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STOCHASTIC FRACTIONAL INTEGRODIFFERENTIAL
EQUATIONS WITH JUMPS: APPLICATION TO AN
AVERAGING PRINCIPLE

IBRAHIMA FAYE!, MOUSSA DIOUF? AND DEMBA BOCAR BA3*

ABSTRACT. In this work, we deal with a stochastic fractional integrodifferen-
tial equations associated to a Poisson random measure. We first prove existence
and uniqueness of solution in the case of Lipschitz coefficients but also in the
non Lipschitz case. In the second part, we show an averaging principle in the
sense of Khasminskii approach for a class of this equation with non Lipschitz
coefficients and weak averaging conditions.

1. INTRODUCTION

Over the past twenty years, with the advent of fractional differential equations
as a field of research, more and more researchers have become interested in the
study of fractional calculus. Since then, different concepts of derivatives and
fractional integrals have been introduced, such as the integrals and derivatives of
Riemann-Liouville, Caputo ( see [1], [9], [10]). With the development of fractional
calculus, fractional integrodifferential equations appear in many domains such as
electromagnetic waves and dynamic population system. It should be noted also
that in the literature we find a lot of results dealing with existence and uniqueness
of fractional integrodifferential equations ([2], [3], [1]).

Moreover, recall that various dynamic processes in engineering and science are
subject to random perturbations of both external and internal environmental na-
tures ([15], [13], [L1], [22]). So to make these models more precise, Pedjeu and
Ladde [1 1] develop the concept of dynamic processes operating under a set of lin-
early independent time scales and provide existence and uniqueness of solution of
stochastic fractional differential equations by using the classical Picard-Lindelof
successive approximation scheme. They traited the Riemann-Liouville type frac-
tional integral. In this spirit Umamaheswari et al. [17] established an existence
and uniqueness of solution of stochastic fractional integrodifferential equations
under the Lipschitz condition. These results extend the work of Pedjeu and
Ladde [L1] to integrodifferential equations. In this context Faye et al. [0] in-
vestigate the non Lipschitz case and provide a numerical solution of a family of
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stochastic fractional integrodifferential equations by using Euler Maruyama ap-
proximation. Also Diouf et al. [5] show an existence and uniqueness result of this
class of equations by exploring a smoothness method.

Furthermore, it should be noted that asymptotic methods play an important
role in investigating nonlinear dynamical systems in particular the averaging
methods provide a powerful tool for simplifying stochastic dynamical systems
and give approximate solutions to stochastic differential equations. After the av-
eraging principle for deterministic differential equations, many authors contribute
to developping these results for stochastic differential equations (see among others
[20], [7], [21], [18], [12]). Xu et al. [19] present averaging principle for fractional
stochastic differential equation with fractional order 0 < o < 1 and find the
classical Khasminskii approach by showing that the mild solution of two equa-
tions before and after averaging are equivalence in the sense of mean square. In
addition Guo et al. [8], under new averaging conditions, investigate averaging
principle for Caputo fractional differential equations with compensated Poisson
random measure in the Lipschitz case. They also show that the solution to a
stochastic fractional differential system can be approximated by a corresponding
averaging equation in the sense of mean square.

Inspired by these dynamics, we associate to the brownian motion a Lévy pro-
cess of Poisson random measure type to take into account the discontinuity in
certain random phenomena. Our present paper investigate stochastic fractional
integrodifferential equations associated to a Poisson random measure (SFIDEJ).
First we establish an existence and uniqueness result in the case of lipschitzian
coefficients by using the classical Picard-Lindelof iteration method. Secondly, we
weaken the Lipschitz conditions by continuous coefficients and also prove an exis-
tence and uniqueness result for the solution. We used a smoothness technic based
in Rong [1, Theorem 170]. All these results generalise those of Umamaheswari
et al.[17] to the non lipschitz case with jump and also our previous work Faye et
al.[6] and Diouf et al.[5] to integrodifferential with jump. Finally we investigate,
under weak assumptions, an averaging principle by proving that a class of sto-
chastic fractional integrodifferential equation with jump can be approximated by
an averaged equation in the sense of mean square convergence. This extends the
results of Xu et al.[19] and Guo et al.[38] to integrodifferential equation with non
Lipschitz conditions.

The rest of the paper will be organized as follows: in section 2 we give some
useful preliminaries notions. We show existence and uniqueness results in sec-
tion 3. In section 4 we present an averaging principle for a family of stochastic
fractional integrodifferential equations associated to a Poisson random measure.

2. PRELIMINARIES

Definition 2.1. (Riemann — Liouville fractional integral).
The Riemann-Liouville fractional integral operator of order « of a function f €
L*(R,) is defined by

1

() = — t — )% f(s)ds «
1050 = 7 | =9 s Va0,
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where I'(.) is the Euler Gamma function defined by

MNa) = /0+00 t* Lexp(—t)dt.

Definition 2.2. (Riemann — Liouville fractional derivative).
The Riemann-Liouville fractional derivative of order @« > 0, n — 1 < a < n,
n € N*, is defined as

o= (4) 10 = s (4 [am o s

where the function f(¢) has absolutely continuous derivatives upto order (n—1).

Definition 2.3. (Multi-time scale Integral [11])

Forpe N,p > 1 let {T1,---,T,} be aset of linearly independent time scales. Let
[+ [a,b[xRP~! — R™ be a continuous function defined by f(t) = f(T1(t),- -, Ty(t)).
The multi-time scale integral of the composite function f over an interval [tg, t] C

Ja, b is defined as the sum of p integrals with respect to the time-scales 11, - - - , T},.
We denote it by If,

t) = Z[jf(t)

_ /t:f(s)di}(s)

depends on the time scale T}, for each j =1,--- ,p.

where the sense of the integral

Example 2.4. For p = 4, consider the linearly independent set consisting of
time scales Tl( ) == t, Tx(t) := B(t) where B is the standard Wiener process,

= [y N(t,de) where N be a Poisson random measure and Ty(t) := t°,
0 < a<l1as deﬁned before. In this case,

f(t) = f((2), To(t), T5(t), Tu(t))  and  If(t) = Lif(t) + Lo f(£) + Lsf () + Tu(t),

where

Lif(t)= [ f(s)ds, Lf(t) = tf(s)dB(s), Isf(t) // f(s)N(ds,de),

to

I4f(t) = t f(s)(ds)™.

Under the set of time scales in example 2.4, we consider the following stochastic
fractional differential equation: for all ¢ € [0, T,

dxy = bi(t, xe)dt + ba(t, z)(dt)* + o1(t, x¢)dWy + /Ug(t, xy, )N (dt, de). (2.1)
E
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Remark 2.5. 1) If by = 0, then the equation (2.1) reduced to known SDE
with jump

dxy = by(t, x)dt + o1 (t, x) AWy + / oo(t, ¢, ) N (dt, de),
E
whose fundamental properties and applications have been well studied for
more than half-century.
2) If oy = 09 = 0, we have the following generalized version of the classical
deterministic fractional differential equation

dx(t) = by(t, z¢)dt + ba(t, xy)(dt)”.

3) If by = 01 = 09 = 0, then equation (2.1) is the deterministic differential
equation

dx(t) = by (t, z)dt.

3. STOCHASTIC FRACTIONAL INTEGRODIFFERENTIAL EQUATION

Consider (2, F,P) a complete probability space. For a fix real T > 0, we
assume given two mutually independent processes:

e a m—dimensional standard Brownian motion W = (W})o<i<r,
e a Poisson random measure /N defined on R, x E.

The space E is equipped with its Borel field B(F) and a o-finite measure .
We denote the compensated Poisson random measure associated to N(dt, de) by

N(dt,de) = N(dt,de)—m(de)dt. Let J = [0,T]. Assume that by, by : JXRPxRP —
RP oy 0 J X RP X RP — RPX™ 0y 0 J X RP X RP X ' — RP are F;— adapted and
measurable functions, where F; is the o— field generated by W and N up to time
t, defined by

Fi=0 (Ws, N(|0,s],U),YU € B(E),s < t) .

Given a real a €]1/2,1[ and X, a R? value random variable independent of F;.
In the following, we consider the stochastic fractional integrodifferential equation:
for all t € J,

t s t s
X, =Xo + / by (s,XS,/ fl(s,u,Xu) du)ds—l—/ ba (S,XS,/ fg(s,u,Xu)du) (ds)®
0 0 0 0
t s
+ / o1 (S,XS,/ gl(s,u,Xu)du> dW
0 0

t s
+ // 09 (s,XS,/ gg(s,u7Xu)du7e> N(ds, de), (3.1)
0JE 0

where f;,g;: J X J xRP = RP, ¢ =1,2 and X;_ = lim, » X,.
By a solution of equation(3.1), we mean a right continuous with left limits (r.c.1.1.)

and (F;)—adapted, R? valued process X; satisfying equation(3.1) almost surely
for t € [0,T7.
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3.1. Lipschitz case. In the following we assume that b;, o;, fi, ¢, @ = 1,2
verify the assumptions(H):

Let
F; :/ fi(s,u, X,)du, G :/ gi(s,u, X,)
0 0

F :/ fi(s7uaj(\;u)du7 Gl / gz U.
0 0

(H.1) Linear growth condition
There exist two constantes C' > 0 and ¢ > 0 such that:

|bl (t,X,Fl) |2 + | by (t,X,FQ) |2 + | o1 (t,X,Gl) |2 +/ |O’2 (t,X,GQ,e) |2 TF(de)
E

SCAHXPHIRPHIRP+HIGP+]6P),

| AP+ |G+ R P+ |G P< A1+ | X ]P).

(H.2) The Lipschitz condition:
There exist constantes L > 0 and [ > 0 such that:

|b1(t7X7F1)7b1(taX7F"1) |2 + | b2(t7X7F2)7b2(taX7F’2) |2

+ | Ul(tvxaGl) _Jl(tw)}aél) |2 +/ |02(t7X7G276) _0-2(t7)}7§27€) |2 W(de)
E

§L2<‘X—X‘2+‘F1—F1 ’2+’F2—F2 |2+|G1—G1 |2+|G2—G2 ‘2),

B —F P+ |Gi—G P+ | Fa—F 24| Gy— G P< 2| X —X 2.

Theorem 3.1. Assume that E (| X, |*) < 400 and condition (H) is in force,
then the SFIDEJ (3.1) has a unique solution such that sup E (]X;|*) < +oc.

0<t<T

Proof. Existence:
Let us define X? = X and XF = X*(¢,w) inductively as follows:

t s t s
X = Xo+/bl(s,Xﬁ_,/fl(s,u,xﬁ)du)ds+/O(tfs)aflbg(s,xf_,/o fa(s,u, X¥)du)ds
+ /0’1(8 Xk /91 s, u, X ) du)dW,
// oa(s, Xk /92 s,u, XF)du, e)N(ds, de). (3.2)

So, with the help of the Cauchy-Schwarz inequality and applying the algebraic
inequality
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(a+b+c+d+e) <5(a®+b*+c+d®+e?), we have

t s
by (S,Xf_,/ fl(s,u,ij)du)
0
s 2
b2 <87X§7/ f2(87u7Xz]f>du>
0

s 2
o1 <s Xk / g1(s,u Xk)du) AW

o <s Xk / ga(s,u, X )du,e) N(ds, de)

2

| XF112 < 5 ]X0]2+T/ ds
0

N ) T2a71 /t
«
20 — 1 J,

t

ds

_|_

2
- )

by typing the mathematical expectation and using the Ito isometry, we obtain

1<3Xk/flqu)du)

t
E| X2 < 5<E|X0\2+T/IE ds
0

+ af:a__z/ot]ﬁz (st/fgqu)du> ds
+ E/t o1 (sX /gl(quk)du) 2d
+ //02 (sX /gg(qu)du,e) QW(de)ds)

and by (H.1) we have, for k =0,1,2,---,

t
E|XF ]2 < 5(E|X0 |2 +T02(1+c2)/E(1+|X5 1?)ds
0

2 T2a71 2 2 ! k|2
o — 1 0

t t

+ o<1+c2)/ E(1+ | x* |2)ds+K2(1+c2)/ E(1+ | X* ]2)ds>
0 0

2a—1

< 5E| X |* +5C%(1 —1—02)(2—1—T+a22 :
a_

t
)/ E(1+ | X* [2)ds.
0
Since E (] X? |*) = E (] Xy |*) < +00, by induction, we have
sup K (|th]2) < 400, for k=1,2,3,---
0<t<T

Applying the Schwarz-inequality and It6 isometry, we obtain

) t T20¢71 t
E| XXk 12 < 4T/ E|Ab’f(s)|2ds+4a22a_ /E|Ab’§(s)]2ds

+ 4E/ ’Aal )| d8+4E/ /‘AJZ | m(de)ds,
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where
AB(s) :bi(s,Xf,/Os fl(s,u,ij)du)—bi(s,Xf‘l,/Os fi(s,u, X5V du), i = 1,2,
Aot (s) = al(s,Xf,/os g1(s,u, X¥)du) — al(s,Xf_l,/Os g1(s,u, XN du),
Ack(s,e) = oa(s, XF, /OS ga(s,u, X¥)du, e) — UQ(S,X§_17/OS g2(s,u, X¥ 1) du, e).

The Lipschitz condition (H.2) give

2a—1

T
E| XF - XF2<4l?(0+ )2+ T + o?

t
T 1)/0 E| Xk - xk112 gs. (3.3)

From equation (3.2), by applying again the Schwarz inequality, the It6 isometry
together with the linear growth conditions for &k = 1 we get
s 2
bl <87X07/ fl(S,’LhXO)dU)
0

t
E|X!-X]? < 4T/E ds
0

T2a—1 t s 2

+ 42 /Ebz (s,Xo,/ fg(s,u,Xo)du> ds
2 -1 Jy 0
t s 2

+ 4E/ o1 (s,Xo,/ gl(s,u,Xo)du> ds
Ot ’ s 2

+ 4E/ /02 (s,XO,/ gg(s,u,Xo)dwe) m(de)ds
0o JE 0

2a—1

T
< 4AC*A+ A2+ T+a?
< ACP(1L+ )2+ T+l g

200—1

! 2
)/O E(1+ | Xo [*)ds

T
< 4C°1+A2+T +a?
< (1+c)(2+ tato—

Now for k = 1, replacing E | X} — X} |* in the inequality (3.3) with the value
on the right hand side of inequality (3.4) and integrating, we obtain

YA4E | X |?)t. (3.4)

T2(x—1 t
E|X?-X}|*? < 4L2(1+£2)(2+T+a22a71)/0E\Xsl—X2|2ds
T20471 t
< LPA+C*1+AHA+E| X |2)42(2+T+a22 1)2/ sds
a— 0
<

9 5 2T2a71 9 t2
where K = L*(1 + ¢*)C%*(1 + ¢?) is a constant that changes from one line to
another.
For k = 2, proceeding as before, we have

T2(x—1 3 t3
E| X} - X7 P<K(1+E| X |?) [4(2+T—|—a2 )}

20— 17| 3

Thus, by the principle of mathematical induction, we have

k+1 k|2 2 LA
E|X - X < KAO+4+E|X 42+ T
BZ\[k+1tk+1

< —————, k=0,1,2,---
= (k’+1)' 9 9y Sy )
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where B=K(1+E | X, ) and M = 4(2 + T + o). Thus

2a—1

BMk+1 Tk+1
sup ]:[’E|‘X't{€+17‘)(1ff |2§ — 0 k=0,1,2,---.
0<t<T (k+1)!
This implies the mean-square convergence of the successive approximations uni-
formly on J. That is,

A

m—1
k k
IX7" = Xl < D> IXS = Xl

il
_ S

3

IN

/T BMk+1tk+1
——dt
0

(k + 1)!

bl
-

3

BMk+1Tk+2
(k +2)!

IN

— 0, as m,n — +o0.

=
Il

n

Then, by applying the Chebyshev’s inequality and summing up the resultant
inequalities, we have

oo oo k+1pk+27.4
1 BMFT TRk

SR sup | X -XFPs ) < T

P (O<t<T‘ ! | k2 —  (k+2)!

where the series on the right side converges by ratio test. Hence the series
on the left side also converges, so by the Borel-Cantelli lemma, we conclude

that sup | thH — th | converges to 0, almost surely, that is, the successive
0<t<T

approximations X} converge, almost surely, uniformly on J to a limit X; defined
by

n
: 0 k_ yk=1\ | _ 1 n_
i (30030 (3t i) ) = vt - x

Since X; is the limit of nonanticipating functions and the uniform limit of a
sequence of r.c.l.l. functions, it is itself nonanticipating and r.c.l.l. process
From (3.2), we have

t s t S
Xi=Xo + / bl(s,Xs_,/fl(s,u,Xu)du)dera/ (t*S)aile(S,XS_,/fQ(S,U,Xu)d’LL)dS
0 0 0 0

t P
+ / 1(5, Xa [ (5,0 Xo)du)dW,
0 0
t s
+ //02(5,Xs_, 92(s,u, Xy )du, e) N (ds, de) (3.5)
0 JE 0

for all t € J. This completes the proof of the existence of solutions.
Uniqueness:

Let X;(w) and Y;(w) be solution processes through the initial data (0, X,) and
(0,Yp) respectively, that is, X (0,w) = Xo(w) and Y (0,w) = Yp(w), w € Q. We
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have, by virtue of the Schwarz inequality and the Ito isometry :

t s s
E|X,—Y; |’< 5E | Xg — Yo |? +5t /E|b1(5,Xs,/fl(s,u,Xu)du)—bl(s,Ys, /fl(s,u,Yu)du)}st
0 0 0

L5 ) t2o¢71 /tIE
«
20 -1 J

t
+5E/
0
t
sk [ f
0JE

So by (H.2), we obtain

2
ds

bz(s,Xs,/ fg(s,u,Xu)du)—bg(s,Ys,/ fa(s,u, Yy )du)
0 0

2
ds

S

Ul(sast gl(saU,Xu)du) 70—1(57}/57\/ gl(sauayu)du)
0 0

2
m(de)ds.

s S
02(S7X87 92(S7ua Xu)duue) _02(573/;’/92(87U7Yu)du7e)
0 0

200—1 t )
E|lX.-Y. ds.
M_QA | X, Y, [ ds

We define V; = E | X; — Y; |2, Then the function V satisfies

E|X;—Y; P<5E | Xo— Yy |2 +5L%(1 + £3)(2+ T + o?

t
VtSF—i—A/ Vids,
0

where F = 5E | Xo — Yy |2 and A = 5L2(1 + 2)(2+ T + 02T, By applying

200—1
the Gronwall inequality, we conclude that V; < Fexp(At). Now assume that
Xo =Y, then F =0andso V; =0 for all t > 0. That is, E | X; — Y; |?= 0.
Hence

P{|X,~ Y| =0, Vte[0,T]}=1

and therefore, the solution of equation is unique.

3.2. Non Lipschitz case. We consider the following sets:

° 3[2077,] (RP) the spaces of Fi-adapted r.c.l.l. processes

P[0, T] x Q—RP, || ¢ ||§2:E<sup | ¥y ]2) < 00,
0<I<T

. ./\/1[207T] (RP) the spaces of F;-progressively measurable processes

T
¥ [0,T] x 2 — R, Hsz?MQ:E/ |y 2 dt < oo,
0

In the following we assume that b;, 05, f;, 95, 7 = 1,2 satisfy assumptions (A):
let £ = fot fi(t,s, Xs)ds, G; = fg gi(t,s, Xs)ds, j=1,2.

(A.1) Linear growth condition. There exist some constants K > 0 and k; > 0,
j = 1,2 such that
b1 (£, Xo, F1)| + [ba(t, X, F2)| < K (1 + | X3| + [Fy| + [ F3)),
|01(t7Xt7 G1)|2+fE| 02 (t7Xtv G27€> |2 ﬂ-(de) < K2(1+|Xt|2+|G1|2+|G2|2)7
[E5]+1G5] < ki (14 [X0).
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(A.2) The functions by(t, .,.), bs(t,.,.), o1(t,.,.) are continuous in all variables,

t t
lim/| oo(t, Xy +h, /gg(t,S,Xs+h)d8,€)—02(t,X, /gg(t,s,Xs)ds, e) |? m(de)=0.
h—0 E 0 0
(A.3) Foreach N =1,2,---,
22X, — Xy, bi(t, X, Fy) — by(t, Xy, FL)) + (X, — Xy, ba(t, Xy, Fy) — ba(t, Xy, F))
+’0-1 (t7Xt> Gl) - Ul(tv Xrta él)‘z + / ’0-2(t7 Xt7 G27 6) - UQ(ta)’Zt; éQ> 6)’277'((16)
E

< c()p(1X: = Xif*)

as | X,| V|X,| < N, t €[0,T], where fOT c(t)dt < 400 and p(u) > 0, as
u > 0, is non-random, strictly increasing, continuous and concave such
1 _
that [, Sy du = +o0.
Remark 3.2. Note that p(.) is concave and p(0) = 0, then there exists two positives
constants x and A such that p(u) < p+ Au.
We give the main result in this section :

Theorem 3.3. Assume that E (| Xy |*) < +oo and (A) is satisfied, then the
SFIDEJ (3.1) has a unique solution such that (X;);>0 € S2.

Before proving this theorem we need the following two lemmas:

Lemma 3.4. Suppose conditions (A.1) and (A.2) are verified, then there exist
functions: b, o, i = 1,2, n € N* verifying the following assumptions:

1971

1.
b7 (¢, X, F1)| + [b5(¢, Xy, F2)| < C(1+[X4])  as n = N,
X GO+ [ 103 (X, Gore) P nlde) < C (1+1XP).
E
where Ng > 0 and C' > 0 are constants.
2.

‘b?@?Xt:Fl) - bl(ta)?taﬁl)‘ + ‘bg<t7X7 FQ) - bZ(ta)thaFZ)' S Cn | Xt - th ’7

|0-711(t>Xt7 Gl) o U?(t7)?t7é1)|2 +/ |U£L(t7Xt7G27e) - U;<t7)?t7 6276)’27T(d€)
E

<Ch| Xe =Xy |,
where C,, > 0 is a constant depending on n.

3. For any N > 0 and for eacht > 0, w € 2, as n — +00

sup |b7ll(t,Xt, F1> — bl(t,Xt,F1)| + sup |bg(t,Xt, Fl) — bg(t,Xt, F1>| — 0,
| X¢|<N |X¢|<N

sup |O-? (t’ Xt7 Gl) —01 (tv Xta Gl) |2+ sSup |0-g (t7 Xt7 GQa 6>_02 (tv Xt7 G27 6) |27T(d€)
| X¢|<N | X¢|<NJE

— 0.
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t — t _
Proof. Let F' = / fi(t, s, X7 — z)ds, G = / g;(t, s, X1 — f)als, j=1,2.
0 n 0 n
Define

bt X, F) = / bt X, — = Fy) (@), (3.6)
RP
where for all u € R?
[ cop(=(=[uP)Y), for lul<1,
J(u) = { 0, otherwise,
and the constant c satisfies [, J(u)du = 1.
1. By definition (3.6) of b} we have
T —
|b?<t7Xt7F1)| < ‘bl(t7Xt_ 57}?1”‘](5)61f
RP

and using the assumption (A.1) we have
el < [ K (1= Deaa - 2)) s@a
RP

< K(1+k) {/IRP(1+|Xt‘)J(T)dE+%/ EJ(f)df].

RP
Let Ny = [o. TJ(T)dZ, we obtain
n No
No
< 2K(1+ k)1 +1Xy]),  for - <L

Then b™ satisfies the point 1.
2.

B X0 ) 6 SRl = | [ b= [ A XD - Ddsds) (@
RP n Jo n

)

- [ o E- T [ Al X - D)ds)ds) I @)dn
RP n 0 n
then by a change of variable, we have

bi(s, 7, F1)||J (n(Xs — 7)) — J (n(fcs - 5)) dz

Bt X, Fr) — bt X0, )| < n/
RP

< | KQ+k)A+ 7)) dz

RP
< Cn|Xt_Xt‘

J((Xs —T)) — J (n(XS - z))

because

WK (1 + ik)/]R /01(1+ | Z |)grad [J (n(XS T+ 0(X, 75)))] d0dz < Cyp | Xi — X, | .
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3. By Heine-Borel’s finite covering theorem for any N > 0 and any given
e > 0 one can find a 6 > 0 may depend on ¢t and w such that as % <9,
for all | X; |[< N

1 [t 1 t
by (t,Xt — ,/ fi(t, s, Xs — )ds) — b <t,Xt,/ fl(t,s,XS)ds)> ‘ <e
" Jo n 0

because b; is continuous. Hence, as n > %

sup ‘bl (t Xt,Fl) —bl(t Xt,F1)|— sup ‘ bl t, Xy — — Fl)J(E)df—bl(t, Xt,Fl)‘
|X¢|<N IX:|<N JRP

g/ sup_[br (¢, Xe — £ ) ~ba(t, Xe, )| (7)dm
RP | X¢|<N

</ sup  [bi(t, Xt——Fl) bi(t, X, Fy)|J (2)dz
T <1|X:|<N

< e

Then, taking € — 0, we have

sup b?(t, X, F1> — bl(t, X, Fl) — 0.

| X | <N

Thus point 3. is true for b7.
By defining b3, o and of in the same way as b} in (3.6), we show that
by, o and of satisfy this lemma.

O

Lemma 3.5. Let b}, by, o} and o} defined by lemma 3.4. Then there exists an
unique solution (X}';0 <t <T) satisfying the following SDE:

t s t
X=X, + /b’ll(s,X;L,/fl(s,u7X{j)du)ds+/ (t—s)* b5 (s, X" /f2 (s, u, X)du)ds
0
t

+ /01 (s, X /g1 s, u, X, )du)dWy

/ /02 s, X / g2(s,u, X™)du, e) N (ds, de) (3.7)
such that E ( sup \Xﬁ]2> < K(a,T).
0<t<T

Proof. By theorem 3.1, this equation (3.7) admit a pathwise unique strong solu-
tion (X} )o<i<r satisfying sup E (|X}'|*) < +oo0.
0<t<T

First, prove that E( sup |X/'|*) < K(a,T), where K (o, T) is a constant depend-
0<t<T

ing on o and 7.
By the Cauchy-Schwarz inequality and applying the algebraic inequality

(a+b+ctd+ [’ <5(a*+*+E+d*+ f2),
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we have
t s 2
| X2 < 5( | Xo |2 —|—T/ b1 (S,X;L_,/ fl(s,u,X,’f)du) ds
0 0
27720471 t s 2
+ « 2a—1/0 bo <5,X§_,/O fﬂs,u,Xﬁ)du) ds
i s 2
+ / o1 (s,X;‘,/ gl(s,u7XZ})du) dWy
0 0
t s _ 2
+ / /02 (S,X?,/ gﬂs,u,Xﬁ)du,e) N(ds,de) ),
o JE 0
hence
T s 2
sup | X7 |2 < 5( | Xo |2 +T/ b1 <s7X;L_,-/ fl(s,u,Xﬁ)du) ds
0<t<T 0 0
T20—1 T s 2
+ / by s,X;L,/ fa(s,u, XM)du | | ds
20é — 1 0 0

t s 2
+  sup / o1 (s,X:‘_,/ gl(s,u,Xﬁ)du) dW
0<t<T | JoO 0
t s _ 2
L swp / / o2 (&Xﬁ‘_, / gg<s,u,X:;)du,e) N(ds, de) )
o<t<T|Jo JE 0

The mathematical expectation with the help of lemma 3.4 allow us to have,

2a0—1

B sw |X0F) < 4(E(|Xo|2)+<T+1+a22Ta1><1+k>/0T<1+E(|X:|2>ds)

0<t<T

therefore, since E (| X['|?) < +o0, we find a constant M > 0 such that

E ( sup | X7 |2) < K(a,T),
0<t<T

where

2a—1

200 — 1

K(a,T):4<IE(|Xo )+ (T+14a° )(1+k:)(1+M)T>.

The proof of theorem 3.3 can be given now:
Proof. Existence: Let equation (3.7).

I}eﬁne Fp = fot fi(t, s, X™)ds, . G7 = f(f g;(t, s, X")ds and
PP = fot fit,s, X2 = 2)ds, G = fot g;(t, s, X7 — L)ds, for j =1,2.
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Thank to Ito’s formula, we get
B (X~ X P)= 28 [ O — X005, X0 ) — s, X0 s
0
+ ZaIE/(tt — 8)* N (X — XYY (s, X FyY) — b (s, X1, Fy))ds
0
+ E/t lo7 (s, X™ GT) — o (s, X, G |*ds
0

t
L E / / o7 (5, X G ) — o (5, X7, G, €) P(de)ds

using the definition of the sequences b} ¢ = 1,2 and the notations

i ’L’

T _
AV (s) = bis, X" — = F™) = bis, X' — = F1),
P (s) = i, X ) = s, XT - )
m,n m T ~m n T n
Aoy (s) = ou(s, X" = —, GY') —ou(s, X' = —, G7)
m,n m T = n T =n
AO'Q7 (s,e) :O'Q(S,XS _E G )—O'Q(S,XS _E’G2’€)7

we get

t
E(X"—X'P) = E / DX — XTVAK(5)](2)dids
RP

+ 2aE /t(t —8)*” /}RP(Xm — X)) Aby""(s)J(Z)dTds

+ //RP|AU 2 J(z)dzds
N //R/ (AGT" (s, ¢) P (de) J (7)dids

and by asumption (A.3), we obtain

E (|X]" — X'*)< QE//R p(| X" — X" — (m~ ' —n Yz} J(7)dxds
+20E /O(t—s) 1/R ()p(|X™ — X7 — (m~" — n~1)Z[2)J()dzds
+ ZQE/t(t—s)o‘_1|m_1 —n i |z|J(z)dzds
0 )
+ 9B /0 t [ Jomt =072 @)z,

hence as 0 <t < T,

B(XP-XIR) < CTa) [ el [ pBIXT = X7 = (m7 =0 )af) (@)dzds

+ C(T,a,N)(m™t4n71). (3.8)
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based on lemma 3.5, it holds, for all n, E(sup,<, | X7'|?) < K(o, T).
Then Fatou’s lemma gives us:

t
limsup E (| X, — X'|?) < C(T, a)/ c(s)p1(limsup E|X™ — X"|*)ds,
m,n—-+00 0 m,n—-+00
where p1(u) = p(u) + u. Therefore
limsup E (| X;* — X}'|*) = 0.

m,n——+00

We also deduce from (3.8) that:
T
lim sup E/ | X" — X['2dt = 0.
m,n—-+00 0
So there exist (X;);>0 € M[Qoﬂ (RP) verifying:
T
lim E/ | X — X, |?dt =0
n—-+00 0

and then for each ¢ > 0, lim,_, E| X — X;|> = 0.
Therefore X}' converge to X; in probability for each ¢, and it is possible to select a
subsequence (n;) denoted again (n) such that P— a.s as n — +oo, X' — X},
Vt=rr, k=1,2,---; where (r¢)r>1 C [0,T] represents all rational numbers in
[0, T]. Consequently, by Fatou’s Lemma, we obtain

E (sup |X0|2>< E (sup 1112 | X |2) < hmlnf]E (sup |X”|2>< K(T,«).(3.9)

t<T t<T
Also X; is r.c.l.l. as the uniform limit of a sequence of r.c.l.l. functions.
For 0 <t < T, let us now prove that, when n goes to infinite,
t
//O’S(S,Xn G5, ) (ds, de) —>//02 (s, X,_,Go,e) N(ds,de), P —a.s.
0JE

For all n € N, assume that sup,.y | X{* |[< ko and sup,.p | X; [< ko. However,
as t € [0,T], for e > 0, let

_IP( //02 (s, X7 ,G%.e) N(ds, de) //02 (s, X,_, Gy, €) N(ds,de)| >

Gg(:/ ga(s,r, X)dr.
0

and

We can write

1 T
D < EE/O /E‘O'; (s, X1, Gy e) — oy (s, X1, Gy, e) |27T(de)ds

17
+ EE/ / |02 (s, X7, Ghe) — 02 (5, X, G2, €) ‘%(de)ds,
o JE
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considering the supremum for all | X |< kg, we get

J

* g/o ,{E%S%’/E}Uz (s, X + h,GX* ) — 0y (5, Xy, GX ) | "m(de)ds

P < sup/ ’03 (S,X, G?,e) — 09 (s,X, Gf,e) ‘QW(de)ds
E

T
| X
T

1
€
1
= I} + 1}

By lemma 3.4, we get

sup/ ‘ag (S,X, Gf,e) — 09 (S,X, Gf,e) }QW(de) — 0.
x| JE

We can apply Lebesgue’s dominated convergence theorem with the help of linear
growth assumption on o9 and of, to get

I —0, as n—+o0

Now since

lim sup/ ’02 (S,X + h, G;Hh,e) — 09 (s,XS, Gg(,e) ‘27T(d€) =0,
h—0 x| JE

there exists a small § > 0 verifying

sup / o2 (s, X + h, G5t €) — 03 (5, X,, GS L e) ‘27T(d6) <€,
E

| X |<ko,|h|<d
so, we have, for this
I =0.
Consequently p,, — 0 and then
t t
//ag (S,X;‘_, Gy, e) N(ds,de) — //02 (s, Xs_,Gy,¢e) N(ds,de), P —a.s.
0JE 0JE
Using similar calculations, we can prove that, as n — oo,
t t
/ bl (s, X2, Fl')ds —> / bi(s, Xs, F1)ds, P —a.s,
0 0
t t
/ (t—8)* 03 (s, X, Fy)ds — / (t — 5)*'by(s, X,, Fo)ds, P —a.s,
0 0
t t
/ oy (s, X, GY)dW, — / o1(s, X5, G1)dWs, P —a.s.
0 0

Then (X;)o<i<r is a solution of SFIDEJ (3.1).
Uniqueness: Consider (X;):>o and (Y;):>o be solutions processes through the
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initial value Xy = Yy;. We have

t t
Xt _}/;f = / b1(87XS7Fi)()dS - / b1($7}/t97F1Y)d8
0 0

t t
+ a/ (t—s)a1b2(s,XS,F2X)ds—a/(t—s)a1b2(s,Y;,F2Y)ds
0 0

t
+ /Ul(s X, GX)dw, — /aleS,Gl )W,

+ //UQSXS ,G¥,e)N(ds, de) //02 (s, Xo_,GY e)N(ds, de)
t

= /AXYbl( )ds+a/( t—8)2 LAY by(s)ds
0

- /AXY s)dW, +//AXY 2(s, )N (ds, de).
Using Ito6 formula, we obtain

t
E(|X; - Y[*) = QE/(XS—K)|AX’Yb1(s)|ds
0

+ 2E / (£ — 8)* (X, — Y.)|AXY by(s)|ds

+ /|AXY yds+JE//!AXY (s, €)|*m(e)ds

and by assumption (A.3), we have

t t
E (X, —Y[") < /p(E|Xs—Ys|2) d8+2a/(t—s)a_lp(E|Xs—Ys|2) ds
0 0
t t
- /p(E\XS—Yle)dH/ p (E|X, — Y|*) ds
0 0
t
< [@a— s (BN - V) ds
0

Bihary’s inequality gives

E (X, - Y*) =0.

Hence X is a modification of Y and then uniqueness is satisfied.
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4. AN AVERAGING PRINCIPLE

The purpose of this section is to perform an averaging calculation for a sto-
chastic integrodifferential equation in RP:

X: = X0+ﬁ/{)t(t—s)o‘_lb(s,Xj_,/osfl(s,u,Xj)du>ds
+ F\(/E /t(t—s) ~lo (sX /Sgl(qu)dWS (4.1)

(e 102(5 X / ga(s, 1, X5)du, e) (ds, de),

_l_

where Xj is a random vector satisfying E|Xy|? < +oo and ¢ is a positive small

parameter belonging to |0, gg] with €y a fixed number.

We make the following assumptions

(A.4) : There exist measurable functions

b:RP xR - RP, 7 :RFXRP - RP x R™ and Ty :RP xR? x £ — RP
such that for all ¢ > 0

] (£ 5P 0o, Fy(0) — B F)Pds < n(0(1 + o + [Fa(o))

s [ (=P D512, Gal) — 740 Gala)) s < 6201 + o + (G ()

], (6= 52 . Gale), €) ~ 7ali, Gao), ) Prlde)ds < (01 + b + [Galo) ),

where ¢;(t) are positive bounded function with

Jim ¢;(t) =0 fori=1,2,3 and |Fy(2)]? + |Gi(2))? + |Ga(z)|* < K2 (1 + |z)?).

The solution of original equation (4.1) is well approximated, in the sense of mean
square, by the solution of following equation

t
T / (t— 5)*B(Z5_, Fy(Z5.))ds

I‘(a 0
n “g / (t— )T (22 Cu(Z2.))dW,

+ t— )Ty (Z5_, Go(Z2 ), e)N(ds, de).

Theorem 4.1. Consider assumptions (A.1) — (A.4) are in force and § > 0
a arbitrarily small number. Then there exists L > 0, €1 €]0,&0] and 5 €]0,1]
verifying for all € €]0, 4],

sup E|Xf—Zf2 <4

0<t<Le—#
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Proof. Let T > 0, for any t € [0,u] C [0,T] we have

XF -2 = g [0 o X ) bz Rz o
b opi [ e X Gixe ) -z Gz,

+ﬁ /0 /}gt _ gt |:02($, XEGo(XE ), e) — 7o 25, G3(Z2.), e)} N(ds, de).

By It6 formula, we have

BIXE - Z5Ps 2k | (= 8 (X5 - 20) [b<s,X§,F1<X:>> Wz, F1<Z§>>] s

L & / (£ — 52
I («)

5( // 120D gy (5, X, Ga(XE), €) — 5( 25, Ga(Z2), ¢) *(de)ds
= J1+ Jo+ Js.
For Ji, we get

2

o1(s, X5, G1(X3)) —01(Z5,G1(Z7))| ds

no= im0 20 v Xe POKE) B ) s
Oé

_ r(g /t_sa L(xe - 79) b(s,Xg‘,Fl(X;‘))—b(s,Zs,Fl(Zi))]dS
Oé

. / (6= 9770 = 2o 25 F(2)) — 622 B 25| .

Thanks to Cauchy-Schwarz inequality, hypotheses (A.3) and (A.4), we obtain

3

o< g [ e - Z2P)

3

()

For J, we have

+

t
/ E|X* — Z5[2ds + ——12271(1 + k) (£)(1 + E| Z5]2).
0

£
()

t 2
= WE/ (t =) Von(s, X3, Ga(X2)) = 7(Z:, Gu(Z))| ds
0
t 2
9
= g [ = o (X G X)) (5,22 G ()| s
0
t 2
+ —FZiQ)E/(t_S)Q(a_I) Ul(S,Zi,Gl(ZE))—El(Zg,Gl(Zi)) ds.
0

By using the assumptions (A.3) and (A.4), we have

Jr < m / (t — 5)° p(BIXE — Z2[*)ds + ﬁt?a—lu +K)6a(t) (1 +E|Z5]).
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Similary, we get

Jy < %/Ot(t—s)“‘

Finally, we obtain

E|X; - Zi|* <

3
+

_l’_

9

Jr1“2(04

(B[S -

! — s a—1 £ _
o [ -t

t
E|X¢ — Z%%ds +
o | EXe -z
g

t
rai (= 9 Vn(EI: - ZiF
t
5 (=50 pmx

I. FAYE, M. DIOUF, D. B. BA

Z°?)ds + ——t* 11 + B s (1) (1 + E|Z: ).

€

[(a)
Z%|?)ds

€ 9 €

a0+ EIZP)

Yds + 271 + k) pa(t) (1 + E|ZF]?)

ZE?)ds 4+ 2271 (1 + EH) s (1) (1 + E| Z5 ).

Noting that sup,<,<s E|Zf|* is finite and ¢;(t),7 = 1, 2,3 bounded, we have

E|XF - Zf]* <
_l’_

+

€

o | = oEi -

Z§|2)ds

Hence by Remark 3.2, we obtain

E|X; - Zi]* <
+
+
Then
E|X; - Z|* <

2e ! — € £
W/O (t — s)** Vp(E|XZ — Z5*)ds
€ t Che
E Xa Za t2o¢ 1 2 t?a—l
i Mo’ @
€ ! 1 2
o) / (t— ) (n+ AE| XS — ZZ|7)ds
0
2e ' 2(a—1) € €2
(a) (t—s) (b + AE|X] — Z[7)ds
0
€ t Cie Cye
]E XE . Za 2d t2o¢ 1 2 200—1
ey J, BIE = AR+ e+ i

t t
He / a—1 )\8 / a—1 € €12
t—s)*"ds+ t—s)*E|X; - Z:|°ds
(o) O( ) (o) 0( )*E| |

T % /Ot(t ~ g)He g ¢ Fzg?g) /t(t _ g2 DE|XE - 7 ds
e J, B~ e e e

< (ot + g =7 A
b+ e ) [ 6= o) PR -z
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By using Gronwall’s lemma, we get

Cie 5.4 Coe o JLE 2ue . ueTl oy
E|XE — 7¢ 2< 2a—1 | 2a—1 i
osgltlgu X ! _(F(a)u FQ(a)u +(QF(a)jLF?(Oz))(Qa — 1+ o +u)
UE 2M5 u2a71 a
X exp (ZF(a) +F2(a))<2a—1 T —|—u)} ‘

Consequently we can choose 3 €]0, 1[ and L > 0 satisfying for all ¢ € [0, Le?] C
[0, T, we have

sup  E[X7 — Z;|? < Ce77,

0<t<Le—A
where
B B Cl 02 L 2,UJ L2a71€25(17a) La8*a5+6

C — LQO( 1 2,3(1 Oz) | | L
( c T e o T T 2o Y

m 24 L2a—1€—2a6+6+1 LaE—aﬂ—l-l -8

L .
o exp [(QI‘(a) * FQ(a)) 200 — 1 +Le)

Then, for any given number § > 0, we can take ¢ €]0,¢e;], verifying for all
t €0, Le "] C0,T],

sup E|XF— Z7* <6

0<t<Le=#

O
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