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EXISTENCE AND MULTIPLICITY RESULTS FOR
KIRCHHOFF-TYPE SUPERLINEAR PROBLEMS INVOLVING

THE FRACTIONAL p(x)-LAPLACIAN SATISFYING
(C)-CONDITION

MAHMOUD EL AHMADI1 ∗, MOHAMED BOUABDALLAH2 AND ANASS LAMAIZI3

Abstract. Our focus in this study revolves around investigating a Kirchhoff
problem involving the fractional p(x)-Laplacian operator. The purpose is to
study the existence and multiplicity of weak solutions for the above problem
under appropriate hypotheses on functions f and m. By using the Mountain
Pass Theorem with Cerami condition, we show the existence of non-trivial
weak solution for the problem without assuming the Ambrosetti-Rabinowitz
condition. Furthermore, our second purpose is to determine the precise posi-
tive interval of λ for which the above problem admits at least two nontrivial
weak solutions. It should be noted that the existence of infinitely many weak
solutions is proved by employing the Fountain Theorem.

1. Introduction

In the present article, we study the existence and multiplicity of solutions for
the fractional p(x)-Kirchhoff problem of the following form

m
(∫

R2d

|u(x)− u(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)
(−∆p(x))

su(x) = λf(x, u) in Ω,

u = 0 in Rd \ Ω,
(1.1)

where Ω ⊂ Rd is a smooth bounded domain, λ > 0 is a real number, 0 < s < 1,
p : Ω × Ω → (1,+∞) is a continuous function with sp(x, y) < d for all (x, y) ∈
Ω × Ω, m : R+ → R+ is a continuous function and f : Ω × R → R satisfies
Carathéodory condition.

The nonlocal operator

(−∆p(x))
sϕ(x) := P.V.

∫
Rd

|ϕ(x)− ϕ(y)|p(x,y)−2(ϕ(x)− ϕ(y))

|x− y|d+sp(x,y)
dy, (x, ϕ) ∈ Rd×C∞

0 (Rd),
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is called the fractional p(x)-Laplacian which is a natural generalization of the
classical fractional p-Laplacian operator when p(x, y) = p is constant function,
where P.V. stands for Cauchy principle value. A typical feature of this operator
is the non-locality, i.e., the value of (−∆p(x))

sϕ(x) at any point x ∈ Ω depends
not only on the values of ϕ on the domain Ω, but on the whole space Rd.
Clearly, the nonlocal operator (−∆p(x))

s is the fractional version of the p(x)-

Laplacian operator defined by ∆p(x)ϕ = div(|∇ϕ|p(x)−2ϕ), which is introduced by
U. Kaufmann et al. in [16].

In the recent years, multiple authors have concentrate on the study of fractional
p(x)-Laplacian problems, and a plethora of results have been obtained, see for
instance [3, 4, 5, 18, 23] and the references therein. In [3], E. Azroul et al.
considered the problem (1.1) in the particular case when m ≡ 1 and λf(x, u) =
λ|u|r(x)−2u(x)− |u|p̄(x)−2u(x):{

(−∆p(x))
su(x) = λ|u|r(x)−2u(x)− |u|p̄(x)−2u(x) in Ω,

u = 0 in Rd \ Ω,

and by using Ekeland’s variational principle, they proved that for any λ > 0
sufficiently small is an eigenvalue of the above problem.
By means of the symmetric Mountain Pass Theorem and the theory of the frac-
tional Sobolev space, Z. Hao and H. Zheng in [18] investigated the existence
and multiplicity of solutions for the problem (1.1) in the case when f(x, u) =
λ|u(x)|r(x)−2u(x), where r is a continuous function satisfies certain conditions.
Recently, J. Zhang et al. in [23] proved the existence of nontrivial solution for
the problem (1.1) in the case λ = 1 where f satisfies (AR)-condition introduced
by A. Ambrosetti and P.H. Rabinowitz in [2], that is, there exist T > 0 and θ > l
such that

0 < θF (x, t) ≤ tf(x, t), for all |t| > T and a.e.x ∈ Ω,

where F (x, t) =
∫ t

0
f(x, s)ds and l is a precise constant.

As is known, the (AR)-condition plays a crucial role in the application of the
variational method, which is used extensively to ensure the boundedness of the
Palais-Smale sequences and the energy functional has a mountain pass geometry,
but in many cases, cannot be satisfied. For example, in the case p(x, y) = p, the
function f(x, t) = |t|l−2t ln(1+|t|) does not satisfy (AR)-condition but it satisfies
certain weaker conditions.

It is well known that the problem (1.1) is similar to the stationary problem
introduced by Kirchhof in [17]:

ρ
∂2u

∂t2
−
(
ρ0
h

+
E

2L

∫ L

0

|∂u
∂x

|dx
)
∂2u

∂x2
= 0.

More precisely, Kirchhoff proposed this model as an extension of D’Alembert’s
classical wave equation, taking into account the effects of variations in string
length during vibration. Furthermore, S. Woinowsky-Krieger in [22] considered
the Kirchhoff-type evolution equation:

utt +∆2u−M(∥∇u∥2)∆u = g(x, u),
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which is a model for the deviation of an extensible beam.

Throughout this article, we assume that the continuous function p : Ω× Ω →
(1,+∞) satisfies the following assumptions:

(P1) 1 < p− ≤ p(x, y) ≤ p+ < +∞, where

p− := min
(x,y)∈Ω×Ω

p(x, y) and p+ := max
(x,y)∈Ω×Ω

p(x, y).

(P2) p is symmetric, that is, p(x, y) = p(y, x) for all (x, y) ∈ Ω× Ω.

In addition, we make the subsequent hypotheses on m and f :

(m0) There exists m∗ > 0 such that inf
t∈R+

m(t) ≥ m∗.

(m1) There exists µ ∈
[
1, p

∗
s(x)
p+

]
such that for all t ∈ R+,

tm(t) ≤ µm̂(t),

where

m̂(t) =

∫ t

0

m(τ)dτ and p∗s(x) :=
dp(x, x)

d− sp(x, x)
.

(H0) There exist C > 0 and s ∈ C+(Ω) such that

|f(x, t)| ≤ C(1 + |t|s(x)−1) for all (x, t) ∈ Ω× R.

(H1) 1 < p− ≤ p+ < s− ≤ s+ < p∗s(x) for all x ∈ Ω.

(H2) lim inf
|t|→∞

F (x,t)

|t|µp+
= +∞ uniformly a.e x ∈ Ω,

where F (x, t) =
∫ t

0
f(x, s)ds and µ comes from (m1) above.

(H3) There exist c1, r1 ≥ 0 and θ > d
sp−

such as

|F (x, t)|θ ≤ c1|t|θp
−F(x, t),

for all (x, t) ∈ Ω× R, |t| ≥ r1 and F(x, t) := 1
µp+

f(x, t)t− F (x, t) ≥ 0.

(H4) f(x, t) = ◦(|t|p+−1) as t→ 0 uniformly for a.e. x ∈ Ω.

Remark 1.1. The conditions (m0) and (m1) implies the following inequality:

m̂(t) ≤ m̂(1)(1 + tµ), for all t ∈ R+.

Indeed, if 0 ≤ t ≤ 1, since the function m̂(.) is strictly increasing on [0,+∞),

then m̂(t) ≤ m̂(1), and if t ≥ 1, we consider the function K(t) = m̂(t)
tµ

. By
direct calculation, it is clear that K(.) is strictly decreasing on [1,+∞), then
m̂(t) ≤ m̂(1)tµ.

Let us consider ϕ : E0 → R the Euler functional corresponding to problem
(1.1) which is defined as follows:

ϕ(u) = m̂ (δs,p(u))− λ

∫
Ω

F (x, u)dx
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where

δs,p(u) =

∫
R2d

|u(x)− u(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

and E0 will be defined in preliminaries.
Then, it follows from the hypothesis (H0) that the functional ϕ ∈ C1(E0,R), and
its Fréchet derivative is

⟨ϕ′(u), v⟩ = m (δs,p(u))

∫
R2d

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))(v(x)− v(y))

|x− y|d+sp(x,y)
dxdy

− λ

∫
Ω

f(x, u)vdx,

for any u, v ∈ E0. It is clear that any critical point of ϕ is a weak solution of
problem (1.1).

Now, we present the main results of this paper.

Theorem 1.2. Suppose that (P1)− (P2), (m0)− (m1) and (H0)− (H4) hold. If
s− > µp+, then for any λ > 0, the problem (1.1) has at least one nontrivial weak
solution in E0.

Theorem 1.3. Suppose that (P1) − (P2), (m0) − (m1) and (H0) − (H3) hold.
Then, there exists a positive constant λ∗ such that the problem (1.1) admits at
least two distinct weak solutions in E0 for each λ ∈ (0, λ∗).

Theorem 1.4. Suppose that (P1) − (P2), (m0) − (m1) and (H0) − (H3) hold.
Furthermore, we assume that
(H5) f(x,−t) = −f(x, t) for all (x, t) ∈ Ω × R. Then, for any λ > 0, the
problem (1.1) has infinitely many weak solutions (un) such that ϕ(un) → +∞ as
n→ +∞.

2. Preliminaries

To study problem (1.1), we need some definitions and basic properties of gen-
eralized variable exponents Lebesgue spaces. For more details, see [10, 13, 14, 15]
and references therein.

For p ∈ C+(Ω) := {p ∈ C(Ω) : p− := inf
x∈Ω

p(x) > 1}, we designate the variable

exponent Lebesgue space by

Lp(x)(Ω) =
{
u : Ω → R is measurable and

∫
Ω

|u(x)|p(x)dx < +∞
}

equipped with the Luxemburg norm

|u|p(x) = inf
{
α > 0 :

∫
Ω

|u(x)
α

|p(x)dx ≤ 1
}
.

Proposition 2.1. [11]

(1) The Lebesgue space (Lp(x)(Ω), |.|p(x)) is defined as the dual space Lq(x)(Ω),

where q(x) is conjugate to p(x), i.e., 1
p(x)

+ 1
q(x)

= 1. For any u ∈ Lp(x)(Ω)
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and v ∈ Lq(x)(Ω), we have∣∣∣∣∫
Ω

uv dx

∣∣∣∣ ≤ ( 1

p−
+

1

q−

)
|u|p(x)|v|q(x) ≤ 2|u|p(x)|v|q(x).

(2) If p1, p2 ∈ C+(Ω), p1(x) ≤ p2(x), for all x ∈ Ω, then Lp2(x)(Ω) ↪→ Lp1(x)(Ω)
and the embedding is continuous.

Now, we give the main properties of the fractional Sobolev space with variable
exponent that we will use in the rest of this paper. Let p(x) = p(x, x) for all
x ∈ Ω.

Via the Gagliardo approach, we designate the fractional Sobolev space with
variable exponent by

W s,p(x,y)(Ω) =
{
u ∈ Lp(x)(Ω) :

∫ ∫
Ω×Ω

|u(x)− u(y)|p(x,y)

αp(x,y)|x− y|d+sp(x,y)
dxdy, for some α > 0

}
,

endowed with the norm

∥u∥s,p(x,y) = [u]s,p(x,y) + |u|p(x),
where

[u]s,p(x,y) = inf
{
α > 0 :

∫ ∫
Ω×Ω

|u(x)− u(y)|p(x,y)

αp(x,y)|x− y|d+sp(x,y)
dxdy ≤ 1

}
is a Gagliardo seminorm with variable exponent. With this norm, W s,p(x,y)(Ω) is
separable and reflexive Banach space [6].

For studying the problem (1.1), we need to define new variable order fractional
Sobolev spaces with variable exponents. For more details we refer to [7]. For this,
we set

E =
{
u : Rd → R : u |∂Ω∈ Lp(x)(Ω) and

∫ ∫
R

|u(x)− u(y)|p(x,y)

αp(x,y)|x− y|d+sp(x,y)
dxdy, for some α > 0

}
,

where R = Rd×Rd\(Ωc×Ωc). The space E is equipped with the following norm:

∥u∥E = [u]E + |u|p(x),
where

[u]E = inf
{
α > 0 :

∫ ∫
R

|u(x)− u(y)|p(x,y)

αp(x,y)|x− y|d+sp(x,y)
dxdy ≤ 1

}
.

Since Ω × Ω ⊂ R and Ω × Ω ̸= R, then, the norms ∥ . ∥s,p(x,y) and ∥ . ∥E are

different. This renders that W s,p(x,y)(Ω) not sufficient for studying the problem
(1.1). For this, we need to define the following linear subspace of E as

E0 =
{
u ∈ E : u = 0 a.e. in Rd \ Ω

}
,

equipped with the norm

∥u∥E0 = inf
{
α > 0 :

∫ ∫
R

|u(x)− u(y)|p(x,y)

αp(x,y)|x− y|d+sp(x,y)
dxdy ≤ 1

}
= inf

{
α > 0 :

∫ ∫
R2d

|u(x)− u(y)|p(x,y)

αp(x,y)|x− y|d+sp(x,y)
dxdy ≤ 1

}
.
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With this norm, E0 is separable and reflexive Banach space [8].
Recall the following embedding results.

Proposition 2.2. (see [7]) Let Ω ⊂ Rd be a smooth bounded domain and 0 <
s < 1. Suppose that p : Ω × Ω → (1,+∞) (P1) and (P2) such that sp(x, y) < d
for all (x, y) ∈ Ω× Ω. Let r ∈ C+(Ω) with

1 < r(x) < p∗s(x) =
dp(x, x)

d− sp(x, x)
for all x ∈ Ω.

Then, here exists a positive constant C∗ = C∗(d, s, p, r) such that

|v|r(x) ≤ C∗∥v∥E0 , for any v ∈ E0.

Moreover, there is a compact embedding E0 ↪→ Lr(x)(Ω).

We notice that the norms ∥.∥E and ∥.∥E0 are equivalent on E0. We consider
the modular functional ρE0 : E0 → R defined by

ρE0(u) =

∫ ∫
R2d

|u(x)− u(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy.

The relationship between ρE0 and |.|E0 is established by the next result.

Proposition 2.3. (see [8, 24]) For u ∈ E0, (un) ⊂ E0 and β > 0, we have

(1) For u ̸= 0, ∥u∥E0 = β ⇐⇒ ρE0(
u
β
) = 1;

(2) ∥u∥E0 < 1 (= 1, > 1) ⇐⇒ ρE0(u) < 1 (= 1, > 1) ;

(3) ∥u∥E0 > 1 =⇒ ∥u∥p
−

E0
≤ ρE0(u) ≤ ∥u∥p

+

E0
;

(4) ∥u∥E0 < 1 =⇒ ∥u∥p
+

E0
≤ ρE0(u) ≤ ∥u∥p

−

E0
;

(5) (a) lim
n→+∞

∥un∥E0 = 0 ⇔ lim
n→+∞

ρE0(un) = 0;

(b) lim
n→+∞

∥un∥E0 = +∞ ⇔ lim
n→+∞

ρE0(un) = +∞.

Let A : E0 → E∗
0 be defined by

⟨A(u), v⟩ =
∫ ∫

R2d

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))(v(x)− v(y))

|x− y|d+sp(x,y)
dxdy, (2.1)

for all u, v ∈ E0, where E
∗
0 denotes the dual space of E0. Similar to Lemma 4.2

in [6], we have the following Proposition.

Proposition 2.4. (1) A is bounded and strictly monotone.
(2) A satisfies the (S+)-property, i.e.,

if un ⇀ u in E0 and lim
n→+∞

⟨A(un)− A(u), un − u⟩ ≤ 0, then un → u in E0.

(3) A is a homeomorphism.

Now, we can define the weak solution of problem (1.1).

Definition 2.5. We call u ∈ E0 a weak solution of problem (1.1) if

m (δs,p(u))

∫
R2d

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))(v(x)− v(y))

|x− y|d+sp(x,y)
dxdy−λ

∫
Ω

f(x, u)vdx = 0,
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for all v ∈ E0, where

δs,p(u) =

∫
R2d

|u(x)− u(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy.

Next, we recall the definition of the compactness condition of the Cerami which
was introduced by G. Cerami in [9].

Definition 2.6. Let (X, ∥.∥) be a real Banach space and ϕ ∈ C1(X,R). We
say that ϕ satisfies the Cerami condition (we denote (C)−condition) in X, if any
sequence (un) ⊂ X such that

(ϕ(un)) is bounded and ∥ϕ′(un)∥X∗(1 + ∥un∥) → 0 as n→ +∞
has a strong convergent subsequence in X.

Remark 2.7. (1) It is clear from the above definition that if ϕ satisfies the
(PS)-condition, then it satisfies the (C)-condition. However, there are
functionals that satisfy the (C)-condition but do not satisfy the (PS)-
condition (see [9]). Consequently, the (C)-condition is weaker than the
(PS)-condition.

(2) The (C)-condition and the (PS)-condition are equivalent if ϕ is bounded
from below (see [20]).

Now, we present the following theorems which will play a fundamental role in
the proof of main Theorems.

Theorem 2.8. (see [2]) Let (X, ∥.∥) be a real Banach space, ϕ ∈ C1(X,R) sat-
isfies the (C)-condition, ϕ(0) = 0, and the following conditions hold:

(1) There exist positive constant ρ and α such that ϕ(u) ≥ α for any u ∈ X
with ∥u∥ = ρ.

(2) There exists a function e ∈ X such that ∥e∥ > ρ and ϕ(e) ≤ 0.

Then, the functional ϕ has a critical value c ≥ α, that is, there exists u ∈ X such
that ϕ(u) = c and ϕ′(u) = 0 in X∗.

Theorem 2.9. [19, Theorem 2.6] Let X be a real Banach space, φ, ψ : X → R be
two continuously Gateaus differentiable functionals such that φ is bounded from
below and φ(0) = ψ(0) = 0. Let η > 0 be fixed, and it is assumed that for each

λ ∈ Γ0 :=

0,
η

sup
u∈φ−1((−∞,η))

ψ(u)

 ,

the functional ϕ = φ − λψ satisfies the (C)-condition for all λ > 0 and is un-
bounded from below. Then, for each λ ∈ Γ0, the functional ϕ admits two distinct
critical points.

In order to prove our multiplicity result, we will use the following Fountain
Theorem [21, Theorem 3.6]. Let X be a real, reflexive, and separable Banach
space, then there exist {ej}j∈N ⊂ X and {e∗j}j∈N ⊂ X∗ such that

X = span{ej : j = 1, 2, ...}, X∗ = span{e∗j : j = 1, 2, ...},
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and ⟨e∗i , ej⟩ = 1 if i = j, ⟨e∗i , ej⟩ = 0 if i ̸= j.

We denote Xj = span{ej},Yk =
⊕k

j=1Xj and Zk =
⊕+∞

j=kXj.

Theorem 2.10. Assume that (X, ∥.∥) is a Banach space, ϕ ∈ C1(X,R) is an
even functional fulfills the (C)− condition and for every k ∈ N, there exists
γk > ηk > 0 such that
(A1) bk := inf{ϕ(u) : u ∈ Zk, ∥u∥ = ηk} → +∞ as k → +∞;
(A2) ck := max{ϕ(u) : u ∈ Yk, ∥u∥ = γk} ≤ 0.
Then, ϕ has a sequence of critical values which tends to +∞.

All through this paper, the letters Ci, ci, i = 1, 2, 3... denote positive constants
which may change from line to line.

3. Proofs of main results

First of all, we are going to show that the functional ϕ fulfills the (C)-condition.

Lemma 3.1. If assumptions (P1)− (P2), (m0)− (m1) and (H0)− (H3) hold, then
for all λ > 0, the functional ϕ satisfies the (C)-condition.

Proof. Let (un) ⊂ E0 be a Cerami sequence for ϕ, namely,

(ϕ(un)) is bounded and ∥ϕ′(un)∥E∗
0
(1 + ∥un∥E0) → 0, (3.1)

which imply that

sup |ϕ(un)| ≤M and ⟨ϕ′(un), un⟩ = ◦n(1), (3.2)

where lim
n→+∞

◦n (1) = 0 and M > 0.

We need to prove the boundedness of the sequence (un) in E0. To this end,
assume the contrary that the sequence (un) is unbounded in E0. Without loss of
generality, we can assume that ∥un∥E0 > 1. By virtue of (m1) and (H3), for n
large enough, we have

M + 1 ≥ ϕ(un)−
1

µp+
⟨ϕ′(un), un⟩

= m̂ (δs,p(un))− λ

∫
Ω

F (x, un)dx−
1

µp+
m (δs,p(un))

∫
R2d

|un(x)− un(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

+
λ

µp+

∫
Ω

f(x, un)undx

≥ 1

µ
m (δs,p(u)) δs,p(un)−

1

µp+
m (δs,p(un))

∫
R2d

|un(x)− un(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

+ λ

∫
Ω

(
1

µp+
f(x, un)un − F (x, un)

)
dx

≥ 1

µp+
m (δs,p(u))

∫
R2d

|un(x)− un(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

− 1

µp+
m (δs,p(un))

∫
R2d

|un(x)− un(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy + λ

∫
Ω

F(x, un)dx.
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Then, we obtain

M + 1 ≥ λ

∫
Ω

F(x, un)dx, (3.3)

where

F(x, un) :=
1

µp+
f(x, un)un − F (x, un)

and

δs,p(un) =

∫
R2d

|un(x)− un(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy.

Using (m0) and (m1), it follows

M ≥ ϕ(un)

= m̂ (δs,p(un))− λ

∫
Ω

F (x, un)dx

≥ m∗

µp+

∫
R2d

|un(x)− un(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy − λ

∫
Ω

F (x, un)dx

≥ m∗

µp+
ρE0(un)− λ

∫
Ω

F (x, un)dx.

Because ∥un∥E0 > 1, using Proposition 2.3, we can obtain

M ≥ m∗

µp+
∥un∥p

−

E0
− λ

∫
Ω

F (x, un)dx. (3.4)

Since ∥un∥E0 → +∞ as n→ +∞, we deduce that∫
Ω

F (x, un)dx ≥ m∗

λµp+
∥un∥p

−

E0
− M

λ
→ +∞ as n→ +∞. (3.5)

Furthermore, since m̂(.)is strictly increasing on [0,+∞[, we have

ϕ(un) = m̂ (δs,p(un))− λ

∫
Ω

F (x, un)dx

≤ m̂

(
1

p−

∫
R2d

|un(x)− un(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

)
− λ

∫
Ω

F (x, un)dx.

Then, we obtain

ϕ(un) + λ

∫
Ω

F (x, un)dx ≤ m̂

(
1

p−

∫
R2d

|un(x)− un(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

)
. (3.6)

In view of condition (H2), there exists a constant T1 such that

F (x, t) > |t|µp+ for all x ∈ Ω and |t| > T1.

Since F (x, .) is continuous on [−T1, T1], there exists a constant C0 > 0 such that

|F (x, t)| ≤ C0 for all (x, t) ∈ Ω× [−T1, T1] .
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Then, a real number K can be chosen such that F (x, t) ≥ K for all (x, t) ∈ Ω×R.
Hence,

F (x, un)−K

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

) ≥ 0, (3.7)

for all (x, n) ∈ Ω× N.

Put βn = un

∥un∥E0
, so ∥βn∥E0 = 1. Up to subsequences, for some β ∈ E0, we

have

βn ⇀ β in E0,

βn → β in Lµp+(Ω),

βn → β in Lr(x)(Ω) for all 1 ≤ r(x) < p∗s(x) with x ∈ Ω,

βn(x) → β(x) a.e. in Ω.

(3.8)

Define the set Ω0 = {x ∈ Ω : β(x) ̸= 0}. Since ∥un∥E0 → +∞ as n → +∞, we
have

|un(x)| = |βn(x)|∥un∥E0 → +∞,

for any x ∈ Ω0.
By (H2) and Remark 1.1, for all x ∈ Ω0, we have

F (x, un)

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

) ≥ F (x, un)

m̂(1)
(
1 + 1

(p−)µ

(∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

)µ)
≥ F (x, un)

m̂(1)
(
∥un∥µp

+

E0
+ 1

(p−)µ
∥un∥µp

+

E0

)
≥ F (x, un)

m̂(1)
(
1 + 1

(p−)µ

)
∥un∥µp

+

E0

≥ F (x, un)

m̂(1)
(
1 + 1

(p−)µ

)
|un(x)|µp+

|βn(x)|µp
+ → +∞,

which imply that

F (x, un)

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

) → +∞ as n→ +∞. (3.9)
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Thus, |Ω0| = 0. In fact, suppose by contradiction that |Ω0| ̸= 0. Uisng (3.5),
(3.6), (3.9) and Fatou’s lemma, we get

1

λ
= lim inf

n→+∞

∫
Ω
F (x, un) dx

ϕ(un) + λ
∫
Ω
F (x, un)dx

≥ lim inf
n→+∞

∫
Ω

F (x, un)

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

)dx
≥ lim inf

n→+∞

∫
Ω0

F (x, un)

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

)dx
− lim sup

n→+∞

∫
Ω0

K

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

)dx
= lim inf

n→+∞

∫
Ω0

F (x, un)−K

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

)dx
≥
∫
Ω0

lim inf
n→+∞

F (x, un)−K

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

)dx
≥
∫
Ω0

lim inf
n→+∞

F (x, un(x))

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

)dx
−
∫
Ω0

lim sup
n→+∞

K

m̂
(

1
p−

∫
R2d

|un(x)−un(y)|p(x,y)
|x−y|d+sp(x,y) dxdy

)dx
= +∞,

which is a contradiction. Therefore, β(x) = 0 for a.e. x ∈ Ω.
From (3.4) and (3.8), respectively, we can deduce that

βn → 0 in Lr(x)(Ω) for all 1 ≤ r(x) < p∗s(x) with x ∈ Ω, βn(x) → 0 a.e. in Ω,
(3.10)

and

0 <
m∗

λµp+
≤ lim sup

n→+∞

∫
Ω

|F (x, un)|
∥un∥p

−

E0

dx. (3.11)
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Using (H0) and (H1), we get∫
{0≤|un(x)|≤r1}

|F (x, un)|
∥un∥p

−

E0

dx ≤ C

∫
{0≤|un(x)|≤r1}

|un|+ 1
s(x)

|un|s(x)

∥un∥p
−

E0

dx

≤ C
|un|1
∥un∥p

−

E0

+
C

s−

∫
{0≤|un(x)|≤r1}

|un|s(x)−p− |βn|p
−
dx

≤ CC0
∥un∥
∥un∥p

−

E0

+
Crs−p−

1

s−

∫
{0≤|un(x)|≤r1}

|βn|p
−
dx

→ 0, as n→ +∞
(3.12)

where C0 > 0, s is either s+ or s− and r1 comes from (H3).
Put θ′ = θ

θ−1
. Since θ > d

sp−
, it follows that θ′p− < p∗s(x).

On the other hand, by virtue of hypothesis (H3), (3.3) and (3.10), we deduce

∫
{|un(x)|≥r1}

|F (x, un)|
∥un∥p

−

E0

dx ≤ 2

[∫
{|un(x)|≥r1}

(
|F (x, un)|
|un|p−

)θ

dx

] 1
θ
[∫

{|un(x)|≥r1}
|βn|θ

′p− dx

] 1
θ′

≤ 2c
1
θ
1

[∫
{|un(x)|≥r1}

F(x, un)dx

] 1
θ
[∫

{|un(x)|≥r1}
|βn|θ

′p− dx

] 1
θ′

≤ 2c
1
θ
1

[∫
Ω

F(x, un)dx

] 1
θ
[∫

Ω

|βn|θ
′p− dx

] 1
θ′

≤ 2c
1
θ
1

(
M + 1

λ

) 1
θ

[∫
Ω

|βn|θ
′p− dx

] 1
θ′

→ 0 as n→ +∞.
(3.13)

Then, combining this with (3.12), we obtain∫
Ω

|F (x, un)|
∥un∥p

−

E0

dx =

∫
{0≤|un(x)|≤r1}

|F (x, un)|
∥un∥p

−

E0

dx+

∫
{|un(x)|≥r1}

|F (x, un)|
∥un∥p

−

E0

dx −→ 0, as n→ +∞,

which is a contradiction to (3.11). Thus, (un) is bounded in E0.

Finally, we need to prove that any (C)-sequence has a convergent subsequence.
Let (un)E0 be a (C)-sequence. Then, (un) is bounded in E0. Passing to the limit,
if necessary, to a subsequence, from Proposition 2.2, we have

un ⇀ u in E0, un → u in Lr(x)(Ω), 1 ≤ r(x) < p∗s(x) and un(x) → u(x) a.e. x ∈ Ω.
(3.14)
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It is easy to check from (H0), (3.14) and Hölder’s inequality that∣∣∣ ∫
Ω

f(x, un)(un − u) dx
∣∣∣ ≤ C|1 + |un|s(x)−1|s′(x)|un − u|s(x) −→ 0 as n→ +∞,

(3.15)
where 1

s(x)
+ 1

s′(x)
= 1.

On the other hand, using (m0), we obtain

m (δs,p(un)) = m

(∫
R2d

|un(x)− un(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)
−→ k ̸= 0, as n→ +∞.

(3.16)
Next, since un ⇀ u, from (3.1), we have

⟨ϕ′(un), un − u⟩ −→ 0, as n→ +∞. (3.17)

Then

⟨ϕ′(un), un−u⟩ = m (δs,p(un)) ⟨A(un), un−u⟩−λ
∫
Ω

f(x, un)(un−u)dx→ 0, as n→ +∞,

where A is given in (2.1).
Finally, the combination of (3.15), (3.16) and (3.17) implies

⟨A(un), un − u⟩ −→ 0 as n→ +∞.

Since the operator A satisfies the (S+) property in view of Proposition 2.4, we
can obtain that un → u in E0. The proof is complete. □

Proof of Theorem 1.2

By Lemma 3.1, ϕ satisfies the (C)−condition. According to definition of ϕ, we
have ϕ(0) = 0. Then, to apply Theorem 2.8, we will show that ϕ has a mountain
pass geometry.
First, we affirm that there exists α, ρ > 0 such that

ϕ(u) ⩾ α, ∀u ∈ E0 with ∥u∥E0 = ρ. (3.18)

In fact, by (m0)− (m1) and Proposition 2.3, for ∥u|E0 < 1, we obtain

ϕ(u) ≥ m∗

µp+
ρE0(u)− λ

∫
Ω

F (x, u)dx

≥ m∗

µp+
∥u∥p

+

E0
− λ

∫
Ω

F (x, u)dx.

(3.19)

Since µp+ < p∗s(x) and s(x) < p∗s(x) for all x ∈ Ω in view of conditions (m1)
and (H1) respectively , we have from Proposition 2.2 that E0 ↪→ Lµp+(Ω) and
E0 ↪→ Ls(x)(Ω). So, there exist c6, c7 > 0 such that

|u|µp+ ≤ c6∥u∥E0 and |u|s(x) ≤ c7∥u∥E0 , ∀u ∈ E0.

Let ε > 0 such that εcp
+

6 < m∗

µp+
. Using (H0) and (H4), it follows that

F (x, t) ≤ ε|t|p+ + C(ε)|t|s(x), ∀(x, t) ∈ Ω× R. (3.20)
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Therefore, by (3.19) and (3.20), for ∥u∥E0 < 1 sufficiently small, we get

ϕ(u) ⩾
m∗

µp+
∥u∥p

+

E0
− ε

∫
Ω

|u|p+dx− C(ε)

∫
Ω

|u|s(x)dx

⩾
m∗

µp+
∥u∥p

+

E0
− εcp

+

6 ∥u∥p
+

E0
− C(ε)cs

−

7 ∥u∥s−E0

≥
(
m∗

µp+
− εcp

+

6

)
∥u∥p

+

E0
− C(ε)cs

−

7 ∥u∥s−E0
.

Since s− > p+, then there exists α, ρ > 0 such that

ϕ(u) ⩾ α, ∀u ∈ E0 with ∥u∥E0 = ρ.

Next, we affirm that there exists e ∈ E0 with ∥u∥E0 > ρ such that

ϕ(e) < 0. (3.21)

In fact, From (H2), it follows that for every k > 0, there exists a constant Tk such
that

F (x, t) > k|t|µp+ for all x ∈ Ω and |t| > Tk.

Since F (x, .) is continuous on [−Tk, Tk], there exists a constant C0 > 0 such that

|F (x, t)| ≤ C0 for all (x, t) ∈ Ω× [−Tk, Tk] .
Thus,

F (x, t) ≥ k|t|µp+ − C0, for all (x, t) ∈ Ω× R.
Let w ∈ E0 \ {0} such that ∥w∥E0 = 1 and l > 1 be large enough, using Remark
1.1 and the above inequality, we obtain

ϕ(lw) = m̂

(∫
R2d

|lw(x)− lw(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)
− λ

∫
Ω

F (x, lw) dx

≤ m̂(1)

(∫
R2d

|lw(x)− lw(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)µ

− λklµp
+

∫
Ω

|w|µp+ dx+ λC0|Ω|

≤ |l|µp+
(
m̂(1)

(p−)µ
− λk

∫
Ω

|w|θp+ dx

)
+ λC0|Ω|

where µ comes from (m1).
As

m̂(1)

(p−)µ
− λk

∫
Ω

|w|θp+ dx < 0,

for k large enough, we deduce

ϕ(lw) → −∞, as l → +∞.

Thus, there exists t0 > 1 and e = t0w ∈ E0 \Bρ(0) such that ϕ(e) < 0. The proof
of Theorem 1.2 is complete.

Proof of Theorem 1.3

To prove Theorem 1.3, we need the following lemma.
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Lemma 3.2. Let hypotheses (m0) and (m1) be satisfied. Then, the functional I
defined by

I(u) = m̂ (δs,p(u))

= m̂

(∫
R2d

|u(x)− u(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)
,

is bounded from below.

Proof. Using (m0) and (m1), we obtain

I(u) = m̂

(∫
R2d

|u(x)− u(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)
≥ m∗

µp+

(∫
R2d

|u(x)− u(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

)
≥ m∗

µp+
ρE0(u).

According to Proposition 2.3 (5), we deduce that I is coercive. consequently, I
is bounded from below. □

Now, we return to the proof of Theorem 1.3. Let φ = I and ψ(.) =
∫
Ω
F (x, .)dx.

Obviously, by Lemma 3.2, the functional I is bounded from below. In view of
the definition of I and ψ, we have I(0) = ψ(0) = 0. According to Lemma 3.1, ϕ
satisfies the (C)- condition. To apply Theorem 2.9, it suffices to check that
(a1) the functional ϕ is unbounded from below;
(a2) for given η = 1, there exists λ∗ > 0 such that

sup
u∈I−1((−∞,η))

ψ(u) <
1

λ∗
.

• Verification of (a1). From (H2), it follows that for every k > 0, there exists a
constant Tk such that

F (x, t) > k|t|µp+ for all x ∈ Ω and |t| > Tk.

Since F (x, .) is continuous on [−Tk, Tk], there exists a constant C0 > 0 such that

|F (x, t)| ≤ C0 for all (x, t) ∈ Ω× [−Tk, Tk] .
Thus,

F (x, t) ≥ k|t|µp+ − C0, for all (x, t) ∈ Ω× R. (3.22)

Let w ∈ E0 \ {0} and l > 1 be large enough, using Remark 1.1 and the above
inequality, we obtain

ϕ(lw) = m̂

(∫
R2d

|lw(x)− lw(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)
− λ

∫
Ω

F (x, lw) dx

≤ m̂(1)

(∫
R2d

|lw(x)− lw(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)µ

− λklµp
+

∫
Ω

|w|µp+ dx+ λC0|Ω|

≤ |l|µp+
(
m̂(1)

(p−)µ

(∫
R2d

|w(x)− w(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

)µ

− λk

∫
Ω

|w|θp+ dx

)
+ λC0|Ω|
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where µ comes from (m1).
As

m̂(1)

(p−)µ

(∫
R2d

|w(x)− w(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

)µ

− λk

∫
Ω

|w|θp+ dx < 0,

for k large enough, we deduce

ϕ(lw) → −∞, as l → +∞.

Consequently, ϕ is unbounded from below.
• Verification of (a2). By virtue of (H0) and Proposition 2.3, we get

ψ(u) =

∫
Ω

F (x, u)dx

≤ C

∫
Ω

(|u|+ 1

s(x)
|u|s(x)) dx

≤ Cc4∥u∥E0 +
1

s−
max{|u|s+s(x), |u|s

−

s(x)}

≤ Cc4∥u∥E0 +max{C−s+

s , C−s−

s }max{∥u∥s+E0
, ∥u∥s−E0

}

(3.23)

where c4 > 0 and Cs = inf
u∈E0\{0}

∥u∥E0

|u|s(x)
.

On the other hand, for all u ∈ I−1((−∞, 1)), according to (m0), (m1) and
Proposition 2.3, we get

µp+ ≥ µp+I(u) = µp+m̂

(∫
R2d

|u(x)− u(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)
≥ m∗µp+

µp+

(∫
R2d

|u(x)− u(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

)
≥ m∗∥un∥rE0

≥ min{m∗, µ}∥un∥rE0
,

where r is either p− or p+.

Because µp+ > µ ≥ min{m∗, µ}, we have µp+

min{m∗,µ} > 1.

Thus, we obtain

∥u∥E0 ≤ max
{( µp+

min{m∗, µ}

) 1
p−

,

(
µp+

min{m∗, µ}

) 1
p+
}
=

(
µp+

min{m∗, µ}

) 1
p−

.

In view of (H1) and (3.23), we have

sup
u∈I−1((−∞,η))

ψ(u) ≤ Cc4

(
µp+

min{m∗, µ}

) 1
p−

+max{C−s+

s , C−s−

s }max{∥u∥
s+

p−

E0
, ∥u∥

s−
p−

E0
}

= Cc4

(
θq+

min{m∗, µ}

) 1
p−

+max{C−s+

s , C−s−

s }
(

µp+

min{m∗, µ}

) s+

p−

.

(3.24)
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Let us denote

λ∗ :=

Cc4( µp+

min{m∗, µ}

) 1
p−

+max{C−s+

s , C−s−

s }
(

µp+

min{m∗, µ}

) s+

p−

−1

.

Taking into account (3.24), we assert that

sup
u∈I−1((−∞,η))

ψ(u) ≤ 1

λ∗
<

1

λ
.

Finally, all assumptions of Theorem 2.9 are satisfied. Then, for all λ ∈ (0, λ∗) ⊂
Γ0, the problem (1.1) admits at least two distinct weak solutions in E0. This
completes the proof.

Proof of Theorem 1.4

To prove Theorem 1.4, we need the following auxiliary lemmas.

Lemma 3.3. (see [12]) For s ∈ C+(Ω) such that s(x) < p∗s(x) for all x ∈ Ω. Let

δk = sup{|u|s(x) : ∥u∥E0 = 1, u ∈ Zk}.

Then, lim
k→+∞

δk = 0.

Lemma 3.4. (see [12]) For all s ∈ C+(Ω) and u ∈ Ls(x)(Ω), there exists y ∈ Ω
such that ∫

Ω

|u|s(x) dx = |u|s(y)s(x). (3.25)

Now, we return to the proof of Theorem 1.4. To this end, based on the Foun-
tain Theorem 2.10, we will show that the problem (1.1) possesses infinitely many
weak solutions with unbounded energy. Evidently, according to (H5), ϕ is an even
functional. By Lemma 3.1, we know that ϕ satisfies the (C)- condition. Then, to
prove Theorem 1.4, it only remains to verify the following assertions:
(A1) bk := inf{ϕ(u) : u ∈ Zk, ∥u∥E0 = ηk} → +∞ as k → +∞,
(A2) ck := max{ϕ(u) : u ∈ Yk, ∥u∥E0 = γk} ≤ 0.
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(A1) For any u ∈ Zk such that ∥u∥E0 = ηk > 1. It follows from (m0), (m1),
(H0), Proposition 2.2 and Lemma 3.4 that

ϕ(u) = m̂

(∫
R2d

|u(x)− u(y)|p(x,y)

p(x, y)|x− y|d+sp(x,y)
dxdy

)
− λ

∫
Ω

F (x, u)dx

≥ m∗

µp+
∥u∥p

−

E0
− λC

∫
Ω

|u| dx− λC

∫
Ω

|u|s(x)

s(x)
dx

≥ m∗

µp+
∥u∥p

−

E0
− λc5∥u∥E0 −

λc6
s−

|u|s(y)s(x)

≥

{
m∗

µp+
∥u∥p

−

E0
− λc5∥u∥E0 − λc6

s−
if |u|s(x) ≤ 1

m∗

µp+
∥u∥p

−

E0
− λc5∥u∥E0 − λc6

s−
(δk∥u∥E0)

s+ if |u|s(x) > 1

≥ m∗

µp+
∥u∥p

−

E0
− λc5∥u∥E0 −

λc6
s−

(δk∥u∥E0)
s+ − λc6

s−

≥ ηp
−

k

(
m∗

µp+
− λc6
s−

δs
+

k ηs
+−p−

k

)
− λc5ηk −

λc6
s−

.

We fix ηk as follows

ηk =

(
λµc6
m∗ δ

s+

k

) 1
p−−s+

.

Then, we obtain

ϕ(u) ≥ m∗

µ
ηp

−

k

(
1

p+
− 1

s−

)
− λc5ηk −

λc6
s−

.

By (H1), since p
+ < s− and δk → 0 as k → +∞, we conclude that ηk → +∞ as

k → +∞.
Finally,

ϕ(u) → +∞ as k → +∞.

Hence, (A1) holds.

(A2) Following the lines of the proof of Theorem 1.4 of [1]. Suppose by con-
tradiction that (A2) does not hold for some given k, then there exists a sequence
(un) in Yk such that

∥un∥E0 → +∞ and ϕ(un) ≥ 0. (3.26)

Put vn = un

∥un∥E0
, then ∥vn∥E0 = 1. Because Yk has finite dimension, there exists

v ∈ Yk \ {0} such that up to a subsequence,

∥vn − v∥E0 → 0 and vn(x) → v(x) a.e. in Ω.

If v(x) ̸= 0, then |un(x)| → +∞. Hence, from (H2), we have

lim
n→+∞

F (x, un(x))

∥un∥µp
+

E0

= lim
n→+∞

F (x, un(x))

|un(x)|µp+
|vn(x)|µp

+

= +∞,
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for all x ∈ W0 = {x ∈ Ω : ω(x) ̸= 0}. According to proof of Lemma 3.1, we have∫
W0

F (x, un(x))

∥un∥µp
+

E0

dx→ +∞ as n→ +∞. (3.27)

Consequently, by Remark 1.1, for ∥un∥E0 > 1, we get

ϕ(un) ≤ m̂(1)

(
1 +

1

(p−)µ

(∫
R2d

|un(x)− un(y)|p(x,y)

|x− y|d+sp(x,y)
dxdy

)µ)
−
∫
W0

F (x, un)dx

≤ m̂(1) +
m̂(1)

(p−)µ
∥un∥µp

+

E0
−
∫
W0

F (x, un)dx

≤ m̂(1) + ∥un∥µp
+

E0

(
m̂(1)

(p−)µ
−
∫
W0

F (x, un)

∥un∥µp
+

E0

dx

)
.

Using (3.27), we can deduce that

ϕ(un) −→ −∞ as n→ +∞,

which is a contradiction to (3.26). Finally, the assertion (A2) is also valid.
This completes the proof.

Acknowledgement. The authors wish to express their thanks to the referee
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