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POSTULATIONS IN PROJECTIVE SPACES OF UNIONS OF A
FIXED SCHEMES AND SEVERAL HIGH DEGREE GENERAL
CURVES

E. BALLICO!

ABSTRACT. Fix a subscheme Z C P", r > 5, with dim(Z) < r — 5 and an
integer g > 0. We prove the existence of an integer A (depending only on r,
g and the Hilbert polynomial of Z) with the following property. Fix positive
integers ¢ > 0d; >0,0< g, <g,1<i<c with) .di > A;if g >0, then
assume, say, d; > r+rg;/2. Let X C P" be a general union of ¢ disjoint curves
X1,..., X, with deg(X;) = d; and po(X;) = ¢;- Then Z U X has maximal
rank, i.e. its Hilbert function is the expected one.

1. INTRODUCTION

Let X C P" be a closed subscheme. The projective scheme X is said to have
mazximal rank if for every integer t either h%(Zx(t)) = 0 or h!(Zx(t)) = 0, i.e. if
for every integer t the restriction map H°(Opr(t)) — H°(Ox(t)) is either injective
or surjective. Set 6,(0) := 1 and §,(1) := r + 1. For all integers g > 2 such that
2 <g<r-—3setd(g) =r+][g(r—2)/2]. For all integers g,r such that
g >r—22>2and gr even (resp. gr odd) set ,(g) := 2+ gr/2 (resp. 7/2+gr/2).
For all integers r > 3, g > 0 and d > 29 + 1 let Z(r;d, g) denote the set of all
smooth curves X C P” with degree d and genus g. Fach set Z(r;d, g) is a non-
empty and irreducible open subset of the Hilbert scheme of P". For any integer
s> 11let Z(r;(di,q1),---,(ds,gs)) be the set of all smooth curves Y C P with
s connected components, say Y = Y; U---UY,, with Y; € Z(r;d;, g;) for all .
This observation explains the word “ general ” in the statement of Theorems 1.1
and 1.2 below. Indeed, each c-ple (Yi,...,Y.) must be a general element of the
irreducible algebraic set [[_, Z(r; gi, d;).

Let p € Q[t] be an integer valued polynomial. We say that p is admissible if
it is the Hilbert function of some closed subscheme Z C P" (if Z exists, then
deg(Z) = deg(p)). We only need that each closed scheme Z C P" has a Hilbert
polynomial p and in the statements of Theorems 1.1 and 1.2 we may take the
same A and kg for two closed subscheme of P" with the same Hilbert polynomial.
Moreover A and kg are bounded (in terms of  and g) by the degree of p and the
sums of the absolute values of the coefficients of p.
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Theorem 1.1. Fix integers r > 5, g > 0 and an admissible polynomial p € Q[t]
with deg(p) < r — 5. Fiz a closed subscheme Z C P" with p as its Hilbert
polynomial. Then there exists an integer A (depending only on r, p and g) with
the following property. Fix an integers ¢ > 0 and d;, 9;, 1 < i < ¢, such that
d; > 0,(g:) for all i and Y. d; > A. Then a general union in P" of Z and a
general element of Z(r; (dy,c1), ..., (de, gc)) has mazimal rank.

Take integers ¢ > 0, d;,9;, 1 < i < ¢, such that g; > 0 and d; > §,(g;) for
i. The critical value of (r;(di,q1),-..,(d.,g.)) with respect to the admissible
polynomial p or the critical value of (r;p;(di,g1), ..., (de gc)) is the first integer
k > max{p, 2} such that p(k)+3>,(kidi+1—g;) < ("T*), where p is the Gotzmann

number of p (see [0], [11] or section 2 for more detaﬁs).

Theorem 1.2. Fix integers r > 5, g > 0 and an admissible polynomial p with
deg(p) < r —5. Fiz a closed subscheme Z C P" with p as its Hilbert polynomial.
Then there exists an integer ko (depending only on r, p and g) with the following
property. Fiz an integers ¢ > 0 and d;, g;, 1 <1i < ¢, such that d; > §,(g;) for all
i and (dy,91),--.,(de, ge) has critical value k > ko. Then a general union in P"
of Z and a general element X of Z(r; (dy,¢1), ..., (de, gc)) has mazimal rank, i.e.
h*(Zzux(t)) =0 for allt > k and h°(Zzux(k — 1)) = 0.

In the statement of Theorem 1.2 we always take ky > 2 and kg bigger than the
Gotzmann number of p.
See [1], [2] and [3] for previous attempts to similar asymptotic statements.

2. PRELIMINARIES

Notation 2.1. For all integers d > 0, k > 0 and g > O set [d, k,g] := kd+1—g.
Set [d, k] :== [d, k,0] and [0, k] := 0.

Notice that [a,k] = 0if a =0 and [a,k] = ak + 1 if a > 0.

Fix integers d, g,r with d > max{2¢g + 1,¢g+ r} and any X € Z(r;d, g). Since
d > 2g + 1, we have h'(Ox (1)) = 0. Hence h'(Ox(t)) = 0 for all ¢ > 0. Hence
h%(Ox(k)) = kd +1 — g for all k > 0. We obviously have h°(Ox) = 1. Hence
h%(Ox) = 0-d+1—gif and only if g = 0. Since d > g+r, a general W € Z(r;d, g)
spans P".

For any irreducible and projective variety X and any P € X, let (2P, X)
denote the closed subscheme of X with (Zpx)? as its ideal sheaf. The scheme
(2P, X)) is a zero-dimensional scheme, (2P, X),.q = {P} and deg((2P, X)) =
1+ dim(X). We say that (2P, X) is a 2-point of X.

Fix an admissible polynomial p € Q]t], i.e. the Hilbert polynomial of some
closed subscheme of P". There is a minimal integer = (called the Gotzmann
number of p) such that h'(Zz(x — 4)) for all 4+ > 0 and all schemes Z C P"
with Hilbert polynomial p ([6], [11]); by Castelnuovo-Mumford’s lemma we also
have h'(Zz(t — 1)) for all i > 0 and all ¢ > x. We say that 0 is the Gotzmann
number of the polynomial p = 0. Let p be the Gotzmann number of p. Take any
X € Z(r;(dy,q1),- - -, (de, g.)) and fix an integer ¢ > 0 such that h'(Zx(t)) = 0; if
gi > 0 for some i assume ¢ > 2. Since dim(X) = 1, we have h'(Ox(z)) = 0 for all
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z € Z and all ¢ > 2. Therefore the long cohomology exact sequence associated to
the exact sequence

0= Zx(y) = Op(y) = Ox(y) = 0

gives h'(Zx(y)) = 0 for all ¢ > 3 and all y > —r. Since h'(Ox(t — 1)) = 0,
we also get h*(Zx(t — 1)) = 0. Hence X has at most regularity ¢. Now assume
that t is at least the Gotzmann number p of p and that X N Z = (. We get
h'(Zzux(t+1—1)) =0 for all 4 > 0. In this case we say that the critical value of
(r;p; (di,g1), - -+, (dey g0)) is < t. The critical value of (r;p; (d1, g1), .- ., (de, gc)) 18
the minimal integer & > max{p,2} such that ("7*) > p(k) + 3, (kd; + 1 — g;).
Ifdi+--+d.> (r+1)("7°) (much less is needed), then h°(Ox(e)) > (")
for every X € Z(r;(dy,q1),...,(de, gc)). Hence h'(Zx(e)) > 0 for every X €
Z(r;(di,91),---,(de, gc)). Hence in the set-up of Theorems 1.1 and 1.2 with this
additional restriction dy + - -+ +d. > (r+1)("7°) and with ZN X = () the critical
value is the minimal integer & > 0 such that h°(Oxyz(k)) < h%(Op-(k)).

Let Z'(r;d, g) (resp. Z'(r;(d1,91),---,(ds, gs))) denote the closure of Z(r;d, g)
(resp. Z(r;(dy,q1),-..,(ds,gs))) in the Hilbert scheme of P". Since the alge-
braic set Z(r;(dy, 1) ..., (ds, gs)) is irreducible, we get that the algebraic set
Z'(r;(d1,g1) - -, (ds, gs)) is irreducible. If g; = 0 for all 4, then we often write
Z(rydy,...,ds) (resp. Z'(r;dy,...,d.)) instead of Z(r;(dy,0),...,(ds,0)) (resp.
Z'(r; (dy, g1), - -, (ds, g5))). We use the short-hand Z(r;ds, ..., ds) even if d; =0
for some i, taking Y; = (), i.e. we set Z(r;0,0) := {0}.

Remark 2.2. Fix X € Z(r;d,c). Let E C P" be a smooth rational curve such
that the curve X U FE is nodal and connected and = := (X N E) < 2. Set
e := deg(E). The curve X U E has arithmetic genus g + = — 1 and degree
d + e. Since X U FE is nodal, its normal sheaf is locally free. We claim that
XUE € Z'(r;d+ e,g + e —1). This statement is almost contained in both
[9] and [13] (both papers handle more general and difficult cases); it can be
proved first degenerating E to a connected union E’ of e lines with E' U X
nodal and then applying to X U E’ either [13, Theorem 5.2] or [9, Theorem 4.1,
Remark 4.1.2 and Corollary 4.2]. A Mayer-Vietoris exact sequence shows that
h'(Oxug(1)) = 0. Hence for any Y € Z(r;d +e,g + e — 1) and any integer ¢ > 0
we have h°(Oxup(t)) =td+1— (g +x —1) = h°(Oy(t)). Let Z C P" be any
closed subscheme with dim(Z) < r—2and ZN(XUFE) = 0. Fixt € N. By
the semicontinuity theorem for cohomology ([7, Theorem II1.12.8]) to prove that
either W' (Zzuy (t)) = 0 or h%(Zzuy (t)) = 0 for a general Y € Z(r;d+e,g+x—1)
it is sufficient to prove that either M (Zz xur(t)) = 0 or h°(Zzuxue(t)) = 0.

For each smooth curve X C P" let Nx denote its normal bundle.

Lemma 2.3. Fiz integersr >4, g >0 and D > 6,(g). Let X CP" be a general
smooth curve of degree D and genus g. Then h*(Nx(—1)) = 0.

Proof. Since X is smooth, No(—1) is a quotient of TP"(—1)|X. Call F the kernel
of the surjection TP"(—1)|X — Nx(—1). Since dim(X) = 1, we have h?(F) = 0.
Hence h!'(Nx(—1)) < hY(TP(-1)|X).
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If g = 0, then h'(TP(—1)|X) = 0, because TP(—1)|X is a quotient of O%" by
the Euler’s sequence of TTP".

Now assume g = 1. We claim that h'(TP(—1)|X) = 0 by the Atiyah’s classi-
fication of vector bundles on X. Indeed, by the universal property of the Grass-
mannian we may take as TIP"(—1)| X any spanned rank r vector bundle £ on C
with deg(F) = deg(C); for an elliptic curve X we take F with no trivial factor
and hence h'(TP(—1)|X) = 0.

Now assume g > 2. By the semicontinuity theorem it is sufficient to prove
the existence of a smooth curve X C P" of genus ¢g and degree D such that
h'(Nx(—1)) = 0.

First assume g > r — 2 and gr even. Set ¢t := g(r —2)/2+ 1, x := 14 (2t —
2)/(r—2)=g+1and d:= D —t. Since D > 6,(g), we have d > x. Apply [7,
Lemma 3] with n :=r, z := g, d := D —t, g := 0, the integers z, t and z just
defined, starting with a general rational curve of degree D — t; our assumption
onggivesD—t>g+22>r.

Now assume g > r—2 and gr odd. Set t := 14 [g(r—2)/2] =3/2+g(r—2)/2.
We have (2t —2)/(r —2) = [1 +g(r —2)]/(r —2) < g+ 1. Apply [5, Lemme
3] with n := r, z := g, g := 0, the integers x, ¢t and z just defined, starting
with a general rational curve of degree d := D — t; our assumption on g gives
D—t>1+2t-2)/(r—2)>g+2>r.

Now assume 2 < g < r — 3. In this case in [5, Lemme 3] we take d :=r, g := 0,
t:=Tlg(r—2)/2],z:=14 (2t —2)/(r — 2), and z := g + 1. We need to check
that r > 14 (2t — 2)/(r — 2), i.e. that (r — 2)(r — 1) > 2¢t — 2. This inequality
is satisfied, because t < g(r —2)/2 4+ 1/2 < (r — 3)(r — 2)/2 + 1/2 and hence
2t —2 < (r—3)(r —2). OJ

Remark 2.4. Fix integersr > 3,9 > 0,d > g+rand x > 0. Fixany C' € Z(r;d, g)
and any S C C such that §(S) = z. To prove that for a general B C P there is
X € Z(r;d, g) with B C X and that the set of all such curves X has the expected
dimension dim(Z(r;d, g)) — z(r — 1) it is sufficient to prove that h'(Ng(—S)) =0
(use the proof of [12, Theorem 1.5] or [5]). Moreover the set of all such curves C
has pure dimension h°(N¢(—S9)) = (r+1)d+ (r — 3)(1 — g) — x(r — 1). Since C
is smooth, N¢ is a quotient of TP"|C' and hence it is a quotient of Qg (1)®+1
by the Euler’s sequence of TP". Hence h'(Ng(—S)) = 0 if h'(Oc(1)(=S)) = 0.
This is true if d —x > 2g — 1. In particular if ¢ = 0, then it is sufficient to assume
d > x4+ 1. In the case ¢ = 1 we may use Atiyah’s classification of vector bundles
on elliptic curves and conclude (since Ng(—1) is spanned and with no trivial
factor if x < d. In the case ¢ = 1 we may do a proof which works for all d > z
in the following way. We first reduce to the case x = d = r. Then we use that
any two (r + 2)-ples of points of P in linearly general position are projectively
equivalent and that any r + 2 general points of an integral and non-degenerate
curve C' C P" are linearly independent. Fix a general S C H such that £(S5) = d.
To prove the existence of X € Z(r;d,g) such that X N H = S it is sufficient
to prove the existence of C' € Z(r;d,g) with h'(Ng(—1)) = 0. If it exists, we
also know that A N H is a general subset of H with cardinality d for a general
Ae Z(r;d,qg).
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The first part of Remark 2.4 and an obvious dimensional count give the follow-
ing two lemmas.

Lemma 2.5. Fiz integers n > 3 and x > 0. Fix any closed subscheme T C P
such that dim(T") < n—2. Let S C P™ be a general subset with §(S) < x+1. Then
there exists a smooth, connected and rational curve C' C P" such that S C C,

deg(C) =z and CNT = (.

Lemma 2.6. Let Z C P, n > 3, be a closed subscheme with dim(Z) < n — 2.
Fiz integersy >0, 2, >0, 2, > 2, 1 <1<y, [ >0, 21+ +z, > 201+ -+
and a general set SUS U--- S, C P such that §(S;) = z;+1, §(S) = f, SNS; =0
for all i and S;NS; =0 for all i # j. Then there are smooth rational curves Cj,
1 <i <y, such that deg(C;) = z;, S; C C;, C;NZ =0 for all i, C; # C; for all
i#j, CrU---UCy is nodal, and S = Sing(Cy U --- U C,).

Lemma 2.7. Fix integer r > 3 and an integer valued polynomial p such that
deg(p) < r—2 and with positive leading coefficient. Fix an integer x > 0 such that
p(y) < p(y+1) for ally > x—1 and p(z) < ("I7) (v exists, because deg(p) < r and
the leading coefficient of p is > 0). Then there is an positive integer a > (TJT“’“") /x
with the following property. Fiz integers ¢ > 0 and d; > 0 such that Y ;_, d; > a.
Let k be the minimal integer > x such that p(k) + 35, [di, k] < ("T%) (it exists,
because deg(p) < r). Then p(y) + >_i_i[di,y] < ("1¥) for all y > k and the
function y — ("T¥) = p(y) + >i_1[de, y] is non-decreasing.

Proof. Since a > ("%)/x and p(z) > 0, we have p(z) + > ;_;[d., 2] > ("7F) and
hence k > x. It is sufficient to prove the last property. Call ¥(y) this function
and fix y > k. We have ¢(y) = (y—1) = ("T*7") =p(y) +p(y—1) = (di +- - - +d,).
Since p(k) + >°_,[di, k] < ("), we have dy + -+ +d. < (("T*) — p(k))/k. Since
deg(p) < r —2, we have 1 + -+ + x, ~ (rjk)/k ~ P2 el ko> ko (r,p) (with
ko(r,p) depending only on r and p) for all positive integers z,zy,...,z, with
critical value k and hence dy + -+ -d, ~ k"2 /r! < (Tﬁzl) Use that deg(p) <
r—2. Il
The integer k is often called the critical value of dy, . .., d. with respect to r and
the polynomial p (in the case p = 0 used in [1] it was called the crucial value).

Lemma 2.8. Fixr, p and g for which Theorem 1.2 is true for all integers k > k.
Set A := (rtko). Then Theorem 1.1 is true for r, p and g with this integer A.

Proof. Fix integers ¢ > 0, d;,¢;, 1 < i < ¢, such that d; > 9,(g;) for all 7. It is
sufficient to note that (r;¢; (d1,91), ..., (d., g.)) has critical value > ko even with
respect to the polynomial ¢(t) = 0 and that ¢(k) > 0 if k is at least the Gotzmann
number of q. O

Remark 2.9. By Lemma 2.8 to prove Theorem 1.1 it is sufficient to prove Theorem
1.2.

3. TREES AND THE CASE g = (0 OF THEOREM 1.2

A degree = tree T of P", r > 3, is a connected and nodal curve T' C P" such
that deg(T') = z, p,(X) = 0 and every irreducible component of T has degree
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one. We call §) a tree of degree zero. Let W (r;dy,...,d.) denotes the set of all
curves Y C P" with ¢ connected components, say ¥ = Y; U --- U Y, with each
Y; a tree of degree d;. If x > 4 the algebraic set W (r;x) is not irreducible (it is
equidimensional and its connected components are irreducible). For any integer
valued admissible polynomial p we define the following 5 assertions:

Assertion T'(r,p, k). Fix an integer r > 4 and the admissible polynomial
p € Q[t] with p = 0if r = 4 and deg(p) < r — 5 if » > 5. Fix integers ¢ > 0,
a; > 0 such that p(k) + 3¢, [a;, k] < ("7*) and any Z C P with p as its Hilbert
polynomial. Then there exists Y € W (r;ay,...,a.) such that ZNY = () and
W (Zzuy (k) = 0.

Assertion T'(r,p, k) Fix an integer » > 4 and the admissible polynomial
p € Q[t] with p = 0 if r = 4 and deg(p) < r — 5 if r > 5. Fix integers ¢ > 0
and a; > 0, 1 < ¢, and p(k) + >_;_, [a;, k] > (ijk). Fix any Z C P" with p as its
Hilbert polynomial. Then there exists Y € W(r;ay,...,a.) such that ZNY = ()
and hO(IZUy(k>> =0.

Assertion T(r,p, k)s. Fix an integer r > 4 and the admissible polynomial
p € Q[t] with p = 0 if r = 4 and deg(p) < r — 5 if r > 5. Fix integers ¢ > s,
a; > 0,1 <i<e¢, such that a; = 1 for all i < s and p(k) + > ;_; [a;, k] < (ijk)
Fix any Z C P" with p as its admissible polynomial. Then there exists ¥ &
W(r;ay,...,a.) such that ZNY =0 and h'(Zzuy(k)) = 0.

Assertion T'(r,p, k)s. Fix integers r > 4, s > 0, and the admissible poly-
nomial p € Q[t] with p = 0 if r = 4 and deg(p) < r —5if r > 5. Fix in-
tegers ¢ > s, and a; > 0, 1 < 7 < ¢, such that a; = 1 for all + < s and
p(k) + >0 ai, k] > (Ttk) Fix any Z C P" with p as its admissible polynomial.
Then there exists Y € W(r;ay,...,a.) such that ZNY = () and h°(Zz y (k)) = 0.

Assertion H(z,N), N > 4, x > 1. Take any positive integers ¢ and d;,
1 <i<e¢, suchthat Y5 2(d; + 1) < (V7). Then there is Y € W(rdy,...,d,)
such that h'(Zy (z)) = 0.

In [, page 588] there is a similar assertion with the same name; it gives a
stronger thesis, but it make a mild restriction on the integers ¢ and d;, 1 <17 < ¢,
i.e. in [1] the authors required that z is the critical value of di, ..., d., i.e. that

Sz —=1)(di+1) > (N+]$_1). Take di,...,d. and assume that it has critical
value y < z, i.e. that y is the first positive integer y such that Y7  y(d; +1) <
(N;y). By [/] thereis Y € W (r;d,...,d.) such that h'(Zy(y)) = 0. Castelnuovo-
Mumford’s lemma gives h'(Zy(x)) = 0. Hence [4] proves H(z, N) in the form we

stated here for all N > 4 and all x > 1.

Remark 3.1. Since p =0 if r =4, T'(4,p, k) is true by H(k,4). Hence T(4,p, k)
is true for any s > 0.

Remark 3.2. Fix a projective scheme Z C P, an integer £ > 0 and a disjoint
union A C P" of ¢ trees. Assume AN Z = ().

(i) Let B C A be any subcurve. We have BN Z. B is a disjoint union of
finitely many trees. If h%(Zz,p(k)) = 0, then obviously h%(Zz,a(k)) = 0.
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(i) Assume h'(Zzua(k)) = 0, i.e. assume that the restriction map p :
H°(Opr(k)) — H°(Ozua(k)) is surjective. Take a line L C A which is a fi-
nal line of a connected component of A and let B be the closure of A\ L. If
L is a connected component of A, then h°(O4(k)) = h°(Op(k)) + k+ 1. If L
is not a connected component of A, then B is a disjoint union of ¢ trees and
h%(Op(k)) + k (use a Mayer-Vietoris exact sequence). In both cases the restric-
tion map p' : H°(Ozua(k)) — H°(Ozup(k)) is surjective (use a Mayer-Vietoris
exact sequence). Since p o p is surjective, we get h*(Zz,p(k)) = 0.

(iii) Fix B € Z(r;d,q) and a line L C P" such that 1 < (L N B) < 2 and
L meets quasi-transversally B. We have BU L € Z'(r;d+ 1,9 +4(L N B) — 1)
(19], [13]). Fix an integer k > 0 and a scheme Z C PP" such that ZN (BUL) = 0.
A Mayer-Vietoris exact sequence gives that the restriction map H°(Opyr(k)) —
H°(Op(k)) is surjective. Hence if A (Zz,pur(k)) = 0, then h'(Zzup(k)) = 0
Obviously if hO(IZUB(k)) = O, then hO(IZUBuL(k)) =0.

For all integer-valued polynomials p and all positive integers r, k define the
integers a,, 5 and b, ,; by the following relations:

Tk
(k) + (k + D)arpp — brps = (7" . > 0< by < k (3.1)

For each integer k > n set a; ;= a;px if bypr = 0 and a ;== a,p, — 1 if
brpw > 0. Set ., = ("T*) = p(k) — (k + 1)al,,. We have 0 <V, < k. If
brpx =0, then b, =0. If b >0, then b, =k +1— b, .

Assertion H,,;: We have a,pj > 2b,p0 5 and h'(Zzuy (k) =0, i = 0,1,
where Y C P" be a general union of a,,; — 2b,,  lines and b, , ;, reducible conics
whose singular point is contained in H.

We recall the following lemma (Assertion B; and Claim 1 of [2, page 15]) (we
only need the case deg(p(t)) < r —5).

Lemma 3.3. Fiz an integer r > 4 and a closed subscheme Z C P" such that
dim(Z) < r — 3. Then there is an integer n(r,p) (only depending on r and the
Hilbert polynomial p) of such that H, . is true for all k > n(r,p).

Increasing if necessary 7(r,p) we may also assume that n(r,p) —r — 2 is at
least the Gotzmann number of p and that a,,; — a,,¢—1 > 2t for all t > n(r, p)
(here we use that r» > 4 and the asymptotic estimates in the proof of Lemma
2.7). Hence hi(Oz(t —r)) = 0 for all t > n(r,p) — 2. We also assume that 7(r, p)
is so large that the asymptotic bounds works for the proof of Lemma 3.5 below
(Claims 1 and 2).

Take v := @y pyrp)+5- Fix integers ¢ > 0 and d; > 0, 1 < 4 < ¢, such that
d; = 1 for at least y indices i. Let k be the minimal integer k£ > n(r, p) such that

p(k) + i (dik + 1) < (7).
Lemma 3.4. We have k > n(r,p)+5 and p(k—1)+> "¢ (di(k—1)+1) > ("),
)

Proof. Since a,p — Gy py—1 > 2t for all t > n(r,p) and Y ;_,(dik+1) > y(k+ 1),
we get k > n(r,p) + 5. The second assertion follows from the inequality k& >
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n(r,p) and the definition of k as the minimal integer > n(r,p) with a certain
property. 0

In this section we prove that for each r > 5 and any admissible polynomial p
with deg(p(t)) < r — 5 there in integer ¥ (depending only on r and p such that
T(r,p, k) and T'(r, p, k) are true for all k& > 1 (see Corollary 3.8).

Standing Assumption: We fix an integer » > 5 and an admissible polyno-
mial p with deg(p(t)) < r—>5. We assume the existence of an integer x (depending
only on r — 1 and p; and hence only on r and p) such that T'(r — 1,p;, k) is true
for all £ > u. Since p; = 0 if r = 5, we are allowed to make this inductive proof
starting with the case r = 4 (Remark 3.1).

Lemma 3.5. Assertion T'(r,p, k), is true for all k.

Proof. Let Z C P" be a closed subscheme with p as its Hilbert polynomial. Fix
integers ¢ > v and d; > 0, 1 < i < ¢, such that d; = 1 for at least v indices ¢
and p(k) + 3 ,[di, k] < ("I*). We need to find Y € W(r;dy,...,d.) such that
YNZ =0 and h'(Zzuy(k)) = 0. We use induction on k, the case k < n + 4
being true, because no such ¢, dy, . .., d. exists in this case by the definition of the
integer v (Lemma 3.4). Now assume k > 1 + 5 and that the lemma is true for
all data with critical value < k — 1. Since this datum has critical value > k — 1,
we have p(k — 1)+ Y_.[di, k — 1] > ("**71). Since v > a,,44, there are integers
a; such that a; = 1 forall7 < v, 0 < a; < d; forall 2, and 0 < f < k — 1,
where [ := (Hffl) — > ila;,k —1]. By the inductive assumption there is
W e W(r;ay,...,a.) with h'(Zzuw(k — 1)) = 0 and hence h°(Zzow (k) = f.
Deforming if necessary W we may assume that W N H is a general subset of H
with cardinality deg(W).

Claim 1: We have dy +---+d. > ay + -+ -+ a. + 2f.

Proof of Claim 1: Assume d; + ---+d. < ay+---+a.+2f —1. Let x
be the number of integers ¢« with a; > 0. Since d; > 0 for all 7, we may assume
a; # 0 if and only if i < z. Since p(k — 1) + >0 [ai, k — 1] = (") - f,
pk) +c+k(di+-+dp) > (") —kand f <k —1, we getp(k)—p(k— 1) +
(c—2)+ (a1 + - +a) +k(2k — 1) > ("5 Since a; + -+ +a, < (") /k,
for large k we get a contradiction.

Claim 2: We have 3(a; +---+ac)/2 > di + -+ + d..

Proof of Claim 2: Indeed, recall that deg( ) S r — b; we only need here that
deg(p) <r—3. Since p(k— 1)+ (k—1)(a1 + -+ a.) > (T+k ") —k+1, we have
(ar+---Fa) > ("5 —p(k = 1) /k, p(k—1) < k2 for k > 0, p(k) > 0, and
di+---+d. <((T+k)—c—p(k:))/k:.

By Claim 2 we may also assume that if d; > 2, then a; > d;/2. Let Wy, ..., W,
be the connected components of W with deg(W;) = a;. Fix a general S C H
such that §(S) = f. For all ¢ with (d;,a;) # (1,0) fix S; € W; N H such that
#(S;) = d; — a;. For all ¢ with (d;, a;) = (1,0) set S; = 0.

Let £ C H be a general union of dy + -+ +ds —a; — -+ — as — 2f lines and
f reducible conics, with the only restriction that S = Sing(Y), EN (W NH) =
S1U---US, and that each irreducible component of E contains at most one point
of WNH (if a; > 0 for all i we get that each irreducible component of H contains

k
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exactly one point of WNH). For each P € Sing(F) take any 3-dimensional linear
space Vp C P" such that Vp N H is the plane containing the reducible conic of
E containing P. Set vp := {2P,Vp} and X := Upcging(y)vp. The scheme E' U x
is a flat limit of a family of 2f disjoint lines of P" containing Sing(E) ([%], [10]).
We may deform E U x to a family of disjoint lines keeping fixed the points of
ENn(WnH). Hence WU EUx € W/(r;dy,...,d.). The set S = Sing(F) is
formed by f general points of H. Since Resg(ZUY UEUy)=2ZUY US, we
have h'(Zges;, (zuvueuy) (k—1)) = 0,7 = 0,1. By the definition of the integer f we
have h’(H, Ozomuymue(k)) = (7771) = ((77F) —p(k) = ,di, k) < (7277).
By the inductive assumption on r we may assume h'(H,Z znmue(k)) = 0. Since
the set YN H \ (Y NH)UE is general in H we get h'(H, Z znmunmue(k)) = 0.
Hence the Castelnuovo’s inequality gives h'(Zzowumuy (k) = 0. O

Minimal modifications of the proof of Lemma 3.5 gives the following result.
Lemma 3.6. Assertion T'(r,p, k), is true for all k.

Lemma 3.7. There are integers n;, 0 < i <+, (depending only on r and p) such
that T'(r,p, k)y—i and T'(r,p, k)—; are true for all k > ;.

Proof. Set ng := n+ 5. It works for the case « = 0 by Lemmas 3.5 and 3.6. For
each integer i such that 1 < ¢ < ~ we want to define an integer 7; such that
T(r,p,k)y—; and T'(r,p, k — 1),_; are true for all integers k > ;. We always take
1; < nivq if © < y. Hence n; > n for all 7. By the definition of the integer n for all
k > n;—2 we may use the inductive assumption in P"~! for the Hilbert polynomial
p1(t) and hence for the scheme Z N H. We fix i € {1,...,7} and we assume that
we have proved the existence of n;_;. We work with integers £ > n;,_; + 2 and
hence implicitly we impose that the integer n; satisfies n; > n;,_1 + 2. We work
in the set-up of T'(r,p,k),—1, the other case being similar (for 7"(r, p, k),—; we
reduce to the case (") < p(k) + 3,[di, k] < ("T*) + k). Fix integers ¢ > 0 and
d; > 0,1 <1 < ¢, with critical value k& > n,_1 + 2 and such that d; = 1 for at
least v — ¢ indices. If d; = 1 for at least v — ¢ + 1 indices, then the definition of
n;_1 gives the existence of A, B € W(r;dy,...,d.) such that ANZ =BNZ =10,
h*(Z4(k)) = 0 and h°(Zg(k—1)) = 0. Hence to check if T'(r, p, k) and T"(r, p, k—1)
are satisfied by the datum d, ..., d., we may assume that d; = 1 for exactly v—1
indices, say d; = 1 if and only if 1 < ¢ < ~ — 4, and that d. is the largest
d;’s. By part (ii) of Remark 3.2 iterated several times we may assume that
p(k) +3,di k) < (") =k + 1.

(a) In this step we assume d. > 3. Write d; := d; for i < ¢, d, = d; — 2 and
dc+1=1. Wehave Y [d;, k] = 3¢ [d}, k]-+k—1 and hence p(k )—i—ZcH[d’ k] >
(Tjk) — 2k + 1. As in the proof of Lemma 3.5 we see the existence of integers
a;, 1 <i<c+1,such that a; = 1 if either i <y —dori=c+1,0<aq; <d,
for all i and 0 < f < k — 1, where f := (") —p(k — 1) — 3, a;, k — 1]. We
may also assume that Claims 1 and 2 of the proof of Lemma 3.5 are true for
our aj,...,aer1. Since k —1 > n;_1 and a; = 1 for v — 7 + 1 indices, we get
h*(Zzuy(k— 1)) =0 for a general Y € W(r;ay,...,a..1). We continue as in the
proof of Lemma 3.5.
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(b) In this step we assume d. = 2 and hence d; = 2 for all i > y—i. Setd] =1
foralli < y—i+1andd! =2foralli >~y—i. Wehave ) . [d;, k] =>,[d], k|+k—1
and hence p(k) + 3 ;[d}, k — 1] > ("™*7") — 2k. We use the proof of Lemma 3.5
with d instead of d;. O

Set 1 :=n,. Lemma 3.7 gives the following result.

Corollary 3.8. There is an integer v (depending only on r and p) such that
T(r,p, k) and T'(r,p, k) are true for all k > 1.

Proof of Theorem 1.2 when g = 0: Set kg := ¢ + 1, where 9 is the integer ap-
pearing in Corollary 3.8. Fix Z C P" with p as its Hilbert polynomial and and
fixc>0and d; > 0,1 <1 < ¢, and with critical value k > ky with respect to p.
Since Z(r;dy,...,d.) is irreducible, by the semicontinuity theorem it is sufficient
to find A, B € Z(r;dy,...,d.) such that ANZ = BNZ =0, h"(Zyp(k)) =0
and h°(Zzua(k — 1)) = 0. Since T(r,p, k) is true, there is W € W (r;dy,...,d,)
such that ZNW = @ and h'(Zzuw(k)) = 0. By the semicontinuity theorem
we have h'(Zz,p(k)) = 0 for a general B € Z(r;dy,...,d.). Since k — 1 > 1,
T'(r,p,k—1) is true. Hence here is E € W (r;dy,...,d,) such that ZNE = ) and
h*(Zz,r(k)) = 0. By the semicontinuity theorem we have h%(Zz,4(k — 1)) = 0
for a general A € Z(r;dy,...,d.). O

In the next section we will also use the case n = r — 1 and ¢ = p; of the next
lemma.

Lemma 3.9. Fix an integer n > 4 and an admissible polynomial q with deg(q) <
n—>5 (casen > 5) and ¢ = 0 (case n = 4). Then there exists an integer ko
(depending only on r and q) with the following property. Fix integers k > ko,
c>0,d;>0,1<i<candf such that 0 < f <k +1 and q(k) + >_,[d;, k] +
f(2k+1) < (Tik) Let W C P™ be a closed scheme with q as its Hilbert polynomial.
Take a general E € Z(n;dy,...,d.) and a general union G C P™ of f reducible
conics. Then W N (EUF) =0 and h(Zwpur(k)) = 0.

Proof. There is an integer ko such that T'(n,q, k) for all k& > ky. Recall that
W(n;dy,...,d.) C Z'(n;dy,...,d.). Forany k > kg thereis E' € W(n;ds,...,d.)
and a union G C P" of f reducible conics such that E'NG = (), G has f connected
components, WN(E'UG)) = 0, and h' (Zwyugur(k)) = 0. Use the semicontinuity
theorem for cohomology. O

4. PROOF OF THEOREM 1.2 FOR g > 0

In this section we conclude the proof of Theorem 1.2 (and hence of Theorem
1.1 by Remark 2.9) proving the case g > 0 of Theorem 1.2.

Let k{ be an integer such that the case ¢ = 0 of Theorem 1.2 is true for
all k > kpy, T'(r — 1,py, k) is true for all k& > k{, T'(r — 1,p1, k) is true for all
k > kjj — 1 and the case n = r — 1 and ¢ = p; holds for all £ > k. We also
assume that the asymptotic numerical inequalities used in the proofs of Claim
1 and 2 of Lemma 3.5 are satisfied. With these restrictions we claim that we
may take kg = kj + 2. Fix an integer k& > k{ + 1 and fix ¢,d;,g;, 1 < i < ¢,
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with critical value k with respect to p and ¢g; < ¢ for all 7. Let Z C P" be
a closed subscheme with p as its Hilbert polynomial. Fix a general hyperplane
H c P". Since Z(r;(d1,q1),---,(de, ge)) is irreducible, it is sufficient to find
A, Be€ Z(r;(di,g1),---,(de,ge)) such that ANZ =BNZ =0, W"(Zyup(k)) =0
and h°(Zzua(k — 1)) = 0.

(a) Since (r;p; (d1, 1), - -, (de, gc))) has critical value k, we have p(k — 1) +
Yoldik—1,g] > (Tﬂf_l). Set a := (”':T) — > .ldi, k, g;]. Adding several disjoint
lines, i.e. adding data (d;, g;) = (1,0) we reduce to the case 0 < a < k (part (ii)
of Remark 3.2). Set e¢; :=01if g; := 0 and ¢; = ¢g; + 1 if g; > 0. Set ¢; := 0 if
gi=0and ¢ :=1if g; > 0.

Claim 1: We have p(k — 1) + 3¢ [es, k — 1,0] < ("7 — k.

Proof of Claim 1: If g; = 0, then [e;,k — 1,0] = 0 and hence 2[e;, k —
1,0] < [d;, k,0]. Now assume g; > 0. Since d; > 0,(g;) and r > 5, we have
[di, K, g:) > [6:-(9:), K, 9] > 2[es, k,0]. Use the asymptotic estimates in the proof
of Claim 2 in the proof of Lemma 3.5.

Claim 2: We have p(k — 1) + 3¢ [d; — gi — €1,k — 1,0] > ("7571) + 4k

Proof of Claim 2: Since a < k and deg(p) < r — 2, we have ) [d;, k —
Lgl ~ ("M (k —1)/k. Ifz > ¢q >0, then [v —q — 1,k — 1,0] = [2,k —
l,q] — (¢k + k — 1 — 2q). Now assume = > §,(q). We want to check that in
all cases we have [t —q¢— 1,k —1,0] > (r — 4)[z,k — 1,0]/r. It is sufficient to
check the last inequality when x = §,(¢). In this case it is sufficient to check
that (¢gk + k — 1 —2¢) < 4(0,(¢)(k — 1) + 1 — q)/r. First assume ¢ = 1. We
have 6,(1) = r + 1; since r(2k — 3) < 4(r + 1)(k — 1), we are done in this case.
Now assume 2 < ¢ < r — 3 and hence 0,(q) = r + [q(r — 2)/2]. We have
r(gk +k —1—2q) <2[(q(r —2)+2r)(k—1) + 2 — 2¢g]. Now assume q > r — 2.
Since d,(q) > 2+ qr/2, in this case it is sufficient to use that r(¢k +k —1—2¢q) <
2((2¢ + 4+ q(r —2))(k — 1) + 2 — 2¢]. Since ("7*) = (") (r + k)/r and
(r+k)/r>rk/(k—1)(r —4), we get Claim 2.

By Claims 1 and 2 there are integers a; such that e; < a; < d; — g; — ¢; and
0 < f <k, where f := (Hf*l) —plk—1)=>"[di — gi,k —1,0) —a. Let Y :=
YiU---UY, be a general element of Z(r; ay,. .., a.). In particular ZNY = (). Since
k —1 >k, the case g = 0 of Theorem 1.2 gives h'(Zz y(k — 1)) = 0 and hence
hY(Zzoy (k—1)) = f+a. Hence h'(Zz yus(k—1)) = 0 and h°(Zzuyus(k—1)) = «
for a general S C H such that §(S) = f. If q; > 0 fix any S; C Y N H with
#(S;) = g; + 1. If a; = 0 (and hence g; = 0) set S; = (.

Claim 3: We have Y _.(d; —a;) > 2f + g1+ - -+ g.+e, where e is the number
of indices ¢ with a; # d;.

Proof of Claim 3: Notice that e = ). ¢;. Since a; < d; — g; — €;, we have
d; — a; > g; + ¢ for all i. We have 2f < 2k and hence 2fk < 2k?. Claim 2 gives
that Y°.[ai, k — 1,00 < 3°.[di — gi — e, k — 1,0] + 4k2. Since f = (""*7") — p(k —

r

1) - Zz[dz - Gi, k— 170] —aand a = (T—:k) _p(k) - Zz[dla k7gi]7 we have

pl(k)+2([di—ai7k]_f_zgi: (rifil) (4.1)
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We apply T'(r — 1,p1, k) in H with the data ¢ := > ,(d; — a;) — f, dj = 2
for exactly f indices j and with d; = 1 for the other ) .(d; — a;) — 2f indices
i. Since Y ;a; ~ k"71/rl, 3. g; + € has at most order k"7'/r - r! (we use the
inequality d; > 6,(g;)) and f < k, there are integers z; > 0, 1 < i < ¢, such
that > . x; = 2f and a; < g; + ¢, + x;. By (4.1) and the inequality >, g; > 0 we
get the existence of £ € W(r;2,---,1) with ENZ = () and h'(Zzp(k)) = 0.
By the semicontinuity theorem for cohomology there is F' = F} Ll --- U F,, with
F; € Z(r—1;d; —a; —x;,0) if i < ¢ (hence F; = ) if a; = d; and hence g; = 0) and
F; a reducible conic if c+ 1 < < ¢+ f; alternatively, quote Lemma 3.9. If 1 < ¢
and F; # (), then we may find F; with the additional condition that it contains a
fixed subset S; C H with #(5;) = ¢; + 1, because deg(F;) = d; — a; > g; + 1 (even
if g; = 0, by the assumption a; < d;) (Lemmas 2.5 and 2.6; another proof may be
given using trees and then smoothing them). Fix a general SUS"US” C H such
that £(S) = #(5") = #(5”) and SNS" = SNS" = S'NS" = (). We may find F with
the additional condition that S = Sing(F') and for any reducible conic F; C F' one
of the lines of F; contains a point of S’, while the other line of F; contains a point
of S” (remember that we also have F; N F; = () for all i # j and hence that each
point of S"US” is contained in F'). Even with these additional conditions we may
find F with F N (ZNH) =0 and h'(H,Zznmur(k)) = 0. By Claim 3 we have
(D2 B(S)+H(S)+8(S") = g1+ - +gete < 3 i(di—a;). IfY; # 0, then a; > g;+1.
Since Y N H is general in H, we may take as S; a subset of Y; N H (as announced
before Claim 3). For each P € S let Vp C P" be any 3-dimensional linear
subspace such that H N Vp is the plane spanned by the connected component
of F containing P. Set x := Upes{2P, Vp}. For each i = 1,...,¢ we have
YiUF, € Z'(r;d; — x;,9;). Taking §((S"US”") N (Y; N H)) = x; for all i (this is
possible, because ), a; > g1+ - -+e by Claim 3 and 2(} . a;) > d; (Claim 2 in the
proof of Lemma 3.5), we get YUF Ux € Z'(r;(d1,91), - .-, (dc, gc)). Hence by the
Castelnuovo’s sequence it is sufficient to prove that h'(H, T zuvynmyur(k)) = 0.
Since Y N H is general in H and h°(Ozuy)nmur(k)) = (rﬁzl) by (4.1), it is
sufficient to prove that h'(H,Zznmur(k)) = 0. If r = 5, then we may H(k,4),
because Z N H = (). If r > 6 we use Proposition 3.9 with n =r — 1 and ¢ = p;.

(b) Now we prove the existence of A. Set 8 = p(k—1)+>_,[di, k—1, g;]— ("T%).
By the definition of critical value we have 5 > 0. Decreasing if necessary ¢ and d;
(use Remark 2.2) we may assume that either 3 <k —1 or g; > 0 and d; = 6,(g;)
for all 4. Since LU A € Z'(r;d;, g;) for any A € Z'(r;d; — 1,9; — 1) and any
secant line L of A, even in the latter case we reduce to the case § < k — 2
(part (iii) of Remark 3.2). Hence we may assume 1 < § < k — 1. We copy the
proof of step (a) using k — 2 instead of k£ and k& — 1 instead of k (e.g. we use
[d; — gi — €,k — 2,0] instead of [d; — g; — €;, k — 1,0]) and h° instead of h' in the
Castelnuovo’s inequalities. Even in this step we use that h*(H, Ziznmur(k—1)) =
0 and hence h°(H, Zznmur(k—1)) = (T = pi(k— 1) = B°(Op(k—1)). To get

r—1
hO(H, Zizuyynmur(k — 1)) = 0 we use that Y N H is general in H and that [

A concluding remark 1. The key part of the proof is the case ¢ = 0 and we
emphasize that even for smooth rational curves our proof heavily use reducible
curves (trees). We may also use Theorem 1.2 to prove the case g > 0 of Lemma
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1.2. Our proof of the case g > 0 only use the case ¢ = 0 and some asymptotic
inequalities which depends on the shape of the integers §,(q). If g > 2 we could
use induction on g making minimal modifications.
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