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GRAPH DOMINATION IN ROOTED PRODUCTS: EQUITABLE
AND OUTDEGREE EQUITABLE APPROACHES

THASNEEM T.R.'* and MANJU K. MENON?

ABSTRACT. In this paper, equitability related domination parameters such as
equitable domination number and outdegree equitable domination number are
investigated in the context of rooted product of graphs. Obtained a lower
bound for the equitable domination number of rooted product of graphs. Ob-
tained upper as well as lower bound for the outdegree equitable domination
number of rooted product of graphs. Some particular rooted product of graphs
are examined in detail.

1. INTRODUCTION AND PRELIMINARIES

The notion of Domination has a long history, even though the formalization
of the theory came much later. Early references can be found from nineteenth
century through the attempts to solve the chess board puzzles. Ore [11] and
Berge [2] are credited with the theoretical introduction of Domination in the
field of Graph Theory. Domination Theory finds applications in the areas of
Network Design, Facility Location and Optimization problems. Research works
of Cockayne [], Lasker [1], Haynes [7], et al explained methods to explore various
aspects and applications of Domination.

This paper focuses solely on finite, undirected, simple and connected graphs.
We adopt the conventions related to definitions and notations from [!]. For
a vertex v in a graph G, N(v) represents the neighborhood of v which is the
collection of all vertices adjacent to v. The number of edges incident to a vertex
v in a graph G is termed as the vertex’s degree, dg(v).

A dominating set of a graph G is a subset D of vertices of GG such that for each
vertex u in V' — D there exists some vertex v in D such that N(v) contains w.
The domination number (&) is the size of the smallest dominating set of G.
A dominating set of G with size v(G) is termed as a 7- set of G.

An equitable dominating set of a graph G = (V, ), is a subset of vertices
D C V such that each vertex v € V — D, is adjacent to at least one vertex u € D
and the degree of v and v differ by at most 1. The equitable domination
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number 7¢(G) is the size of the smallest equitable dominating set of G. A ~°-
set of G is an equitable dominating set of G with exactly v¢(G) vertices.

For a vertex u in a dominating set D of a graph G, the number of edges with
one end vertex u and the other end vertex in V' — D is called the outdegree of u
with respect to D, dp, o(u). A dominating set D is called the outdegree equi-
table dominating set if the absolute value of the differences of outdegrees of
any two vertices of D is at most one. The outdegree equitable domination
number of G 7,.(G) is the size of the smallest outdegree equitable dominating
set of G. An outdegree equitable dominating set of G with exactly ~,.(G) vertices
is termed as a 7v,.- set of G.

Example

FiGure 1. G

In Figure 1,

Y(G) =2, { v4, v} is a7y - set of G
v(G) =4, {v1, va, V5, Vg } is a ¥ set of G
Yoe(G) = 2, {vy, V6} is & Ype- set of G

{ v4, vz} is a dominating set of G but it is neither an equitable dominating set
nor an outdegree equitable dominating set of G.

V. Swaminathan and K. M. Dharmalingham pioneered the concept of equitable
domination [13] whereas outdegree equitable domination was introduced by K.
M. Dharmalingham, [6]. Further studies can be seen in the works, [3], [9], [10],
[12], [14], [15].

Given a graph G with vertices uy, us, ..., u, and a graph H with root vertex v(H
is a graph with the vertex v, designated as the root vertex), the rooted product
Go,H is defined as the graph obtained by taking one copy of G and n copies of H
and identifying the vertex u; of G' with the vertex v in the i** copy of H for all i,
1 <i<mn,[8. In [8], various domination parameters such as roman domination
number, independent domination number, super domination number, connected
and convex domination number are studied. This work aims to investigate the
equitable domination number and the outdegree equitable domination number of
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rooted product of graphs.

Example

K P
K4Oup3 40 P3

This work looks into the above mentioned domination parameters of rooted
product of graphs.

2. MAIN RESULTS

Theorem 2.1. Given a graph G of order n and a graph H with root v where
\V(H)| > 2, then v¢(Go,H) > n.

Proof. Suppose H = (V,E). Let H; = (V;, E;) denote the " copy of H where
1 =1,2...,n and let v; denote the copy of v in H;. For convenience, we denote the
vertex in Go,H obtained by identifying the vertex v; with the vertex of G as v;
itself. Let D represents a +¢ - set of Go,H. Let D; = DNV;. Then either v; € D;
orv; ¢ D;. If v; ¢ D;, then as |V(H)| > 2, in order to dominate vertices of H;,
D should contain at least one vertex from H;, other than v;. Thus in both cases
|D;| > 1. Now D =J, D; and D;ND; = ¢, for all i,j = 1,2,..n and i # j.

Therefore
v*(Go,H) = |D| = Z|D]>Zl—n

O

Theorem 2.2. Given a graph G of order n and a graph H with root v, where v
is an equitable isolate of H, then v*(Go,H) = v*(G) + n(y*(H) — 1).

Proof. Let wuy,us, ...,u, denote the vertices of G. Suppose H = (V,E). Let
H; = (V;, E;) denote the i copy of H where i = 1,2....,n and let v; denote the
copy of v in H;. Suppose degy(v) = 1. Let D represents a v¢ - set of H. Let D;
denote the copy of D in H;, i = 1,2,...,n. Since v; is an equitable isolate of H;,
v; € D; forall i =1,2,...,n. Let x; denote the vertex obtained by identifying the
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vertices u; and v; in Go,H. Let T = |J;_,(D; — v;) and suppose S be a 7¢ - set
of G. Let S’ = {x; : u; € S for some i = 1,2,...n}. Then S and T are subsets of
V(Go,H) and clearly S"NT = ¢

Claim: S’ UT is an equitable dominating set of Go,H.

Take a vertex z from V(Go,H) — (S UT). Being a vertex in Go,H, either
r = x; or v € V; —w; for some i = 1,2,....,n. Assume x = x; for some
i = 1,2,....,n. Now deggo,u(x;) = dega(u;) + 1, for all ¢ = 1,2,...,n. As
z; € V(Go,H) — (S"UT), x; ¢ S which implies that u; ¢ S and as S is a
dominating set of G, there exists some vertex u;, j # ¢ in S such that w; is adja-
cent to u; and |dega(u;) — dege(u;)| < 1. Since u; € S, we get z; € S’ and z; is
adjacent to z; in Go,H with

|degco, 1 (i) — deggo,m(x;)| = |dega(u;) + 1 — (dega(u;) +1)] < 1

Suppose x € V; —v;. Then as D; is an equitable dominating set of H;, there exists
a vertex y in D; such that z is adjacent to y and |degy, (x) — degy, (y)| < 1. Also
deggo () = degp,(x) and degco,n(y) = degu,(y). As x is adjacent to y in H;,
x and y are adjacent in Go,H. Now

|degao, 1 () — degao,u(y)| = |degn, (x) — degn,(y)| <1
Thus our claim is established. Also
V(Go,H) < 5" UT| = |§'] +|T| = v(G) + n(*(H) — 1)

Therefore
Y (Go,H) < 4%(G) +n(vy“(H) — 1)

If possible suppose 7v*(Go,H) < v¢(G) + n(y°(H) — 1). Let F be a ¢ - set of
Go,H. Then by our assumption,

[F| <y(G) +n(y*(H) = 1) (2.1)

Let F; = FNV,i = 1,2....,n. As v; is an equitable isolate of H;, x; cannot
equitably dominate any vertices of H;. Therefore in order to dominate vertices
of H; — z; equitably, F; should contain at least v¢(H;) — 1 vertices. This is true
for all i = 1,2,...,n. Hence F contains at least n(y°(H;) — 1) in order to equi-
tably dominate the vertices of |J;_,(H; — x;). Now let F’ be the set of vertices
obtained from F' by excluding the above mentioned vertices. Then F’ equitably
dominates the remaining vertices xy, xo, ...z, of Go,H. Let ' = {x; : j € J},
where J C {1,2,3,...,n}. Now suppose E' = {u; : z; € F'}.

Claim : E’ yields an equitable dominating set of G
Let u, € U — E'. Then z, ¢ F’'. As F’ equitably dominates the vertices
Z1, T2, ...T, there exists some j € J, such that z; is adjacent to z;, and

\degao, () — degao,m(xr)| <1 (2.2)
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Now for each i = 1,2,...,n, deggo,u(z;) = dega(u;) + I. Since x; is adjacent to
xy in Go,H, u; is adjacent to uy in G and from Eq.(2.2) we get

|dege(u;) — dega(ur)| = |degao,n(x;) — 1 — (degao,u(zr) — )] < 1
Our claim is thus validated. Now from Eq. (2.1)
|E'| = [F'] < |F| = n(y*(H) = 1) <7(G)
which gives a contradiction. Thus
P (GouH) = 24(G) + nl(*(H) — 1)

Corollary 2.3. Let G be a graph of order n. Then
1. v(Gou K, q) = v(G)+n(p+q—1), where v is any vertez in K, , and |p—q| > 2.

2. ¥ (Go,Wy,) = 7v°(G) + [252], where m > 6 and v is the center of the wheel
graph W,,.

Theorem 2.4. Given a graph G of order n and a graph H of order at least 2
with root v then n < Yoo (Goy H) < nyoe(H).

Proof. Let uy,us...,u, denote the vertices of G. Suppose H = (V, E) and let
H; = (V;, E;) denote the it copy of H where i = 1,2....,n and let v; denote the
copy of v in H;. Let x; represents the vertex obtained by identifying the vertices
w; and v; in Go,H. Suppose X = {x1, 2, ..., 2, }. Let D be a 7, - set of H. Now
denote the copy of D in H; as D; . Now for all s,t € D

|dp, 1 (s) — dp g (t)] <1
Therefore for each + = 1,2, ...,n and for all s,t € D;
Also for s € D;,t € D; where ¢ # j
|dp, 11,(s) = dp, g, ()] = |dp, 41,(s) — dp, u, (V)]
where ¢’ denote the copy of ¢ in D; and hence from Eq. (2.3) we get
|dp, 1, (s) — dp, ()] < 1 (2.4)
Case l: v ¢ D

Then v; ¢ D;, for all i = 1,2,...,n. Let D' = |J;_; D;. Clearly D’ is a dom-
inating set of Go,H.

Claim : D’ yields an outdegree equitable dominating set of Go,H.

Let s,t € D'. Suppose s,t € D;, for some i = 1,2, ..., n, then from Eq.(2.3) we
get

|dy ’,GovH(S) - d?)’,G%H(ﬂ’ = |doDH(8) - d?)i,Hi (t) <1
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Suppose s € D; and t € D; where 4,5 € {1,2,...,n} and i # j.
Then dpy o, 1(s) = dp, g,(5) 3 Dy o, u(t) = dp, g, (t) and hence from Eq.(2.4)
we get
|dOD’,GoUH<S) - dOD’,GoUH(t” = |dODi,Hi(S) - dODj,Hj )] <1
Our claim is thus validated. Therefore

’Yoe(GOvH) S anOG(H)
Case 2: vED

Then v; € D; for all i = 1,2,...,n. Let degy(v) =1 and let T = |J;_,(D; — v;)
and let D' =T U X. Then clearly D’ is a dominating set of Go, H .

Claim : D’ is an outdegree equitable dominating set of Go,H.

Suppose s,t € D'. If s,t € T, then by case 1 we get that
4D o, 11(8) — dDy o, m (1) < 1
Remaining cases are

(a) s,te X

Suppose s = x, and t = x,, for some p,q € 1,2,...,n, then as X C D', we

get dOD’,G’oUH(S) = dOD’,GovH(xp) = dODP,H,,(Up) and dOD’,GovH(t) = dOD/,GoUH(%) =
dp, m,(vg). Hence from Eq.(2.4) we get

|95 Go,11(5) = dpr o, u (D) < 1

(b)yseT,teX

As T = U, (D; —v;), s € T implies s € D; for some ¢ = 1,2,...,n. Now
AP o,n(8) = dp. g, (s). Now t € X implies t = x; for some j = 1,2,...,n and
AD oyt (t) = Ay o, () = dp, yr,(v;). Hence from Eq.(2.4) we get

4D o1 (8) = dpr o, (D) < 1
Consequently, our claim has been proved. Therefore
Yoe (GO H) < |D'| = n(Yoe(H) — 1) + 1 = ny,e(H) (2.5)

Now it remains to prove that n < v,.(Go,H). Let F be a 7, set of Go,H.
Possibilities are

(a) FC X
(b) F C Uiy (H: — v)

() FNX # ¢ and F UL, (H —v;) # ¢
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If F C X |, then F = X because if FF # X, then there exists at least one
xj, j =1,2,..n such that z; ¢ F. Therefore F' does not dominate the vertices in
H; — v; wich is a contradiction to the fact that F' ia a dominating set of Go,H.
Thus Yee(Go,H) = n.

If F CJ_,(H; —v;), then for each ¢ = 1,2,...n, F should contain at least one
vertex of H;—uv; in order to dominate the vertices of H; —v;. Thus 7,.(Go,H) > n.

Suppose FNX # ¢ and FN{J;_,(H;—v;) # ¢. lfz; € F,forall j = 1,2,...n, then
clearly vo.(Go,H) > n. Suppose there exists a vertex x; of X for some j =1,2...n
such that z; ¢ F. Then F should contain at least one vertex of H; — v; in order
to dominate the vertices of H; — v;. Thus 7,.(Go,H) > n. Therefore in all the
cases

Yoe(Goy H) > 1 (2.6)

Thus from Eq. (2.5)and Eq. (2.6) we get n < v,.(Go,H) < nvy,.(H).
0J

Theorem 2.5. Given a graph G of order n and a graph H with root v and
\V(H)| > 2, then v,.(Go,H) = n if and only if 7o.(H) = 1.

Proof. Suppose H = (V,E). Let H; = (V;, E;) denote the i'* copy of H where
i =1,2...,n and let v; denote the copy of v in H;. Suppose Yo.(H) = 1. Then from
Theorem 2.3 we get that 7,.(Go,H) = n. Conversely suppose that v,.(H) = n.
Let D be a 7, - set of Go, H. Then by our assumption |D| = n. Let D; = DNV;.
Then D; N D; = ¢ for all 4, j where i # j and |J]_, D; = D. Hence

D] =) |Di|
i=1

For convenience denote the vertex of Go,H obtained by identifying the vertex
of G with the root v; of the copy H; as v; itself. For each i = 1,2, ...,n, either
v,€Diorv; ¢ D;. Let S={ie N:1<i<mn,v; €D;} and let |S| =p.

If p=n, thenv; € D, foralli = 1,2, ..., n which implies that D = {v, va, ..., v, }.
Therefore for all i = 1,2, ..., n; v; dominates H; and hence 7,.(H;) = 1 which gives
that v,.(H) = 1.

Suppose p = 0. Then for all i = 1,2,....n; v; ¢ D;. Hence D; C H; — v;,
forall i =1,2,...,n. As D is a 7, - set of Go,H and |D| = n, we can assure that
for all : = 1,2, ...,n; D; contains exactly one vertex fromH; — v; which dominates
the vertices in the i** copy of H attached to the graph G. Hence Yoo (H;) = 1
which gives that v,.(H) = 1.

Suppose 1 < p < n — 1. If possible suppose V,e(H) > 1. Our assumption
p < n — 1 implies that there exists a vertex v;, for some i = 1,2,...n of Go,H
such that v; ¢ D;. Then as 7,.(H) > 1, D; should contain at least two vertices
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in order to dominate 7" copy of H attached to the graph G. Therefore

IDI=>IDi| =p+2n—p)=2n—p>2n—(n—1)=n+1
i=1
which is a contradiction to our assumption that |D| = n. Hence
Yoe(H) = 1. O

Theorem 2.6. Given a graph H with root v and v,.(H — v) > 7,.(H), then for
any graph G with n verices, Yo.(GoyH) = nvy,e(H).

Proof. Suppose H = (V, E) and let H; = (V;, E;) denote the i'" copy of H where
1t =1,2...,n and let v; denote the copy of v in H;. Let D be a v, - set of Go,H.
For convenience denote the vertex of Go,H obtained by identifying the vertex of
G with the root v; of the copy H; as v; itself. Let D; = DNV;, 1 =1,2,....n.
Then D = J_, D; and D; N D; = ¢ for all i, j where ¢ # j. Hence

|D| = Z|Di|
i=1

Suppose Yoe(H — v) > v, (H). Suppose v; € D; for some i, then D; serves as
an outdegree equitable dominating set of H; and hence |D;| > v,.(H). Suppose
v; € Diy, 1 = 1,2,...,n. Then D; is an outdegree equitable dominating set of
H; — v;. Therefore |D;| > oo (H; — v3) = Yoo (H;) = Yoo (H).

Thus for all i = 1,2, ...,n, |D;| > 7ee(H ), which implies that

|D| > ny,e(H)
Hence from Theorem 2.3, we get that v,.(Go,H) = ny,e(H). O
Corollary 2.7. Let G be a graph of order m. Then
(Y0e(G) if n=1
m if  n=2,3 and v is any vertex of P,
Yoe(GOu P) = ¢ m[ %] if n>4,n% 1(mod3) and v is any vertex of P,
mlg] if n>4,n=1(mod3) and v is any vertex of P,

L of degree two other than the unique center of P,

Proof. Suppose n = 1, then Go, P, = G. Hence 7,.(Goy,P,) = Yoe(G).

Suppose n = 2,3 then v,.(P,) = 1 and hence by Theorem 2.4, we get v,.(Go, P,) =
m.

Suppose n > 4,n # 1(mod3) and v is any vertex of P,, then

Yoe (P — 0) = Yoe(Pr). Also Yoe(pn) = (%1 Hence by Theorem 2.5 we get that
Voe(GOUPn) = mI—%-I :

Suppose n > 4,n = 1(mod3) and v is any vertex of P,, then

Yoe(Prn—v) >Yoe(Pr). Hence by Theorem 2.6 we get that v,.(Go,P,) = m[3]. 0O
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Theorem 2.8. Let G be a graph of order m and P, be the path on n vertices
with root v, where v is a pendant vertex of P,. Suppose n > 4 and n = 1(mod3),

then .

n— n
37) +70e(G) < Yoe(Goy ) S ]

Proof. Let P, = vy, vy, ..., v, be the path with root v;. Suppose P! = vi v%, ... v},

denote the ;’th copy of Pn,i =1,2,...,m and let v} denote the copy of v in P

Let Q" = v3,v3, ..., v,,. Let D be a 7, - set of . Suppose D; denote the copy

of D in P!. Then clearly | J;", D; gives an outdegree equitable dominating set of

Go,P,. Therefore

m(

Yoe GOU n <Z|D|—

Now if possible suppose 7,.(Go, P,) < %e(G) +m("5= 1) Let E be a v, - set of
Go,P,. Let E; = ENV(P!),i =1,2,...,m. Then each E; should contain at least
"gl vertices in order to dominate Q' which is a path of length n — 1. Let F be
the set obtained by excluding these vertices from E;. Therefore |E;| > 2=, for

alli=1,2,.
JE|= ).
i=1 i=1

Now (J;_, F; outdegree equitably dominates the vertices of G identified with the
root of copies of P,. But

n—1

UFl<E-|JE
=1 =1

U PRI < (@) + (5 5) = ()

‘ U le < 706<G)
=1

which is a contradiction. Hence 7,.(Go, Py,) > 'yoe(G)+m("T’1). Thus we conclude
that )
n —

3

) + VOB(G) < /706<G0vpn) < m[

]

n
m( 3

OJ
Theorem 2.9. Let G be a graph of order m and P, be the path on n vertices
with root v, where v is a pendant vertex of P,. Suppose n > 4 and n = 1(mod3).
Then Yoe(GoyPp) = m(”T_l) +%e(G) if and only if there exists a Yoe set of G with
outdegrees of vertices as 1 or 2.

Proof. Suppose there exists a 7, set of G say D with outdegrees of vertices as 1 or
2. Let P, = vy, 09, ..., v, be the path with root v = v;. Suppose P! = vi vi, ... v

denote the " ‘copy of P,i=12,...m and let v¢ denote the Copy of v in Pﬁ;.
Let Q° = v, vi, ... Let D; = {03,v6,. }. Then |D;| = = [2] and

) n 1 3
D; is a dominating set of Q. Also D; is an outdegree equltable dominating set

") n



134 THASNEEM T.R., MANJU K. M.

of Q" as outdegrees of all vertices in D; is 2. AS Voe(Pr_1) = [”T_IL D; is a Ype—
set of ();. Now U;Zl D, dominates all vertices of Go,P, except those vertices
obtained by identifying the vertices of G with the root of the copies of P,. Let
T=DU U;il D;. Then T is a dominating set of Go,P,. Now for each u € T,

2 or 3 ifue D

o =
T,GoyPpn <u) {2 lf uc U:il DZ

Therefore |d o, p, (4) — d%.G,,p, (¥)| < 1, for all x,u € T', which concludes T as
an outdegree equitable dominating set of Go,P,. Hence
n—1

%e(Goan) < |T| = 706(G> + m( 3

)

Therefore from Theorem 2.6 we conclude that

Yol GouPa) = () + 706

Conversely suppose that Y, (Go,P,) = m(25%) + Yoe(G). Suppose there exists
no v, set of G with outdegrees of vertices as 1 or 2. This implies that every
Yoe Set of G contains vertices with outdegrees greater than or equal to 3. Let S
be a v, set of G. Then outdegrees of vertices in S is greater than or equal to
3. Let R" = vi, v}, ...,v%, which is a path of length n — 2. Let E be a 7, set of
GoyP,. Then as vo.(P,) = [#], we get that E contains at least m([252]) vertices
from |J;", V(R") with maximum outdegree 2 in order to dominate the vertices of
UL, V(RY) in Go,P,.

Let L denote the set of above mentioned vertices in E. Let F = E — L, then F
dominates the vertices of G in Go,P,. By our assumption |E| = m(%5%) 476 (G)
and E = FUL. As FNL = ¢, |E| = |F|+|L|. We have already obtained
that |L| > m[252]. Thus from |E| = |F| + |L|, we can say that |L| = m[25%] =
m(%5%), las n = 1(mod3)], for if |L] > m[252], then |F| < 7,(G) which is a
contradiction to the minimality of 7, set of G. Now |L| = m[%2] = m(25)
implies that |F| = 7ee(G).

Now Let S" denote those vertices of Go, P, obtained by identifying the root
of the copies of P, with the vertices of S. As outdegrees of vertices in 5 is
greater than or equal to 3, we get that outdegrees of vertices in S’ is greater than
or equal to 4. Therefore S’ # F. This then implies that |F| > 7,.(G) giving
a contradiction to the assumption that |E| = Ye(GoyPy) = m(%5%) + Yoe(G).
Hence there exists a 7, set of G with outdegrees of vertices as 1 or 2.

OJ

Theorem 2.10. Let G be a graph of order m and C,, be the cycle on n vertices,
n > 4. Let v be any vertex of C,. Suppose n Z 1(mod3), then Yo..(Go,C,) =

Proof. We know that 7oe(Cr) = Yoe(Fn) = [5]. Now C,, —v = B,_;. Therefore
Yoe (Crp = V) = Yoe(Pn-1) = ["%5+]. Given that n # 1(mod3). Hence [%] = [%51]
which implies that 7,.(C,, — v) = 7,(C,). Hence from Theorem 2.5 we can
conclude that v, (Go,Cp) = m[5]. O
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