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ANALYSIS OF A FRACTIONAL-ORDER MATHEMATICAL
MODEL FOR OCCUPATIONAL TRANSITION FROM
FARMING TO OTHER SECTORS

NOBIN DAIMARY! and RANU PAUL?*

ABSTRACT. In this article, we developed a fractional-order mathematical model
to study the dynamics of farmers transitioning to other professions, incorpo-
rating memory effects through Caputo-type fractional derivatives. We ensured
the model’s biological viability by proving non-negativity and boundedness of
solutions, and demonstrated existence and uniqueness using fixed-point theory.
The model has non-negative equilibrium points, with local and global stabil-
ity conditions analyzed. The basic reproduction number R, was determined,
showing that when R, < 1, the equilibrium point £ is locally asymptotically
stable. The stability of the endemic equilibrium FE, was assessed using the
Routh-Hurwitz criterion. The global stability of the equilibrium points is also
analyzed using the Lyapunov function. Sensitivity analysis identified optimal
intervention strategies, and numerical simulations confirmed the theoretical
findings.

1. INTRODUCTION

The agricultural sector has long been a cornerstone of economies around the
world, particularly in rural areas where farming is often the primary occupation.
However, in recent decades, significant shifts have been observed as individuals
increasingly transition from farming to other sectors. This occupational transi-
tion is driven by various factors, including economic diversification, technological
advancements, urbanization, and environmental changes, all of which have sig-
nificantly altered the economic landscape. From 1991 to 2019, the employability
rate in agriculture decreased from 63% to 43% [0].

Young people’s migration to urban areas is one of the key reasons to leave
farming. There are numerous opportunities for young people to pursue careers
outside of farming. Only a small number of young people living in rural areas
are interested in working on a farm. This is because young people seek better
working conditions, and agriculture is often perceived as a physically demanding
occupation. The rise of industrialization has also contributed to the migration
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of people away from rural areas worldwide. People go to cities in search of more
appealing professions and careers because they view agricultural labour as ”dirty”
[17, 30, 31]. A large number of young people are unwilling to continue working
in agriculture because of the uncertainty that comes with climate change, which
demotivates the younger generation [7, 20].

Mathematical modeling is a tool that transforms real-world problems into
mathematical representations, often utilizing systems of differential equations,
and solves them using mathematical methods. It offers valuable insights into
complex systems. As technology advances, mathematical modeling will become
increasingly essential in developing effective solutions.

Nowadays, fractional differential equations (FDEs) are widely applied in many
scientific and engineering fields to provide novel and more effective results. Be-
cause fractional derivatives possess a non-local property, they are essential for
analyzing the memory effects in complex physical scenarios and deriving more
accurate solutions. Fractional-order systems provide higher accuracy and align
more closely with real-world data compared to conventional integer-order systems
[5, 24]. Over the past few decades, various fractional operators with distinct ker-
nels have been developed, including the Caputo operator with a singular kernel
[27], the Caputo-Fabrizio operator [3], and the Atangana-Baleanu operator [!]
with a non-singular kernel, as well as the fractal-fractional operator [2]. Because
of their various practical applications, these derivatives have been extensively uti-
lized to model real-world challenges in a variety of scientific, economic, biological,
and engineering fields [13, 28, 35, 14, 22]. Among these operators, the Caputo
derivative is widely recognized and frequently employed to simulate the memory
of the system [23, 9].

Building on the insights gained from previous research and studies on frac-
tional operators, we apply the Caputo fractional derivative to the susceptible-
infectious-recovered-susceptible (SIRS) model to explore the dynamics of farmers
transitioning from agriculture to other professions. These transitions are influ-
enced by memory, which encompasses the farmers’ knowledge and experiences.
Positive farming experiences promote continued agricultural practices, while chal-
lenges like crop failure or market instability may drive shifts to alternative sectors.
Farmers with diverse experiences and transferable skills (management, marketing,
technical) adapt more easily to new industries. Government policies can impact
this memory effect by either supporting skill development in non-agricultural sec-
tors or reinforcing agricultural practices, thus influencing farmers’ willingness to
transition. Recognizing the influence of past experiences, we have employed a
fractional-order approach in our study to accurately capture the effects of mem-
ory, allowing for a nuanced understanding of how historical factors impact current
and future agricultural outcomes. This paper aims to understand the reasons
behind farmers in India transitioning from agriculture to other sectors by de-
veloping a mathematical model that simulates real-world scenarios. It seeks to
identify key factors driving these changes and provide a framework for predict-
ing future transitions and their impacts on rural communities and the broader
economy. This approach offers both theoretical insights and practical tools for
designing effective policies and interventions to address this critical issue. To
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the best of our knowledge, no mathematical model has been made for address-
ing this critical social issue. Therefore, this paper provides valuable insights for
researchers and policymakers by offering a novel mathematical perspective for
analyzing the dynamics of farmer transitions, allowing for more precise modeling
of these complex processes. Additionally, it helps in designing targeted policies
that can better address the socioeconomic challenges faced by rural communities
and promote sustainable development in the agricultural sector.

The structure of this paper is as follows: Section 2 deals with the preliminaries
of fractional calculus. In Section 3, we explain the formulation of the model.
Section 4 illustrates the positivity and boundedness of solutions of the proposed
model. In section 5, we prove the existence and uniqueness of solutions. The
model’s equilibrium points are found in Section 6. Sections 7 and 8, respectively,
examine the equilibrium points’ local and global stability. Section 9 illustrates
the numerical sensitivity analysis of the model. A numerical simulation is carried
out in section 10. Section 11 concludes the work.

2. PRELIMINARIES

Definition 2.1. [20] For any function f € C™([0,00),R), the Caputo derivative
of order # can be defined as
ﬁjg(t — )01 M) ds, forn—1<60<nneN

C o _
Oth(t> - {;;f(t), for O — n.

where I'(.) is the Gamma function, ¢t > 0.

Lemma 2.2. [I1] Suppose 0,¢ € C, f(t),g(t) are differentiable functions and
n—1<0<nnéeN. Then

6 DI (f () +eg(t)) = 05D} f(t) + €5 D/ g(t)

Theorem 2.3. [25, 11] Let f(t) be a function that is n times continuously differ-
entiable, and assume that § D? f(t) is piece-wise continuous on the interval [0, 0o)
wheren — 1 < 0 <n,n €N, then its Laplace transform is

n—1
L{TD]f(t), s} = s"F(s) = Y s f9(0),
=0

Where F(s) = L{f(t)}.

Lemma 2.4. [15, 18] The Laplace Transformation of the function t™ ' Ej ,,(£At")
s given by
l—m
LA B (M)} = = >0
e e S U
where E,,, denote the Mittag-Leffler function.
Theorem 2.5. [26] Consider the following fractional-order dynamical model:

CD)G(t) = ®(G(1),G(t =to) = (9, 9pys - 91) G4, > 0,i=1,2,....n

with 0 < 0 < 1, G(t) = (¢'(t), ¢*(t),...,g"(t)) and ®(GQ) : [ty,00) — R™™.
The following equation may be used to find the equilibrium points of the model
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L o -
=S > F ?
B &
lo'
(1] S R
vd ld1

F1GURE 1. The flow diagram of the model

shown above: ®(G) = 0. If all of the eigenvalues A\ of the Jacobian matrix

J(G) = W computed at the equilibrium points satisfy |arg(\;)| > %,
then each equilibrium point will be locally asymptotically stable. If not, it will be

unstable.

3. MODEL FORMULATION

In the considered model, we divided the total population into four sub-groups
representing infected status. Occasional or susceptible farmers (denoted by S) are
those who are small-scale farmers but susceptible to changing their occupation
from farming to another. Permanent farmers (denoted by F') are those who have
committed to farming as their long-term primary occupation. Infected farmers
(denoted by I) are those who changed their occupation from farming to another
profession. The recovered class (denoted by R) are those farmers who come back
to farming from other professions, and A denotes the cumulative density of aids
(e.g., government policies and funds, awareness programs, etc.) to motivate the
people towards farming. The flow diagram of the proposed model is shown in
Figure 1. Thus, the governing nonlinear system of fractional order differential
equations of the proposed model is

6 D] S(t) = (1—%)—04145 BSI + R —d, S,

SDYF(t) = f + aAS + ARF — d, F,

SDYI(t) = BSI —~I —dy1, (3.1)
SDY R(t) =~y — 6R — ARF — d, R,

§DY A(t) = uBSI — o A,

Where 6 represents the fractional order, 0 < # < 1 and initial conditions:
$(0) = 0, F(0) > 0, 1(0) = 0, R(0) > 0, A(0) >0
All the parameters are assumed to be positive. r denotes the birth rate of the

human population. K be the carrying capacity. « be the rate of transmission
from susceptible farmers (S) to permanent farmers (F) due to being influenced by
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multiple motivating factors, including economic incentives, access to resources,
education, technological advancements, government policies, and support pro-
grams. [ denotes the infection rate of farmers, i.e., the rate at which farmers
change their occupation from farming to another profession. A\ denotes the rate
at which the recovered farmers become permanent farmers. The constant f de-
notes the people who never give up farming; they are basically large-scale farmers
from generation to generation. The parameter d; represents the natural death
rate of the population. v be the recovery rate of farmers, i.e., the rate at which
infected farmers come back to the farming profession. § represents the rate at
which the recovered farmers become susceptible. p denotes the growth rate of
cumulative density of aids (e.g., government policies and funds, awareness pro-
grams, etc.), which is assumed to be proportional to the number of people who are
affected by other professions. o represents the dissemination rate of aid provided
to the susceptible farmers.

Lemma 3.1. (Lemma 5, [29]) Let 0 < 6 < 1, A < 0 and |arg(\)| > Z£. Then
Ego(At?) and Egg41(M?) tend monotonically to zero as t — oo.

Lemma 3.2. (corollary 6, [29]) Let 0 < <1 and A < 0. Then t?Egq,1(\t?) =
—% as t — oo.

4. POSITIVITY AND BOUNDEDNESS OF SOLUTIONS
Lemma 4.1. [25] Assume that g(z) € Clhy, ho] and § D] g(x) € Clhy, ho] for
0<0<1. If¢D!g(x) >0 for all x € (hy, hy), then g(x) is non decreasing for

cach x € [hy, hs. If $ DY g(x) <0 for allx € (hy, hs), then g(x) is non-increasing
for each x € [hy, hs].

Theorem 4.2. All solutions of the model that start from
(S(to), F(to), I(to), R(ty), A(to)) remain non-negative.

P?“OOf. Suppose that Y(tO) = (S(tO)a F(tO)a [(tO)a R(t0)7 A<t0)) er+
={(S,F,I,R,A) et : S F I, R/ A€ R"} as the initial point of solution of the
model (3.1).
Let us consider that there exists a constant 7, ty <t < 7 such that
It)y>0t <t<rT
I(1) =0,
I(t") <0
From the third equation of the system, we have

§ DL I(t)] 150 = 0

It follows from Lemma that I(¢) is non-decreasing, i.e. I(7") > 0 which contra-
dicts our assumption that I(7+) < 0. Therefore, we get I(t) > 0,Vt € [tg, 00).
Similarly, we can show that S(¢) > 0,F(t) > 0,R(t) > 0 and A(t) > 0,Vt €
[to, OO) O
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Theorem 4.3. The region given by Q € R’ such that Q = {(S, F, I, R, A) € R :
0<S+F+I1+R< rK+4f O0< A< up Tﬁ:;ff } is positively invariant for the

system (3.1) with the mztzal conditions in R,

Proof. Let N(t) = S(t) + F(t) + I(t) + R(t). Then using the Caputo derivative
on both sides we get

0 D/ N(t) =( Dy S(t) +5 D/ F(t) +§ D] I(t) +§ Dy R(t),

Then from the system (3.1), we get

S
SDYN(t) =rS (1 - E) + f—dN

rkK
ngN(t)+d1N()<T+f

where maximum of the quadratic function rS (1 — %) in S is TK

Applying the Laplace transform to the above equation, we have

L[EDI NG +N()] < L1 + 1l

"N (s) — s"7IN(0) + di N (s) < % (@) , where N (s) = L[N (t)],
501 rK +4f

Ns) S NO) G+ )

Using the Laplace inverse transform, we have

rkK +4f

N(t) S N(O)Ee,l(_d1t9> + t9E979+1(—d1t9),

Using the Lemma (3.1) and (3.2), we get

Vo <o+ -,
ie. S(t)+ F(t)+I(t)+ R(t) < %,

Again, from last equation of the system we get

6D} A(t) = upSI — o A,

rK+4frK +4f rK +4f
< —cA, - 0<SI< —un-nw",
SO a4 =20 = T
rK +4f)?

(
o DL A(t) +0A < uB .
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Using Laplace Tramsform, we get

LIODAW) +0A] < £ {ug%] |
S A(s) — $*TA(0) + o A(s) < Wwi;_dgf)g’ where A(s) = L[A(1)),

g0t puB(rK +4f)?

Als) < A(0) s +o  16d3s(s’ + o)’

Taking Laplace inverse transform on both sides, we get

(rK +4f)>

A(t) < A(0)Ep(—at®) + pf 16d3
1

taEe,eﬂ(—Ute);

Applying lemma (3.1) and (3.2), we get

(rK +4f)* 1
1642 (_(—0)
(rK +4f)?
16d30

Alt) <0+ pB

)7
< upB

Therefore, for all solutions of model (3.1) with starting conditions in 2, V¢ > 0
remains in ). Hence, the region € is positively invariant. O

5. EXISTENCE AND UNIQUENESS

Lemma 5.1. [16] Consider the fractional-order system defined as follows:
“DYx(t) = f(t,x),to > 0 and x(ty) = o (5.1)

where 0 € (0,1], f : [tg,00) x R — R", R C R". If the Lipschitz condition with
respect to x is satisfied by the function f(t,x), then the system described in (5.1)
possesses a unique solution on the interval [ty, 00) X R.

To discuss the existence and uniqueness of the system (3.1), consider the region
I x(0,T), T < oo, where Il = {(S, F, I, R, A) € R® : max(|S|, |F|, 1|, |R|,|4]) <
M}. The system (3.1) can be rewritten as:

6 D{ S(t) = X1(t,9),
SDYF(t) = Xy(t, F),
6D} I(t) = Xa(t, 1), (5.2)
6 D} R(t) = Xu(t, R),
0ch A(t) = X5(t, A)>
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Where
Xq(t,9) = S(l—%)—aAS BST+O0R —dS
Xo(t,F) = f 4+ aAS + ARF — d, F,
Xg(t,l) = BSI - ’7] - d1]7
Xy(t,R) =~ — R — ARF — d, R,
)

Theorem 5.2. The Lipschitz condition is satisfied by the kernels X;, 1 =1,2,...,5.
Proof. Let us start with Kernel X;. For any two functions S and S, we obtain
1X1(t, S) — Xu (8, 9)
- Hrsa - %) — aAS — BSI+6R —d,S

- (7’5(1 - %) — aAS — BSI + 6R — d1§> H

(S —§) - %(52 ~52) —aA(S — §) — BI(S — &) — dy(S — S)H

_ T _ _ _ _
<7llS = il + 152 = S +allAllIS = Sl + Bl — SI| + S - S
< (r+ IS+ Sl + all Al + 811 +du ) IS = S|

Taking Ay = r + £2M 4+ aM + M +dy, where max(|S|, |F|, |1|,|R], |A] < M).
So we get

1X1(8,8) = Xa(t, 9)|| < AdllS(t) — S,

Similarly, we can obtain

1 Xa(t, F) — Xo(t, F)[| < Ao|| F'(2) = F(t)]],

1 Xa(t, I) — Xa(t, Dl < A 1(t) — (1)),

1 Xa(t, R) — Xa(t, R)|| < A4l R(t) — R(t)]],

1X5(t, A) = X5(t, A)|| < As]lA(t) — A()]],
Where

Ao = M +dy, As=BM+vy+di, Ny=0+ M +dy, As =0,

Thus, the Kernels X;, i = 1,2,...,5 satisfies Lipschitz criteria [10]. Further, if
0<A; <1,then X;, i=1,2,...,5 is a contraction mapping. Hence, the system
(3.1) has a unique solution. O

6. EQUILIBRIUM POINTS

To find the equilibrium points of the system (3.1), we have the following system
of equations
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rS(— ) — QAS — BSI +6R — dS = 0,

" f+aAS + ARF — d,F =0,
BST —~I —dyI =0,

v — R — ARF — diR =0,
uwBSI — oA =0,

On solving, we get three non-negative equilibrium points, namely Ey = (0, d—fl, 0,0,0),

By =(K(1-14), C{ ,0,0,0) and the co-existing equilibrium point
E, = (5% F*,I*, R*, A*), where
d
g 0 + L
B
I*
F* = Jtms , provided dy # A(mqI™ + my),

d1 — /\(mlf* + mg)
R* = mlf* + ma,

A= Mot d)
o
and I* can be obtained from the quadratic equation
hil? + hol + hs = 0, (6.1)
where
hi = yAmy + dmyms + Am2d; — Aém?,
h2 = ’}/)\mg - ’}/dl -+ m1(5(d1 — )\mg) -+ ml)\f — d%ml —+ 2)\d1m1m2
+)\m2m3 - 5)\m1m2,
hg = mg{(5 — d1)<d1 — )\7712) + )\f},
with
ooyt di) +ofy+d) o r(y+di— BK)(y +di)
' 5o f3 T 53K ’
_ap(y +di)
mg=———,
of

_ /hZ—
Thus, the roots of the quadratic equation (6.1) are [ = hat h2 Ahihs . Now, for

real values of I, h2 4hihs > 0. Let D = \/h3 — 4hihs. If D > he and hy > 0

or D < hy and hy < 0, then [} = D h2 will be positive root. Again, I, = [2)h1

will be positive root if hy > 0, hy < O

6.1. The system’s basic reproduction number. The basic reproduction num-
ber, denoted as fR,, is defined as the estimated number of secondary infections
that a single infected individual is expected to generate in a fully susceptible
population during their infectious period. It can be calculated using the next-
generation matrix approach [3].



174 N. DAIMARY, R. PAUL

Assume there are = (21, 2o, ..., 2,)7 individuals in each compartment, where
the first m < n compartments contain infected individuals [32]. In the absence
of disease, we consider that the disease-free equilibrium (DFE) z, exists and is
stable. The linearized equations for z, ..., z,, around the DFE can be expressed
as decoupled equations of the form: % = Fy(z) — Vi(z) for i = 1,2, ...,m. Here,
the rate of new infections entering compartment i is denoted by Fj(z), whereas
the rate of other transitions from compartment i to other infected compartments

is represented by V;(z). F; = 0if i € [m + 1,n]. Now define F = aFai—g(fo) and

Y = ava"—go) for 1 < 1,5 < m, where F is entry wise non-negative and V is a
non-singular matrix. Thus FV~! is the next generation matrix and R, is the
maximum eigenvalue of the matrix FV 1.

Now, for our considered model (3.1),

_[BsI _ (v +d)I
F—[ 0 ] and V= [(6+)\F+di)R—7l]’

The Jacobian matrices of F' and V' at the equilibrium point
Ey = (K(1—4%),L0,0,0) are given by

EANTE
_[BER(1-%) 0 [+ d 0
]—"—{ 0 0 and V = —y 5+;\I_{+d1»
W= Fpl 1 {5K(1—%)(5+%+d1) o}’
(v +d)(0+ 3 + ) 0 0

Hence, the basic reproduction number is the maximum eigenvalue of W i.e.
_ BK(r—dy)

R, = p(W) T(’7+ dl)

, provided r > d;.

7. LOCAL STABILITY

This section analyzes the local stability of three equilibrium points, determined
using the Jacobian matrix

r(l— %) —aA— Bl —dy 0 —BS ) —aS

aA AR — d; 0 A asS
J = BI 0 BS —~ —d; 0 0
0 —AR y —0—AF—d; 0

uBl 0 wBS 0 —0

f

Theorem 7.1. The equilibrium point Ey = (0, 20,0, 0) is always unstable.

Proof. The Jacobian matrix of the system (3.1) at Ep is

r—d; 0 0 B) 0
0 —d 0 L 0
J(Ey) = 0 0 —v—d 0 0
0 0 ~ —0—3—dy 0
0 0 0 0 —0
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The eigenvalues of the above jacobian matrix are

Af
A
In general, the birth rate of human beings is greater than the natural death rate,

ie. r > dy. So, \3 = r —d; > 0. Thus according to the theorem (2.5), the
equilibrium point FEj is unstable. Il

AM=—di, a=—di1—7, Ag=71—di, M= —0, Ay = — — di,

Theorem 7.2. The equilibrium point By = (K(1—% ! 1), L 0,0 ,0) is locally asymp-
totically stable if R, < 1.

Proof. The Jacobian matrix of the system (3.1) at Ej is

—(r—dy) 0 —BK(1—4) ) —aK(1—4)
0 —dy 0 % aK(1— %)
J(Ey) = 0 0 BEQ-%)—7—d 0 0
0 0 ¥ —6— 2L — 4, 0
0 0 ppEK (1 — 4 0 —0
The eigenvalues of the above jacobian matrix are
d A
)\1:—<T’—d1), /\Qz—dl, /\3 5K(1—71) ’y—dl, /\4:—((5+d—f—|—d1)
1
)\5 = —0,
Here A1, Ay, Ay and A5 are negative, but A3 = SK(1 — ) —y—d = (v +
dl)(ﬂKyidﬁ) —1) = (v+d1)(Ro — 1) will be negative if R, < 1. So, |arg(X\;)| > &

for alli = 1,2, ..., 5. Hence by the theorem (2.5), F; is locally asymptotically sta-
ble if R, < 1. Further, if R, > 1 then one eigenvalue will be positive. Therefore,
it is unstable. OJ
Theorem 7.3. The co-existing equilibrium point E, = (S*, F*, I*, R*, A*) is lo-
cally asymptotically stable if the conditions specified in (7.2) are satisfied.

Proof. The Jacobian matrix of the system (3.1) at the equilibrium FE, is

mi 0 miz muy ms
ma1 M2 0 maog mas
JE)=ms 0 ms3 0O 0
0 mg myz myg O
ms; 0 ms3 0 mss
Where
25*
K
Mo = A", Moy = AR" — dy, Moy = AF™, mos = aS™,
ma = BI7, maz = BS* — v —d,
Myg = —AR*, my3 =y, my = —0 — \F* — dj,

ms; = Mﬁf*, ms3 = MﬁS*, Mpss = —

my = 7(1 — ) — aA* = BI" — dy, miz = —£S%, mis =6, mis = —aS",
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So, the characteristic equation of the Jacobian matrix J(F,) is given by
25 4+ a1zt 4 a2 + aza® + asx + a5 = 0, (7.1)

Here aq, as, a3, as and as are the coefficients that can be derived from the matrix
J(E,). Thus, the equilibrium point E, is locally asymptotically stable if the
following Routh-Hurwitz criteria are satisfied:

Al =a; > O,

AQ = aias —az > 0,

A3 = ajaraz — ag —alay + ayas > 0, (7.2)
Ay = ajaza3a4 — a§a4 — afai — alagag, + asasas + 2a1a4a5 — ag > 0,

2 2 2 2 2
A5 = as(ayaza3ay — aza4 — ajay — aja5as + asasas + 2a1a4a5 — az) > 0.

8. GLOBAL STABILITY

In this section, we will study the global stability of the equilibrium points E
and F, which are determined earlier.

Theorem 8.1. The equilibrium point Ey is globally asymptotically stable if R, <
1.

Proof. Let us consider the Lyapunav function as L;(t) = V1 + Vo R. Applying
the Caputo fractional derivative on both sides, we get

0 D} Li(t) = V15 Dy I(t) + Va5 D R(t),
= V1(BSI — I — diI) + Vo(vI — SR — ARF — d; R),

— VSR = D) =7 — i} + Vol = {90+ 2L+ b
= V3 + )@ = 1) + Varll = (V200 + 5 + a3
= (Va1 = Valy+ )1~ R} = {90+ 2L+ a)
Taking V = v and Vy = (v + d1)(1 — R,), we obtain
EDYLi(1) =~ + ) (1 - )G+ 5+ )R

<0 if R, < L.

As all the parameters of the system are assumed to be positive, so §D? L;(t) < 0
if Ry < 1and §DY Li(t) = 0if I = R = 0. Hence, E; is globally asymptotically
stable if R, < 1. O

Lemma 8.2. (Lemma 3.1, [33]). Let x(t) € RT be a continuous and derivable
function. Then, for any time instant t > tg

t *
%Df x(t) — " — " ln%} < (1 - ;Eﬂ) tC;Dfx(t), r* e R VO € (0,1).
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Theorem 8.3. The co-existing equilibrium point E, = (S*, F*, I*, R*, A*) is glob-
ally asymptotically stable if the following conditions hold:

£ A R S ] R SI A .
1<7’1<E’1<R_ S* iz R* S A*,)\R < dj.

Proof. Consider the Lyapunov function as

Ly(t) = |S(t) = 5" = 5%In (%ﬂ - {F(t) — F*—F*In (?ﬂﬂ

Using the lemma 8.2, we get

FDLalt) < (1= g7 ) §D50+ (1 ) §DEFD)
_l’_

(1 — %) SDYI(t) + (1 = %) “DYR(t)

(1- 55 §01AC)
S

rS(1— ) — aAS — BSI + R — dlS]

(1—%) [f + @AS + ARF — d,F]

+<1 ]7) BST — T — dy1] + (1—%) NI — 6R — ARF — d\ ]
o

(S —57) {r———aA ﬁ]—|—5§—d1}

+<1—%) [f + aAS + ARF — dyF] + (1-?) BST — T — dy]

R* A*
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At the equilibrium point F,,

rS* R*
r= +aA*+BI*+d1—5§,
f=diff —aA"S" — AR"F*,

dy+ = pS",

I" — AR*F*

5+d1=7T7
o="0

Putting these values in above equation, we get

F*
EDY Ly(t) < (S — %) {r—%—aA—ﬁ]Jrég—dl] +<1—?)

[f + aAS + ARF — dy F]

+ <1 - ]7> [BST — AT — dyI] + (1 - %) [yI — 6R — ARF — d,R]

; <1 _ ‘%) UBSI — oA,
_(5— 8 {_%(5_5*) _a(A—A*)—ﬁ(I—I*)Jr‘S(g_%)}

+ (1 — FF) [—di(F — F*) + a(AS — A*S™) + A(RF — R*F™)]

+U—IﬂWS—B9}+Q%%?2P(I—§§>—ARUW<Wﬂ

A uBS*I*
(-5 (st 5 )

r #\2 % % w (R R
— — (5= 8 —a(S = §)(A - A7) +6(S - 5) (§_§)
—%(F — F*)? + QM(AS — A*S*) + A@(RF ~ R'F%)
+RZ%* (R — R*)(R*I — RI*) + A\(R — R*)(F* — F)

/’L/B * *_ * Tk
o (A = A)(SIAT = 5717 4),
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= (S = 5" —a(S = §)(A— A) +5(5 - §Y) (g - %)

—%(F 2+ @[S(A —AT) 4 AN(S — )]
+A@[F(H — R+ R(F — F)] + RR* (R— R)(R'I — RI")
MR~ R)(F — F*) + :j (A — A*)(STA* — S*T* A),

- —%(S — 52— (S — %) (A — A) +6(S — S%) (g - %)
(dy — )\R*)w + Of(F F*)(A— A%) + O‘?* (F - F")
(S = 5%) + pr (R = BRI = RI') + :j (A — A")(SIA* — S*T* A),

Thus, § DY Ly(t) < 0 if the following conditions hold:

F* A R _S I _R SI A .
1<—1 A*’1<§ T R*’S*I* A*’)\R < dq; (8.1)

and §DY Ly(t) =0if S =S* F=F* I=1" R=R*, A= A*. Hence, the
endemic equilibrium point FE, is globally asymptotically stable if the conditions
n (8.1) hold. O

BIFURCATION ANALYSIS

The equilibrium point FE; exists for all values of R, and it is asymptotically
stable when R, < 1. As the value of R, crosses 1, then its stability changes from
being asymptotically stable to unstable. The other equilibrium point F, exists
when PR, > 1 [i.e. some of its coordinates are negative when R, < 1 ]. E; loses
stability when R, becomes larger than 1, but F, becomes asymptotically stable.
This phenomenon is known as transcritical bifurcation.

9. NUMERICAL SENSITIVITY ANALYSIS

In this section, we analyse the sensitivity of the model (3.1) in the sense of [/]
and [19] to know the parameters that have a high impact on the reproduction
number ‘R, for effective response to the problem under study. When a variable
u is differentiable with respect to a parameter b, then its normalized forward

sensitivity index is defined as I} = 24 2.
ob"u
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FIGURE 2. The plot of sensitivity analysis for basic reproductive
number R, with different parameters

With respect to the model parameters, the sensitivity indices of the basic re-
production number R, are computed as follows:

H?" = . fl a = 0.1364, (at the parameter values for our numerical study),
e =1,

e =1,

My — — o ;;r(:_ o= s,

I — —(%z—dl) — —0.8929,

If the sign of 1I} is positive, then it indicates a direct variation relationship,
that is, a rise or fall in the associated parameter results in an equivalent increase
or reduction in the reproduction number. On the other hand, the negative sign
implies inverse proportionality relationship, that is, a reduction or increase in a
certain model parameter results in an equivalent rise or fall in the reproduction
number. The sensitivity of the parameters # and r with regard to R, is shown in
Figure 2(a). It illustrates that when 5 and r increases,then R, is also increases.
Figure 2(b) shows the sensitivity of the parameter ~ in relation to R,. It depicts
that when 7 increases, then the value of R, decreases.

Therefore, it is feasible to get insight into the best intervention options to
control and manage the expansion of farmers profession change through the use
of sensitivity analysis.

10. NUMERICAL SIMULATIONS AND DISCUSSION

In this section, we perform comprehensive numerical simulations using MAT-
LAB to evaluate and validate the analytical conclusions of our model system.

Stability Analysis.

In this case, we investigate the stability of our proposed model. First, We
employed the parameter values » = 0.05, K = 100, o = 0.0002, g = 0.0011,
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0 = 0.003, d, = 0.02, f =2, A =0.003, v = 0.05, p = 0.09 and ¢ = 0.002 for
numerical simulations. The time series solutions of all individuals correspond-
ing to 0 = 0.6,0.7,0.8,0.9,1 when R, = 0.94 < 1 are shown in Fig. 3(a) to
3(e). We have found from the following figures that the system (3.1) is locally
asymptotically stable at F; ~ (60,100,0,0,0), which validates our theoretical
findings. Figure 3(f) shows the global stability of the model system (3.1) at F;
with different initial conditions taking 6 = 0.85, which confirms our theoretical
results.

Next, if we employ the parameter value § = 0.002 and others are same as above,
then R, = 3.14 > 1. In this case, the time series solutions of all individuals
corresponding to # = 0.6,0.7,0.8,0.9,1 are shown in Fig. 4(a) to 4(e). We
have observed from the figures that the system (3.1) is locally asymptotically
stable at F, ~ (28.05,456.68,12.14,4.03, 31.63) when R, > 1, which validates our
theoretical findings. Figure 4(f) shows the global stability of the model system
(3.1) at F, with different initial conditions taking # = 0.85. Again, from figure
3 and 4, we have seen that all the population moves more rapidly towards the
equilibrium point as the fractional order decreases.

Impact of 5 for 6§ =0.85.

The impact of § on each individual is depicted in Fig. 5(a) to 5(e). From
figure, we observed that the susceptible and permanent farmers decreases when
f changes from 0.001 to 0.008 for # = 0.85. It is evident from Fig. 5(c) that the
number of infected people increases at first, but after a certain time it declines
as [ increases from 0.001 to 0.008 for # = 0.85.

Impact of u for 6 =0.85.

The impact of y (i.e., the growth rate of density of aids) on each class is depicted
in Fig. 6(a) to 6(e). It is observed from Fig. 6(c) that the number of infected
farmers decreases when p changes from 0.01 to 0.3 for § = 0.85. On the other
hand, Fig. 6(b) shows that the number of permanent farmers increases.
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FIGURE 3. Time series solution of (a) Susceptible farmers, (b) Per-
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(f) Phase diagram for § = 0.85 when R, < 1.



ANALYSIS OF A FRACTIONAL-ORDER MATHEMATICAL MODEL

80 500
6=0.6
70 #=0.7
0-08
6=0.9 6=0.6
AGO f=1 6=0.7
g £ 105
@ -0
£ 50 2 =1
€ £
S 3
s 5
=4 2
g _ g
@ &
20
10 100
0 50
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Time(t) Time(t)
(a) (b)
80 T T
#=0.6 6=0.6
70 =07 0=0.7
6=0.8 6=0.8
6=0.9 6=0.9
60 =1 =1
= &
‘o 50| 2
g g
5ol s
5
3 8
3 H
8 30 3
= 8
['s
20
10
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Time(t) Time(t)
(c) (d)
13
128
< 126 -
P
b}
< =124
3 =
£ 122 -\
o \
5
124\
a \
118 A
16
458
285 20

0 100 200 300 400 500 600 700 800 900 1000
Time(t)

()

FIGURE 4. Time series solution of (a) Susceptible farmers, (b) Per-
manent farmers, (c) Infected farmers, (d) Recovered farmers, and
(e) Density of Aids for values of § = 0.6,0.7,0.8,0.9, 1 when R, > 1,
(f) Phase diagram for § = 0.85 when R, > 1.

183



184 N. DAIMARY, R. PAUL

@
3
3

s
&
3

@ w oA
8 & &
s 3 8

ro
X
3

Susceptible farmers S(t)

Permanent farmers F(t)

50
0 100 200 300 400 500 600 700 800 900 1000 0

100 200 300 400 500 600 700 800 900 1000
Time(t)

Time(t)

120

60"

Infected farmers I(t)
Recovered farmers R(t)
N
&

20|

0 100 200 300 400 500 600 700 800 900 1000 0
Time(t)

(c) (d)

100 200 300 400 500 600 700 800 900 1000
Time(t)

Density of Aids A(t)
o
3

0 100 200 300 400 500 600 700 800 900 1000
Time(t)

(e)

FIGURE 5. Effect of parameter 5 on (a) Susceptible farmers (b)
Permanent farmers, (c) Infected farmers, (d) Recovered farmers,

and (e) Density of Aids for § = 0.85



ANALYSIS OF A FRACTIONAL-ORDER MATHEMATICAL MODEL 185

80 500
70+ 450
el 400
@ 350
g %0f 8
E E 300 -
s ]
> 40 2
2 £
] G 250 -
830 ]
E (RS e QE, 200 |
(%] o
21 150 -
10 100
0 50
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
Time(t) Time(t)

Infected farmers I(t)
s
5
Recovered farmers R(t)

Wpo—o N

0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
Time(t) Time(t)

(c) (d)

Density of Aids A(t)
3

0 100 200 300 400 500 600 700
Time(t)

(e)

FIGURE 6. The effect of parameter p on (a) Susceptible farmers,
(b) Permanent farmers, (c¢) Infected farmers, (d) Recovered farmers,
and (e) Density of Aids for § = 0.85



186 N. DAIMARY, R. PAUL

11. CONCLUSIONS

In this work, we developed and analyzed a fractional-order model to describe
the dynamics of farmers transitioning from agriculture to other occupations, uti-
lizing the Caputo derivative. The numerical simulations reveal that as the frac-
tional order decreases, all populations converge more rapidly towards the equi-
librium point, emphasizing the significance of fractional calculus in accurately
modeling and managing dynamic systems. By adjusting the fractional order, we
can control the speed at which a system reaches its desired state, offering a pow-
erful tool for researchers and practitioners across various disciplines. Our study
concludes that the availability and effectiveness of support mechanisms, such as
government policies, funding, and awareness programs, are crucial in controlling
the transition of farmers to other sectors.

In conclusion, examining the transition of farmers from agriculture to other
sectors is vital for promoting a resilient and sustainable agricultural industry. By
understanding the factors that influence farmers’ decisions to commit to farming
permanently, stakeholders can design better support mechanisms and policies.
This understanding not only aids in stabilizing the agricultural workforce but also
ensures the long-term viability of farming as a profession, ultimately contributing
to broader economic and social well-being.

The realism of the model in this study can be improved by incorporating ad-
ditional parameters and state variables. Future research endeavors can utilize
other fractional operators to further elaborate the model in order to get deeper
insights into the dynamics of the farmer’s occupation change.
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