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EXISTENCE AND MULTIPLICITY RESULTS FOR
KIRCHHOFF-TYPE SUPERLINEAR PROBLEMS INVOLVING
THE FRACTIONAL p(z)-LAPLACIAN SATISFYING
(C)-CONDITION

MAHMOUD EL AHMADI! *, MOHAMED BOUABDALLAH? AND ANASS LAMAIZI?

ABSTRACT. Our focus in this study revolves around investigating a Kirchhoff
problem involving the fractional p(x)-Laplacian operator. The purpose is to
study the existence and multiplicity of weak solutions for the above problem
under appropriate hypotheses on functions f and m. By using the Mountain
Pass Theorem with Cerami condition, we show the existence of non-trivial
weak solution for the problem without assuming the Ambrosetti-Rabinowitz
condition. Furthermore, our second purpose is to determine the precise posi-
tive interval of A for which the above problem admits at least two nontrivial
weak solutions. It should be noted that the existence of infinitely many weak
solutions is proved by employing the Fountain Theorem.

1. INTRODUCTION

In the present article, we study the existence and multiplicity of solutions for
the fractional p(z)-Kirchhoff problem of the following form

m (/RM p [uw) — ufy)"* dxdy) (=Ap@))*u(z) = Af(z,u) in Q,

(2, y)|z — yldtsriy)
u=0 in R%\ Q,
(1.1)
where 2 C R? is a smooth bounded domain, A > 0 is a real number, 0 < s < 1,
p:QxQ— (1,+00) is a continuous function with sp(z,y) < d for all (z,y) €
QxQ, m: R, — R, is a continuous function and f : Q x R — R satisfies
Carathéodory condition.
The nonlocal operator

|6(2) — $(y) P2 (d(x) — ¢(y))

|z — y|dtsr(ey) dy, (z,9) € R'<C5*(RY),

(=) 0(z) = PV.
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is called the fractional p(z)-Laplacian which is a natural generalization of the
classical fractional p-Laplacian operator when p(z,y) = p is constant function,
where P.V. stands for Cauchy principle value. A typical feature of this operator
is the non-locality, i.e., the value of (=Ap))°¢(z) at any point z € 2 depends
not only on the values of ¢ on the domain 2, but on the whole space R
Clearly, the nonlocal operator (—A,))° is the fractional version of the p(x)-
Laplacian operator defined by Ap¢ = div(|V¢[P(*)=2¢), which is introduced by
U. Kaufmann et al. in [10].

In the recent years, multiple authors have concentrate on the study of fractional
p(z)-Laplacian problems, and a plethora of results have been obtained, see for
instance [3, 1, 5, 18, 23] and the references therein. In [3], E. Azroul et al.
considered the problem (1.1) in the particular case when m =1 and A\f(z,u) =
Nu|" @~ 2u(z) — |u|P®2u(x):

(=Ap@))*u(z) = )\|u|T(x)_2u(x) — |u|ﬁ(x)_2u(x) in Q,
u=0 in R4\ Q,

and by using Ekeland’s variational principle, they proved that for any A > 0
sufficiently small is an eigenvalue of the above problem.

By means of the symmetric Mountain Pass Theorem and the theory of the frac-
tional Sobolev space, Z. Hao and H. Zheng in [18] investigated the existence
and multiplicity of solutions for the problem (1.1) in the case when f(z,u) =
Mu(z)|["®)~2u(x), where r is a continuous function satisfies certain conditions.
Recently, J. Zhang et al. in [23] proved the existence of nontrivial solution for
the problem (1.1) in the case A = 1 where f satisfies (AR)-condition introduced
by A. Ambrosetti and P.H. Rabinowitz in [2], that is, there exist 7" > 0 and 6 > [
such that

0<O0F(x,t) <tf(x,t), forall|t|>T and a.e.x € Q,

where F(z,t) = f(f f(x, s)ds and [ is a precise constant.

As is known, the (AR)-condition plays a crucial role in the application of the
variational method, which is used extensively to ensure the boundedness of the
Palais-Smale sequences and the energy functional has a mountain pass geometry,
but in many cases, cannot be satisfied. For example, in the case p(x,y) = p, the
function f(z,t) = |t|""2tIn(1+|t|) does not satisfy (AR)-condition but it satisfies
certain weaker conditions.

It is well known that the problem (1.1) is similar to the stationary problem
introduced by Kirchhof in [17]:

0%u E (% Ou 0%u
Prg — @+— |5=[dz | =— = 0.
ot h 2L J, Ox Ox

More precisely, Kirchhoff proposed this model as an extension of D’Alembert’s
classical wave equation, taking into account the effects of variations in string

length during vibration. Furthermore, S. Woinowsky-Krieger in [22] considered
the Kirchhoff-type evolution equation:

uy + A% — M([|[Vul*)Au = g(z,u),
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which is a model for the deviation of an extensible beam.

Throughout this article, we assume that the continuous function p: Q x Q —
(1, +00) satisfies the following assumptions:

(P1) 1<p” <pla,y) <p* < +00, where
p~ = min p(z,y) and p’:= max p(z,y).

(z,y)EQXQ (z,y)EQXQ

(P,) p is symmetric, that is, p(x,y) = p(y, x) for all (z,y) € Q x Q.
In addition, we make the subsequent hypotheses on m and f:

(mgo) There exists m* > 0 such that i%f m(t) > m*.
teR 4

(mq) There exists p € [1, %} such that for all ¢t € Ry,
tm(t) < pm(t),
where
t
= /0 m(7)dr and pi(x):= i — ip(gé;,)x)
(Hp) There exist C' > 0 and s € C () such that
1f(z, )] < CA+ [t)@1) forall (z,t) € Q xR.

(Hy) 1<p~ <p <s  <st<pi(z) forall zel
(Hs) liminfZ2) — 4 o0 uniformly a.e = € Q,

|t/ =00 \tl*‘p+

where F'(z,t) fo x,s)ds and p comes from (mq) above.
(H3) There exist ¢;,7 > 0 and 0 > Sp—, such as

|Fz, ) < et Fa, 1),
for all (z,t) € Q x R, |[t| > r; and F(x,t) := M%f(x,t)t — F(z,t) > 0.
(Hy) f(x,t) = o(|t|"" 1) as t — 0 uniformly for a.e. z € Q.
Remark 1.1. The conditions (mg) and (m;) implies the following inequality:
m(t) <m(1)(1+¢*), forall teR,.

Indeed, if 0 < ¢ < 1, since the function m(.) is strictly increasing on [O 00),

then m(t) < m(1), and if ¢ > 1, we consider the function K(t) = . By
direct calculation, it is clear that K(.) is strictly decreasing on [1,—1—00 then

m(t) < m(1)e.

Let us consider ¢ : Ey — R the Euler functional corresponding to problem
(1.1) which is defined as follows:

b(u) = 7 (6, (1) — A /Q Flz, u)dz
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where
ju(z) — u(y)v
58,?(“’) = d+sp(z,y)
rea P(T, )|z — y|THerley
and Ey will be defined in preliminaries.

Then, it follows from the hypothesis (Hy) that the functional ¢ € C'(E,, R), and
its Fréchet derivative is

(&), 0) = 1 (8up(1)) /

R2d ‘ZC

dxdy

|u(@) — u(y) [P (u(z) — u(y)) (v(z) —v(y))
2 _y‘d+sp(w,y)y . ddy

—)\/Qf(:v,u)vdx,

for any u,v € Ey. It is clear that any critical point of ¢ is a weak solution of
problem (1.1).
Now, we present the main results of this paper.

Theorem 1.2. Suppose that (Py) — (P), (mo) — (mq) and (Hy) — (Hy4) hold. If
s~ > up*, then for any X\ > 0, the problem (1.1) has at least one nontrivial weak
solution in Ej.

Theorem 1.3. Suppose that (P1) — (Ps), (mo) — (my) and (Hy) — (H3) hold.
Then, there exists a positive constant \* such that the problem (1.1) admits at
least two distinct weak solutions in Ey for each A € (0, \*).

Theorem 1.4. Suppose that (Py) — (P2), (mg) — (mq) and (Hy) — (Hs) hold.
Furthermore, we assume that

(Hs) f(z,—t) = —f(z,t) forall (x,t) € Q x R. Then, for any A > 0, the
problem (1.1) has infinitely many weak solutions (u,) such that ¢(u,) — +00 as
n — +00.

2. PRELIMINARIES

To study problem (1.1), we need some definitions and basic properties of gen-
eralized variable exponents Lebesgue spaces. For more details, see [10, 13, 14, 15]
and references therein.

For p € C,(Q) := {p € C(Q) : p~ := infp(x) > 1}, we designate the variable
e
exponent Lebesgue space by

Lp(x)(Q) = {u : 0 — R is measurable and / |u(x)|p($)dx < +oo}
Q

equipped with the Luxemburg norm

\u|px)_1nf a>0 /| |p("’“"d <1}

Proposition 2.1. [11]

(1) The Lebesgue space (LP@(Q), |.|pw)) is deﬁned as the dual space L™ (Q)

B ;
where q(x) is conjugate to p(x), i.e., > I) + q(m) = 1. For any u € LP®) (Q)
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and v € L@ (Q), we have

11
wo dr| < [ — 4+ — ) |ulp@) [V]g@) < 20ulp@)|v]q@)
Q p q

(2) Ifpi,p2 € CL(Q), pi(x) < pa(x), for allz € Q, then LP2®)(Q) — LP1@)(Q)
and the embedding is continuous.

Now, we give the main properties of the fractional Sobolev space with variable
exponent that we will use in the rest of this paper. Let p(z) = p(x,x) for all
r €.

Via the Gagliardo approach, we designate the fractional Sobolev space with
variable exponent by

p(z,y)
‘Ir&p(x’y)(Q) — {u e Lp(:r // u(y)| dazdy, for some o > O},
axq P $y)|I — y|drerley)

endowed with the norm

HuHs,p(x,y) = [u]s,p(x,y) + ’U|§(z)7

where

u(y)Pe
(W piay) = 1nf a>0: //QxQOépmy”l’— |d+spmydxdy§1}

is a Gagliardo seminorm with variable exponent. With this norm, W*P@¥)(Q) is
separable and reflexive Banach space [0].
For studying the problem (1.1), we need to define new variable order fractional

Sobolev spaces with variable exponents. For more details we refer to [7]. For this,
we set
; o W
E:{u R* - R : u |po€ LP ) and //oﬂ”ﬁy)|x |d+5pxy)d:z:dy, 0rsomeoz>0},

where R = R x R\ (Q°x Q). The space E is equipped with the following norm:
lulle = [u] g + [ulp@),

where

)’pxy)
[u] = inf {a >0 //awy‘x_y‘dﬂp(wdmgg}.

Since 2 x Q C R and Q x Q # R, then, the norms || . |[sp@y) and || . ||z are
different. This renders that W*P@¥)(Q) not sufficient for studying the problem
(1.1). For this, we need to define the following linear subspace of E as

Ey = {uEE:u:Oa.e. in Rd\Q},
equipped with the norm

‘p(fb‘y
lullz = mf a>0: //apzy\:c— [ da:dyél}

)|pxy)
mf a>0: //deozp(wy]a; ’d+spzy)dxdy§1}.
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With this norm, Ej is separable and reflexive Banach space [3].
Recall the following embedding results.

Proposition 2.2. (see [7]) Let Q@ C R? be a smooth bounded domain and 0 <
s < 1. Suppose that p: Q x Q — (1,+00) (P,) and (Py) such that sp(z,y) < d
for all (z,y) € QA x Q. Letr € C(Q) with

dp(z, )

1 <r(x) <pi(z) = for all x €.

d — sp(z,x)

Then, here exists a positive constant C* = C*(d, s,p,r) such that
V] r2) < C*||V|| gy, for any v € Ey.

Moreover, there is a compact embedding Ey — L™ ().

We notice that the norms .||z and ||.||g, are equivalent on Fy. We consider
the modular functional pg, : Fy — R defined by

P (U R2d |:U—y|d+sp(x w4

The relationship between pg, and |.|g, is established by the next result.

Proposition 2.3. (see [3, 21]) For u € Ey, (u,) C Ey and > 0, we have
) Foru 0, |[ullg, = 5 <= pg,(5) = 1;

2) llulle, <1(=1,>1) <= ppgy(u) <1(=1,>1);

3) llulley, > 1= llulls, < pry(u) < ull

4) Jlullm, < 1= lullf, < pry(u) < Jullf;

5) (a) i el = 0> T, (ua) = 0

(1
(
(
(
(

(b) lm |uy|[m = +o0 & lm pr(un) = +o0.

Let A: Ey — Ej be defined by
o= [ [ e P ) ) =0 g, (o
R2d

|z — y|d+sp(@y)

for all w,v € Ej, where Ej denotes the dual space of Ey. Similar to Lemma 4.2
in [0], we have the following Proposition.

Proposition 2.4. (1) A is bounded and strictly monotone.
(2) A satisfies the (Sy)-property, i.e.,

if up, — u in Ey and liril (A(up) — A(u), up, —u)y <0, then u, — u in Ey.
n——+0oo
(3) A is a homeomorphism.
Now, we can define the weak solution of problem (1.1).

Definition 2.5. We call u € E, a weak solution of problem (1.1) if

w(z) — u(y)Pe =2 (y(x) —u v(z) —v
5 [ P2 HOIP ) k)0 gy e =0

- 7 — y|Fes)
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for all v € Ey, where

lu(z) — u(y)[Pev
5. (1) = dxdy.
2t /de p(,y)w — ylrren Y

Next, we recall the definition of the compactness condition of the Cerami which
was introduced by G. Cerami in [9].

Definition 2.6. Let (X,|.||) be a real Banach space and ¢ € C'(X,R). We
say that ¢ satisfies the Cerami condition (we denote (C')—condition) in X, if any
sequence (u,) C X such that

(¢(u,)) is bounded  and ||¢'(un)||x+ (1 + [Jun]]) = 0 as n — 400

has a strong convergent subsequence in X.

Remark 2.7. (1) It is clear from the above definition that if ¢ satisfies the
(PS)-condition, then it satisfies the (C)-condition. However, there are
functionals that satisfy the (C)-condition but do not satisfy the (PS)-
condition (see [9]). Consequently, the (C')-condition is weaker than the
(PS)-condition.

(2) The (C)-condition and the (PS)-condition are equivalent if ¢ is bounded
from below (see [20]).

Now, we present the following theorems which will play a fundamental role in
the proof of main Theorems.

Theorem 2.8. (see [2]) Let (X, ||.||) be a real Banach space, ¢ € C*(X,R) sat-
isfies the (C)-condition, ¢(0) = 0, and the following conditions hold:
(1) There exist positive constant p and o such that ¢(u) > a for any u € X
with ||ul| = p.
(2) There exists a function e € X such that ||e|]| > p and ¢(e) < 0.

Then, the functional ¢ has a critical value ¢ > «, that is, there exists u € X such
that ¢p(u) = ¢ and ¢'(u) =0 in X*.

Theorem 2.9. [19, Theorem 2.6] Let X be a real Banach space, p, 9 : X — R be
two continuously Gateaus differentiable functionals such that ¢ is bounded from
below and ¢(0) = (0) = 0. Let n > 0 be fized, and it is assumed that for each

n
sup  (u) |’
u€p~1((—o0,n))
the functional ¢ = ¢ — M) satisfies the (C)-condition for all X > 0 and is un-
bounded from below. Then, for each A € 'y, the functional ¢ admits two distinct
critical points.

)\GFO:: 0,

In order to prove our multiplicity result, we will use the following Fountain
Theorem [21, Theorem 3.6]. Let X be a real, reflexive, and separable Banach
space, then there exist {e;};en C X and {e}}jen C X* such that

X =span{e;:j=1,2,..}, X" =span{e;:j=1,2,..},
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and (ef,e;) =1if i =7, (ef,e;) =01if i # j.
k +00
We denote X; = span{e;},Yy = @;_, X; and Z, = P2, X;.

Theorem 2.10. Assume that (X, |.||) is @ Banach space, ¢ € C1(X,R) is an
even functional fulfills the (C)— condition and for every k € N, there exists
Vi > Mk > 0 such that

(A1) by :=1inf{p(u) : u € Zy, ||ul]| = m} = +o0 as k — +o0;

(Az) ¢ := max{p(u) : u € Yy, ||u|| = v} <O0.

Then, ¢ has a sequence of critical values which tends to +oc.

All through this paper, the letters C;, ¢;, i = 1,2, 3... denote positive constants
which may change from line to line.

3. PROOFS OF MAIN RESULTS
First of all, we are going to show that the functional ¢ fulfills the (C')-condition.

Lemma 3.1. If assumptions (Py) —(P,), (mo) — (m1) and (Hy) — (Hs) hold, then
for all X > 0, the functional ¢ satisfies the (C')-condition.

Proof. Let (u,) C Ey be a Cerami sequence for ¢, namely,
(¢(up)) is bounded and  [|¢(un)| g (1 + |[unllz,) — 0, (3.1)
which imply that
sup [§(un)| < M and (¢ (un), un) = on(1), (3.2)
where lim o, (1) =0 and M > 0.

n—-+00
We need to prove the boundedness of the sequence (u,) in Ey. To this end,
assume the contrary that the sequence (u,) is unbounded in Fy. Without loss of
generality, we can assume that ||u,|g, > 1. By virtue of (m;) and (Hs), for n
large enough, we have

1

M4+1>d(uy) — —{(d' (up), un
O (un) e (¢ (un), tn)
o= 1 |un(x) - un(y)|p(x,y)
= Bupla) = A [ Flo)de = —m (@) [ e dady
A
— | flx,up)u,dx
wpt Jao (&, un)
1 1 |un<x) B un(y)lp(x,y)

o (b)) [ dudy

_MP+ R2d
1
—l—)\/ (— x,unun—Fx,un)dJ:
: ij( ) (@, un)

U () — wn (y)[PEY)
> —m (6s,p(u>> /]RM |£L‘ _ yld-i-sp(x,y) dxdy

un(x) — u p(z,y)

g [z — glrered)

|z — yldter(y)

dxdy + /\/ F(x,uy,)dz.
Q
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Then, we obtain
M+1> /\/ F(z,uy,)d, (3.3)
Q

where
F(z,u,) = —f(x,up)u, — F(x,uy,)

and

Up(T) — Uy, y p(I,y)
58,[’(””) = / | ( ) (d3-|s (z )dxdy
r2a P(z,y)|z — y|*rorley

Using (myg) and (my), it follows

M > ¢(uy)

(8 (1)) — A / Fla,u,)da

Q
m’* |un (l’) - un(y)|p(ac,y)

Toupt Jra |yl

dxdy — )\/ F(z,uy,)dz
Q

*

m

> uerpEO(un) — )\/QF(x,un)dm.

Because ||u,|| g, > 1, using Proposition 2.3, we can obtain

m —
MZ—unp—)\/Fx,unda:. 3.4
el AL (3.4)
Since ||uy||g, = +00 as n — 400, we deduce that
m*
F(x,u,)dx >
/Q (@ tn) App™

Furthermore, since m(.)is strictly increasing on [0, +oo[, we have

- M
[unll, — SN +o0o  asn — +o0. (3.5)

B(un) = 71 (64 (1)) — A /Q Fla,uy)da

(1 |t () — up (1) [P
S " (p_ /]R?d ’-77 — y’d+sp(x,y) dl'dy o /\/S)F(xyun)dx

Then, we obtain

6(un) + A /

Q

(1 () = u, (y)|PEy)
F(z,uy)dz <m —/ [tn(@) = tn()] dxdy | . (3.6)
P~ JR2d |I’ — /y|d+5p($,y)

In view of condition (Hs), there exists a constant 77 such that
F(z,t) > |t} forall ze€Q and |t| > T).
Since F'(z,.) is continuous on [—T},T7], there exists a constant C > 0 such that

|F(I,t)| < OO for all (ZL’,t) e ) x [—Tl,Tl] .
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Then, a real number K can be chosen such that F(z,t) > K for all (z,t) € Q xR.
Hence,

F n) — K
(:E(u ) e >0, (3.7)
( fRQd nl‘r y‘d+sp(z y) dajdy)
for all (z,n) € 2 x N.
Put 5, = ﬁ, so ||Bulle, = 1. Up to subsequences, for some 5 € Ey, we
n 0
have
/Bn - B in E07
Bn— B in L (Q), 5.3
Bn — B in L'@(Q) for all 1<r(z)<pli(xr) with z€Q, '

Bn(z) = B(x) a.e. in .

Define the set Qy = {z € Q: g(z) # 0}. Since ||u,||g, — +00 as n — +o0, we
have

|un(@)| = |Bu(@)||unl 2y = +00,

for any x € (.
By (Hz) and Remark 1.1, for all z € £y, we have

F(z, up) - F(z,up,)
U (1) =, (y) [P(5Y) - U, (L) = U, p(z,y) H
< fRZd | [z— y|d+£g()l o) dxdy) (1 + o )u (fde | |z )y|d+§g()slc ) - d$d?/> >
S F(z,uy)
1) (lunllf + Gy llual”)
S F(z,u,)
= +
(1) (1+ s )H) a2
1+ ) ()
which imply that

— 400 as n — +o0. (3.9)

|un x) _un(y”p(x Y)
( fRZd [o—y| TP (@) dzdy
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Thus, |Q] = 0. In fact, suppose by contradiction that || # 0. Uisng (3.5),
(3.6), (3.9) and Fatou’s lemma, we get

F n) d
= lim inf Jo F(@,u ) ’
A oo g(uy) + Ao Fx,uy)da

> liminf/ F(:v Un) = dz

|x y|d+sp(z y)

L F(z,u
> lim inf (2, un)

n—+oo f | () —un (y |P(z y)

R2d ‘x y|d+sp(z y)

. K
— lim sup dx

n——+o00 A |un x)—un(y”p(z 2

- |z—y|d+sp(@.y) y

- F (x up) — K
- léril—&g/‘ ~ 1 [un () —un (y) [P y>
Qo m (T fde y)

P |z— yld“"(”” v)

o F(z,u,) — K
> lim inf ey
Qo e <% me |t (@) —un (y) [Py vdy

|z—y|d+sp(@.y) >

F(z,u,
2/ lim inf (@, un(2)) o
Qo n—-4o00 ’f)\’L <L |un(w)—un(y)|17 v y>

3

p— R2d |(E y|d+9p(z y)

|— y|d+sp z,y)

. K
— lim sup e
Qo n—=+o (L_ fRM [tun (2) —un (y)|

which is a contradiction. Therefore, 8(z) = 0 for a.e. x € Q.
From (3.4) and (3.8), respectively, we can deduce that

B — 0 in L'@(Q) for all 1 <r(z) < pi(xr) with 2€Q, B.(z) =0 ae. inQ,
(3.10)

and

* F "
m — < limsup M dx. (3.11)
App oo Jo o |unlh
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Using (Hy) and (H;), we get

/ AT e /
{0<lun(@)|<r} [t {0< un (2)|<r1} Hun“Eo

n C _ _
<ol & / a7 |8l
lunl, 5~ J{0<lun(@)<r)

uall  Cri"

< og, -l BT / Bl da
l|n ||z, s {0< un (@)|<r1}

—0, as n— 400

(3.12)

where Co > 0, s is either s+ or s~ and r; comes from (Hj).
Put ¢ = -=. Since 6 > *- p_, it follows that 6'p~ < p%(x).
On the other hand, by virtue of hypothesis (Hs), (3.3) and (3.10), we deduce

L

1
Ja . F . 0 0 . o7
/ [P, un)| (x’z)‘ do < 2 / (—| <I’;‘>|> da / 18,177 dx
@Iz} [|tnll, {un@(zr} \ [t {Jun (@271}

0 ; >
< 2¢? / J’-"(x,un)dx] [/ |5n|9’p* dx]
| H{lun(z)[2r1} {lun(x)|>r1}
_ 1 1
) 7 o o
< 2¢f /f(x,un)dx /|ﬁn|9p dx
Q Q
i/
1 M 1 ’
gch( i ) [/wp dx]

—0 as n— +oo.
(3.13)

Then, combining this with (3.12), we obtain

F n F y Un F )y n
o)y, _ Pl W] gy 0, a5 1= oo,
o [lunlls {0<lun(@)|<r} |t {lun(@)2r1}  ||unlls,

which is a contradiction to (3.11). Thus, (u,) is bounded in Fj.

Finally, we need to prove that any (C)-sequence has a convergent subsequence.
Let (u,)Ep be a (C)-sequence. Then, (u,) is bounded in Ey. Passing to the limit,
if necessary, to a subsequence, from Proposition 2.2, we have

U, =~ u inEy, wu, —uin F@Q),1<r(z) <pi(z) and u,(z)— u(z) ae z €.
(3.14)
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It is easy to check from (Hy), (3.14) and Holder’s inequality that

flx,up)(u, —u) dr < O+ un P ooty — ulse) — 0 as n — 400,
o (z) (z)
(3.15)

where le) + ﬁ =1
On the other hand, using (mg), we obtain

_ |t () = un (y) [P
m (05 p(un)) =m (/R?d (@, 9)lE — g dedy | — k#0, as n — +oo.
(3.16)

Next, since u,, — u, from (3.1), we have
(@ (up),up —u) — 0, as n — +oo. (3.17)
Then
(& (un), up—u) = m (0 p(un)) (Alun), un—u>—)\/§2f(x,un)(un—u)dx — 0, as n— oo,
where A is given in (2.1).
Finally, the combination of (3.15), (3.16) and (3.17) implies
(A(up),up, —u) — 0 as n — +oo.

Since the operator A satisfies the (S, ) property in view of Proposition 2.4, we
can obtain that u, — u in Ey. The proof is complete. O]

Proof of Theorem 1.2

By Lemma 3.1, ¢ satisfies the (C')—condition. According to definition of ¢, we
have ¢(0) = 0. Then, to apply Theorem 2.8, we will show that ¢ has a mountain
pass geometry.

First, we affirm that there exists a, p > 0 such that

o(u) > o, Yue Ey with ||ullg, = p. (3.18)
In fact, by (mg) — (m1) and Proposition 2.3, for ||u|g, < 1, we obtain
m*
) = Zpiy (1) = A | Playu)ds

(3.19)

*

m

> up+—)\/Fx,ud:v.
mﬁH Iz, g (z, u)

Since pupt < pi(r) and s(z) < pi(x) for all z € Q in view of conditions (m;)
and (H,) respectively , we have from Proposition 2.2 that Ey < L*"(Q) and
Ey — L*®@)(Q). So, there exist cg, c; > 0 such that

ulups < collulle, and  Juls@) < erllullg,, Vu € Ey.
Let € > 0 such that 50’6’+ < ;%. Using (Hy) and (Hy), it follows that

F(z,t) < et +Ce)t)*™@, V(x,t) e QxR (3.20)
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Therefore, by (3.19) and (3 20), for ||ul|g, < 1 sufficiently small, we get
6w > = —a/ uf dz — C (5)/ @
Q

—ecf ||ullf, — Ce)ey [lully,

m*
> +
m* + + . -
> (25— e )l — e Nl

Since s~ > p*, then there exists a, p > 0 such that
o(u) > o, Yue Ey with ||ullg, = p.
Next, we affirm that there exists e € Ey with ||u||g, > p such that
(e) < 0. (3.21)

In fact, From (H,), it follows that for every k& > 0, there exists a constant T} such
that

F(z,t) > k[t|**"  forall z€Q and [¢| > Tj.
Since F(x,.) is continuous on [—T}, T], there exists a constant Cjy > 0 such that

|F(z,t)] < Cy forall (z,t) € Qx [T}, Tk .
Thus,

F(x,t) > k[t —C,, for all (z,t) € Q x R.
Let w € Ey \ {0} such that ||w||g, = 1 and I > 1 be large enough, using Remark
1.1 and the above inequality, we obtain

o(lw) = ( /IR (i) = lw(yﬂp(jy) dxdy) )\ /Q F(z,lw) dz

2a p(, y)|x — y|d+sr@y)

(@) — lw(y) [P

I
< 7/7\1(1) (/]R?d p(x y)|jj — y|d+sp(ac,y) dl’dy) - )\klﬂp+ /Q ‘w‘ulﬁ' dx + )‘CO|Q|
m(1
< )" (% - /\k:/ﬂ |7 dx) + G|
where p comes from (m;).

As

(L) lw|?" dz < 0
(p)* 0 ’

for k large enough, we deduce

o(lw) — —o0, as | — +oo.

Thus, there exists t) > 1 and e = tow € Ey\ B,(0) such that ¢(e) < 0. The proof
of Theorem 1.2 is complete.

Proof of Theorem 1.3

To prove Theorem 1.3, we need the following lemma.
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Lemma 3.2. Let hypotheses (mg) and (my) be satisfied. Then, the functional I
defined by

N Ju(z) — u(y) [P
= dzd
m(éMMawu—m“ww>xy’
15 bounded from below.

Proof. Using (mg) and (m;), we obtain
- lu(z) — u(y)yp(wvy)
I = dud
(W) =1 </R2d plx,y)|r — y]dﬂp(w,y) ray
Lt ([ fule) )Py
— oupt \Jgea |z — yldter(@y) Yy

*

m

According to Proposition 2.3 (5), we deduce that I is coercive. consequently, [
is bounded from below. O

Now, we return to the proof of Theorem 1.3. Let ¢ = I and ¢(.) = [, F/(x,.)dx.
Obviously, by Lemma 3.2, the functional I is bounded from below. In view of
the definition of I and v, we have I(0) = ¢(0) = 0. According to Lemma 3.1, ¢
satisfies the (C)- condition. To apply Theorem 2.9, it suffices to check that
(aq) the functional ¢ is unbounded from below;

(ag) for given n = 1, there exists A* > 0 such that

1
sup P(u) < Ve
wel= (=o0m)) A
e Verification of (ay). From (Hs), it follows that for every k > 0, there exists a
constant T}, such that
F(z,t) > klt|*"  forall z€Q and |t| > T}.
Since F(x,.) is continuous on [—T}, Tj], there exists a constant Cjy > 0 such that
|F(z,t)] < Cy forall (z,t) € Qx [T}, Tk .
Thus,
F(z,t) > k[t]*" —Cy, forall (z,t) € QxR. (3.22)
Let w € Ep \ {0} and [ > 1 be large enough, using Remark 1.1 and the above
inequality, we obtain

<Wm:m(4 WW”_W@WMUMQ—ALF@mom

20 p(a,y) | — y|Hrerey)

m [lw(z) — lw(y) [Py p N / X
= mil dedy | — NkIMP A M VoRTe
_JM)(AMM%wM—mﬂWW>xy JM x4+ ACy|

m(1 _ p(z,y) ’
R2d Q

()~ |z — y|THor(zy)
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where p comes from (my).

As
=01 _ p(z,y) "
= </ () zf(yﬂ dxdy) - /\k/ jw|”" da <0,
(p)r \Jgza |z —y|tHorles) 0

for k large enough, we deduce

o(lw) — —o0, as | — +oo.

Consequently, ¢ is unbounded from below.
e Verification of (ag). By virtue of (Hy) and Proposition 2.3, we get

wm:AF@mw

1
< C/(\uy+ g )\u! ) da (3.23)

1 _
< Ceallullz, + = maXﬂU\“ Julse
_gt —
< Ceallullg, + max{C;*", Oy max{|lul|3,, Il }

where ¢, > 0 and C; = inf Ielzy
ueEO\{O}h’"s(z)
On the other hand, for all u € I7*((—o0, 1)), according to (myg), (m;) and

Proposition 2.3, we get
p(zy
u(y)] s dy)

> uptI(u) = +ﬁl/ ()
pp* > pptI(u) = pp <R2dp(:cy|:c—y|d+swy

)
* T — p(z,y)
S P / |u(z) — u(y)] dedy
,Uer R2d ’x — y’d+sp(z,y)

> m”||unl|g,

> min{m”, pu}|[unl|,,

where r is either p~ or p*
Because upt > pu > mm{m , i}, we have
Thus, we obtain

a a
I T R G
Fo = min{m*, u} "\ min{m*, u} min{m*, u}
In view of (H;) and (3.23), we have

mln{m N

+ p - — —
“p w<u>gcc4<.L) T max{C, 0 Y max{ull L Jullf )

wel1((~o0m)) min{m®, u}

+

_ Oq* - Cot s pp* -
- G <min{m*> ﬂ}) Fmax{CL G (min{m*, i} ’
(3.24)
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Let us denote

1 4\ 71

+ p _ + =
Voo | e (L) max{C— o) (L)

min{m*, p} min{m*, p}
Taking into account (3.24), we assert that

sup  P(u) < = <

1
wel=1((=o0m)) A

>/I+—k

Finally, all assumptions of Theorem 2.9 are satisfied. Then, for all A € (0, \*) C
[y, the problem (1.1) admits at least two distinct weak solutions in Ejy. This
completes the proof.

Proof of Theorem 1.4

To prove Theorem 1.4, we need the following auxiliary lemmas.

Lemma 3.3. (see [12]) For s € C(Q) such that s(z) < p:(z) for all x € Q. Let
Or = sup{uls@) : ullz, = 1,u € Zi}.

Then, lim 6 = 0.

k—+o00

Lemma 3.4. (see [12]) For all s € C.(Q) and u € L*®(Q), there exists y €
such that

J 1t dz =l (3.25)

Now, we return to the proof of Theorem 1.4. To this end, based on the Foun-
tain Theorem 2.10, we will show that the problem (1.1) possesses infinitely many
weak solutions with unbounded energy. Evidently, according to (Hs), ¢ is an even
functional. By Lemma 3.1, we know that ¢ satisfies the (C')- condition. Then, to
prove Theorem 1.4, it only remains to verify the following assertions:

(A1) by :=inf{p(u) : u € Zy, ||ul|g, = M} — +o0 as k — +o0,
(Az) ¢ := max{p(u) : u € Yy, ||u|lg, = 1} <O.
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(Ay) For any u € Z such that ||ul|g, = m > 1. It follows from (mg), (m1),
(Hp), Proposition 2.2 and Lemma 3.4 that

o(u) = ( /R . (’;L(;;';f(jlfi:’fy dxdy) 1 /Q F(ou)da

s(a:
—)\C’/|u| daz—)\C/ [u

m* )\c6| ’ y)

> Fo — Acsllullm —

S m — Xes||ul| g, — ’:Cf if Juls@) <1

e — Acsl|ull gy — 22 (Bkllullge)™  if fuls@ > 1
m* - /\06 st )\06

> — HUH%O = Acsllull gy — —(Okllullp)” — —

-/ m* ACG ot gt )\CG
>y ——6 ", —A - —
= M <Mp+ N ) Collk = ~ =

We fix 7 as follows

1
AUC p=—st
e = ( ,U*662+> ‘
m

Then, we obtain

m* - (1 1 )\06
> Pl — =)=\ —
o(u) = 7 M (p* S) el —

By (H,), since p™ < s~ and 0 — 0 as k — 400, we conclude that 7, — +o0 as
k — 4o0.
Finally,

d(u) = 400 as k — +o0.
Hence, (A;) holds.
(As) Following the lines of the proof of Theorem 1.4 of [I]. Suppose by con-

tradiction that (As) does not hold for some given k, then there exists a sequence
(uy,) in Yy such that

[unlly = 400 and  é(un) = 0. (3.26)

Put v, = o , then ||v,||g, = 1. Because Yj has finite dimension, there exists

v e Y\ {0} such that up to a subsequence,
|lvn —v|lg, =0 and  v,(z) = v(z) a.e. in .
If v(z) # 0, then |u,(x)| — 4o00. Hence, from (H,), we have

n——4oc HunHup+ T St |un($)|“p+_
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for all z € Wy = {z € Q : w(z) # 0}. According to proof of Lemma 3.1, we have

+
[l

F(z, uy
/ Flw, un(z)) dx — +00 as n — +o0. (3.27)
Wo

Consequently, by Remark 1.1, for ||u,||g, > 1, we get

N 1 |t () = un (y) [P g /
p) <m(l) |1+ — dxd — F(x,u,)d
¢(u ) = m( ) ( + (p_)u (/R?d ’SL’ _y’d—o—sp(z,y) ray W (x u ) x
~ m(1) +
<m(l) + Uy |[H —/ F(x,u,)dx
(1) (p_)u\l 8 . (@, un)
m(1 F n
< (1) + [fuall2 il l —/ —(w’fpfd:ﬂ
P Jwe (w2
Using (3.27), we can deduce that

d(up) — —o0  as  n — +oo,

which is a contradiction to (3.26). Finally, the assertion (As) is also valid.
This completes the proof.
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