,u)dz > A, it results from (3.1) and (Kj)
that

Bo(0 — e)p(u) = Fo(0 — E)R(/ F(z,u)dz) < (0 — E)K(/ F(z,u)dx) / F(x,u)de < ¢'(u) - u

Q Q Q

Thus, (3.2) is proven. Now let (u,) C E\{0}, ¥'(u,) — 0 and ¥(u,) — ¢ with
¢ # 0. Since p < [y, there exist ¢ > 0 sufficiently small so that p™ < Sy(60—¢)7.
Therefore, for n large enough we get

Bo(0 —e)e+ 1+ |luall = Bo(0 — €)tb(un) — ¥ (un)un

+ +
> (Bo(6 — <) — %)@(uw + (%@(um — & ().t) — Bo(0 — £)p(un)
"HD/(un)un
> (Bo(6 — <) — %)@(un) C.
pry L
> (Bolf —¢) — 7)]97(1) (un).un — Cs
— un () —u p(z,y)
N 1><§M<ap<$ () [ PO ey

/ |t () [P d)

><—5“<p+ n
> min (2 5 )(50( ki — 1) |Jun|P- - C.

p-l-

>m1n(

- 1)p(un) - C:

> c|lun||P — C..

With ¢ is a positive constant. According to the preceding inequalities, (u,) is
bounded in F, due to p~ > 1.
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Step 2: We now assert that the subsequence of (u,) is strongly convergent.
Setting V = {w € E| ||w|| > e}. As ¥(u,) — ¢ # 0 and ¥(0) = 0, there exists
e > 0 small enough such that for n sufficiently large, ||u,|| > ¢, then u, € V for
n sufficiently large. We can take a subsequence of (u,,), still given by (u,) such
that uw, € V and w, — u, for the reason that (u,) is bounded. The condition
V' (u,) — 0 implies ¥/ (u,)(u, —u) — 0. Since ¢’ : V. — E* is of (S, )-type, we
have u,, — u in V.

4. PROOF OF THEOREM 1

Under appropriate assumptions, the Mountain Pass Theorem, the Symmetric
Mountain Pass Theorem, and the Ekeland variational principle are used to dis-
cuss the existence of non-trivial weak solutions for (P) in the section that follows.
This means we must establish two lemmas.

Lemma 4.1. Suppose that assumptions (M), (Ko) and (Hy)-(Hz) are fulfilled.
Hence for each w € E\{0} ¥(sw) - —o0 as s — +00.

Proof. Let w € E\{0}. From (M;) and for s > 1, we may easily assert that
M(s) < M(l)s% Then
B(s) = Moy (s0)) + |

()
|va| s
p(x)

. 1 )
< M<1)(Up(w,y)(5w)>% + —_/ |sw|P® dx
D Ja

+
pT +
<187 st

By conditions (H;) and (Hs), we have
/ F(x, sw)dx > 35,
Q
From (Kj) we have that K (t) > eyt for t large enough, thus

p(sw) = K(/ F(x, sw)dz) > 45",
Q

hence for any w € E\{0},
i + Bob
Y(sw) < eps 7 4 cas? — g8
Since, (o0 > ”% > pt, we deduce that ¢ (sw) — —oc0 as s — +00.

Lemma 4.2. Assume that conditions (My)-(M,), (K1), (Hy) and (Hs) are ver-
ified. Hence, there exist positive numbers a,R such that ¥(u) > a > 0 with
[ull = R.

Proof. Given ||u|| small enough, we get:

/ Fla,u) dz < g/ P dg < Colull”"
Q Q
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Therefore
o) = ([ Flau)ds) < Colll
Q
Thus,
moy [ u(z) —u(y)PY 1 (@)
(u) > 2w+ Jy Jo — g e dxdy + A [ulP'*) de — p(u)
min ¢ 722 1 _
> #Huwﬁ — Cylul "
p

Since, S1p~ > p™T, so there exists two constants a,R such that ¢(u) > a > 0 with
[ull = R.

We then deduce that v has a critical point e; € E which is a weak solution
for problem (P), by using Lemmas 3.1, 4.1, 4.2 and the Mountain pass theorem.
Moreover, e; satisfies

w(er) > a >0, (3.3)

which implies that e; is non-trivial.

Via the Ekeland variational principle, we will demonstrate the existence of a
second weak solution ey # e;.
By lemma 4.1, there exist w € E such that ¢(sw) < 0 for s > 0 large enough,
and according to lemma 4.2, we get inf,copo,r)(¢(v)) > 0. As indicated in the
proof of lemma 4.2, for u € B(0, R) we have

min{m,l} N _
e(u) > p—f||u||p — Gyl

Therefore —co < ¢ = inf, Gz (u)) <O.
Let 6 > 0, such that 0 < ¢ < (infycop(o,r) (¥ (v)) — infyepo,r)(¥(u))). We may
conclude from the preceding facts that functional ¢ : B(0,R) — R, is lower

bounded and ¢ € C'(B(0, R),R). As a result of applying the Ekeland principle,
we deduce that there is us € B(0, R), such that

¢ <(us) <c+6 and P(us) < Y(u) + 6l|u — ug|, for all u # us.

Given that ¢ (us) < inf, 57 (w)+0 < infuepo,r) (¥ (u))+6 < infueapo,r) (¥ (w)),
we can deduce that

us € B(0,R). Now, we define J5 : B(0, R) — R, by Js(u) = ¢ (u) + d||u — us|.
Obviously, us is a minimum of Js. Consequently, for any v € B(0, R) and for

s > 0 large enough, we have

(Jg(Ug + SU) — Jg(u(;))

By allowing s to trend to infinity, we get ¢’(us)(v) 4+ d0||v|| > 0. This means
that [|¢(us)|| < 6. By the preceding reasoning, we conclude the existence of a
sequence (u,) € B(0, R), such that

P(uy,) — ¢ and ' (u,) — 0. (3.4)

(¥(us + sv) — P(us))

> 0, that is , + d|v|| > 0.
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Since (u,) € B(0, R), it follows that (u,) is bounded in E. So, up to a subse-
quence, there exist e; € E such that (u,) converges weakly to e; € E. We can
therefore conclude that u,, — es strongly in E, based on the proof of Lemma 3.1.
Since ¢ € C'(E,R), we have ¢'(u,) — v¢'(e3), as n — +oo. Hence, from (3.4),
we deduce that

YP'(e2) =0, |lea]] < R, and 9(eq) < 0. (3.5)
This signifies that e is non-trivial solution for problem (7). And then, by adding
(3.3) and (3.5), we get ¥(e2) < 0 < 1(e1). Thus the problem (P) has at least two
non-trivial weak solutions.

Now, by using the Symmetric Mountain Pass Theorem [29], we will show that
the problem () has a sequence of solutions (fu;) such that ¢ (+u;) — oo as
j — oo. We first need the next lemma.

Lemma 4.3. Assume that assumptions (M), (Ko) and (He) are satisfied. Then
for any finite-dimentional subspace E C E, ¥(u) — —oo, ||u|| = 400, u € E.
Proof. Assume on the contrary that there is a sequence u, € E such that
|un|| = +00, n = 400 and ¢ (u,) > 1, for all n € N,
whith [ € R is a fixed constant independent on n € N. It is obvious that

p+
P(un) < crffunll >
(Hg) implies that for s large enouph, one can find ¢ > 0 such that
F(z,5) > cols]’®).
Thus
B(x) B~
/ F(z,u,) dz > cg/ |up |7 dx > cglunlg(m).
Q Q

Since dim E < 400, all norms on E are equivalent. Hence, there exist dy, dg > 0
such that B
] < ltal sy < dellua]l, Yu € .

Therefore,
/ F(o,up) dz > daflun]?".
Q

Where ds > 0. And by (K;) we have K(s) > ¢35%, then

o(uy,) = K(/ F(z,uy) dx) > 03(/ F(z,uy,) d:r;)ﬁo > dyjun PP
Q Q
Where d, is a positives constants. Hence
M(1 1 vt .
U< ) < (D Ly 5 = a7 — —cc.
(2p~)~
Which is a contradiction. Consequently, by hypothesis (Hy), ¢ is an even func-
tional. Since ¥(0) = 0, based on lemmas 3.1, 4.2, 4.3 and the Symmetric Moun-

tain Pass Theorem, we obtain the existence of an unbounded sequence of weak
solutions to problem (P). Thus, we have established Theorem 1.
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5. PROOF OF THEOREM 2

In this section, we aim to prove that problems (P) and (()) has a sequence of
solutions (u;) such that ¥ (u;) < 0 and a nontrivial weak solution respectively,
by applying the Ljusternik—Schnirelman Theorem [29] and the Direct Method
in Calculus of Variations. To achieve this, we have a requirement to prove two
lemmas.

Lemma 5.1. Under conditions (K1), (My)-(M), (Hy) and (H3), the functional
Y is coercive.

Proof. For all ||ul| large enough, by 2.3 we have that

~

p(x) N
P(u) = M(opay)(u)) +/ |?f’ dx > Ch||lu||’ and / F(z,u) dx < CQH'U/Hq+.
Q p(a:) Q

Therefore,

o) = K( [ Flaw) d) < Collal "
Q
Thus B .
¥(u) 2 Cullull”” = Callul]""

Since p~ > B1q*, the above inequality implies that 1 is coercive.

Lemma 5.2. Suppose that conditions (Ky), (M) and (Hs) are satisfied. Then
for every w € C§°(§), there exist A, > 0 such that ¥(A\,w) < 0.

Proof. Take w € C§°(€2)\{0}. Then, if A > 0 is small enough, we have that

| Aw|P(®)
p(z)

~

<I>()\w) = M(op(x7y)()\w)) + /Q

(Hs) and (Kjp) imply that

dr < AP 4 o\ < e3P

/ F(x, \w) dz > ¢, A" and p(Aw) > ez A7,
Q

Therefore,
P(Aw) < es N — e\,
Hence ¢ (\w) < 0.

Condition (H,) implies that the functional ¢ is even. Since v is coercive, by
step 2 in the proof of lemma 3.1, v satisfies (P.S). condition for any ¢ # 0. As
we are already aware, ¥(0) = 0 and inf,cp1(u) > —oo. Thus, by using the
Ljusternik—Schnirelman Theorem [29], to establish the second Theorem, it just
needs to show that for any positive m, corresponds a symmetric closed set U,, C
E, for which the Krasnoselskii genus (U,,) > m and sup,c; 1 (u) < 0. Noting
that C§°(€)p) is an infinite-dimensional subspace of E, for an m-dimensional sub-
space H,, C C§°(Q), for every m. Set S,,_1 = {u € Hp, |||u|]| = 1}. From lemma
5.2 we know that, for every w € S,,_1, there exists A\, > 0 such that ¥(A\,w) < 0.
Since S,,_; is compact, so there is a positive constant > 0 such that ¥ (uw) < 0
for all w € Sy,—1. Set Uy, = pSpm—1, then y(U,,) = m and sup,,cy;, ¥(u) < 0. The
proof of (i) is complete.
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We now finish this section by showing (iz) of Theorem 2. Thus, based on (H7)
we can see that, for any N > 0, there is Ry > 0 such that

G(z,s) < =M,V |s| > Ry, a.e x € Q. (5.1)

Where G(z,s) = F(z,s) — A\pl x)
we get that J is weakly lower Semlcontinuous. Next, we show the coercivity of
the energy functional J : E — R associated to problem (@) such that J(u) =

M (O gy (W) + [, [ ;()f(z) dx — [, F(z,u)dz, for all u € E. Otherwise, there are

L € R and (u,) C E such that

By proposition 3.1 and condition (H;),

||tn|| — oo and J(u,) < L.

Putting w,, := so ||w,|| = 1. For a subsequence, we can then suppose that

Hu K

for w € E, we have w,, — w in E, w, — w strongly in LP®(Q), w,(z) = w(x)
for almost every « € Q. We then use (5.1) to get

L > J(uy)
_ p(@,y) 1 _
0 P Ja Q

2pt |z — y|Vtsp(zy)

_ 1 _
> C1[un? _>\1,U/ —— |un [P dx—/G(a;’,un) dx
o p(7) Q
_ 1 _
> Chl|up [P —/\,u/—unp dx + Ny, 5.2
1wl 1 Qp(x)l | 1 (5.2)

where N; € R. By proceeding to the limit and dividing (5.2) by ||u,||P? , we find
that

1 _
C, — /\1,u/ —|wl? dx <0,
o p(z)

thus, w # 0. Therefore |[D| > 0 with D = {z € Q : w(x) # 0}, then |u,(z)| —
+oo for a.e x € D. Furthermore,

1 - 1 _
)\1/ _—‘U’p d$§)\1/ _—]u\p(x) dx
4 D(z) 4 ()
1 _
<\ / @) da
o b(w)

lu(x — u(y)[PEy) | |p
= /Qp(x y)|x — y|Ntsp(zy) dzdy + de.  (5.3)




258 O. EL ALAMI, A. OURRAOUI

Where, A= {z € Q:|u| > 1}. From (H;) and the above inequalities we deduce

m up () — Uy, p(z,y) 1 - 1 B
L= _0/ i 2] (%)—lsp(oc y) dxdy +/ 7_|Un|p($) dw — /\lﬂ/ ——un|” dz
2 Jop(x,y)lz -yl ! o () o P(z)

- /Q G(z,uy) dx

| (@) — wy, (y)[PEY) / 1 5 / 1 -
> dedy 4+ | —|u, PE) dx] — A —|u,|P dz
“[/Q p(a, gl =y N+ L 3yl del = [ Sl

—/G(x,un) dx
Q
n — Uy, p(xvy) ]_ = ]' -
D R SR
0 Q ) A

plx,y)lz — y|NErey) p(z p()

1 _
- )xlu/ —|up|? dx — / G(z,uy) dx — / G(z,uy) dz
Q\A p(x) Br, Q\Bg,

1 _
> [ sl o= [ Gw)de- [ Gl dn
Q Br,

\a () O\Bg,

where Bg, = {z € Q : |u| < R;}, with R; is large enough, which is a contradic-
tion, thus J is coercive. Therefore, by the direct method in calculus of variations,
there exists u a critical point which minimizes J on E. Now, we show that u is
nontrivial weak solution of problem (). Indeed, fix ¢y € E, with ||¢o|| = 1, then
by lemma 5.2, and for ¢ > 0 is small enough, it is known that

J(t¢0) < Cgtp_ —gt" < 0, (54)

because r < p~. Consequently, by (5.4) the critical point of J which we have
established above is nontrivial. This means that u is a nontrivial weak solution
of problem ((@)). The proof of the second Theorem is closed.

6. THE GENERAL CASE

In this section we consider the bi-nonlocal p(.,.)-Laplacian problem with gen-
eral (non-variational) form

A(w)(=Ay(.)) w(z) + [w(z) [P 2w (z) = Bw) f(z,w) inQ, )
A(w)Np(yw(z) =0 in R¥\Q,

Definition 6.1. We say that w € E is a weak solution of problem (T) if

Ly [ lwle) w0 e) —w) @) —vw) [
SA(w) /Q dady+ | Jul d

|ZE —y | N+sp(z,y)

= B(w)/gf(x,w)v dx, for allv e E.
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Furthermore define the functionals 71, T, L, ), D and Ny : & — E* respec-
tively by:

w(z) — w(y)[PEV2(w(z) —w v(z) —v
i 0= A [ ) ) o) =10 o

-I—/ Jw|P 2w d,

Q

< Th(w),v >= B(w) / f(z,w)v de,
Q

<Lmﬂ@ﬁ>zélymm—w@wmw%mw—w@mw@—wwxm@,

|I — y|N+5p(x7y)

< D(w),v >= / |w|P@ 2w d,
Q

< Ng(w),v >:/f(a:,w)v dzx.
Q

Vw,v € E. Then T\ (w) = A(w)Ly..)(w) + D(w) and Th(w) = B(w)N¢(w)

for w € E. It is clear that w € FE is a solution of (T) if and only if T'(w) =

Lemma 6.1. Assume that A satisfies the following assumption:

(A1) : A: E — [0,+00) is continuous and bounded on any bounded subset of E,
A(w) > 0 for all w € E\{0}, and for any bounded sequence (w,) C E for which
A(w,) = 0, w, must converge strongly to 0 in E.

Then the mapping Ty : E — E* is continuous and bounded, and is of type (Sy).

Proof. Since L, ), D and A are continuous and bounded, so is 7. Thus,
we focus on the (S;) property. Let (w,) C E such that w, — w in E and
limsup,,_, . < Ti(wy),w,—w >< 0, so we remain to prove that any subsequence
of (wy,) has a strongly convergent subsequence. Let (w,,) be a subsequence of
(wy,). Then, one can find a subsequence of (wy, ), always denoted by (w,, ), such
that A(w,,) — ¢. When ¢ = 0, It then follows directly from assumption (A4;)
that w,, — 0in E. Now let ¢ # 0. Then by condition (A;), we have that ¢ > 0
and

climsup < Ly y(wWn,), Wy, —w > +limsup < D(wy, ), w,, —w >
k—+o0 k—+o00
= limsup < T3 (wy, ), Wy, —w ><0
k——+o0
which implies lim sup,,_, , o < L(wy, ), Wn, —w >< 0. From Lemma 2.2.3 we have
that £ is of type (54 ), so we get w,, — w in E.

Lemma 6.2 ([11]). Assume that f satisfies (Hy). If we suppose that B verify the
following condition :

(B1) The functional B : E — R is continuous and bounded on any bounded subset
of E.

Then the mapping Ty : E — E* is completely continuous.
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Proof. The proof is similar to [14].

Proposition 6.1 ([11]). Let asumptions (A1), (B1) and (Hy) being satisfying.
Then the mapping T : E — E* is continuous and bounded, and is of type (Sy).

Theorem 3. Let assumptions (Ay), (B1) and (Hy) hold and assume that the
following conditions are verified:
(Ag) There are constants M > 0 and ¢; > 0 such that

A(w) > ¢; forw € E, with ||w| > M.
(Bs2) There are constants T € R, M > 0 and c3 > 0 such that
|B(w)| < eaf|w||” for w € E, with ||w|| > M.

If p~ > 7+ q", then (T) has at least one solution. Moreover, the mapping
T : E — E* is surjective, and then the equation T(w) = h has at least one
solution, for each h € E*.

Proof. For ||w|| large enough , we have that

<T(w),w>=Alw) < Ly y(w),w >+ < D(w), w > =B(w) < N¢(w),w >
> callwl|”” — eal|w]7H
> csl|wl||? > 0.

Thus, by the degree theory for (S.) type mappings, for R > 0 large enough, we
have deg (T, B(0, R), O) = 1, and consequently, there exists w € B(0, R) such that
T(w) = 0, that is, (T) has at least one solution w € B(0, R).

In the other hand, since p~ — 1 > 0, we get

<T(w),w > i -
lim <Tw).w> > lim |lw|| ' =40
w00 [Jw]] lwl| =00
that is, the mapping T is coercive. In addition, 7" is continuous and is of type
(S4), so its pseudomonotone. Thus, by the surjection Theorem for the pseu-
domonotone mappings, the mapping 7' is surjective.
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