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ON THE FINE SPECTRUM OF GENERALIZED THIRD
ORDER DIFFERENCE OPERATOR A,,, ON THE BANACH
SPACE ¢

ADIYASUREN VANDANJAV!* AND BATZORIG UNDRAKH?

ABSTRACT. In this paper we examine the fine spectrum of A, operator in
Banach space c¢g.

1. INTRODUCTION AND PRELIMINARIES

By w, we shall denote the space of all real or complex valued sequences. Any
vector subspace of w is called a sequence space. Let A and u be two sequence
spaces and A = (a,;) be an infinite matrix of real or complex numbers a,,;. Then,
we say that A defines a matrix mapping from A into u, and we denote it by
A X — pif for every sequence x = (xy) € A, the sequence Ax = {(Az),}, the
A-transform of z, is in u, where

(Az), = Zankxk (1.1)

Let X be a Banach space and 7" : X — X be a bounded linear operator. By
R(T), we denote the range of T, i.e.,

RT)={ye X:y=Tx,xz € X}. (1.2)

By B(X), we denote the set of all bounded linear operators on X into itself. If
T € B(X), then the adjoint 7% of T is a bounded linear operator on the dual
space X* of X defined by (T*f)(x) = f(Tx) for all f € X* and z € X.

Let X # {0} be a complex normed space and T': D(T') — X be a linear operator
with domain D(7") C X. With T" we associate the operator

Tn=T— M, (1.3)

where ) is a complex number and [ is the identity operator on D(T'). If T\ has
an inverse which is linear, we denote it by T ! that is

T = (T - M), (1.4)

and call it the resolvent operator of T'. Many properties of Ty and T} ! depend
on A, and spectral theory is concerned with those properties. For instance, we
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shall be interested in the set of all A in the complex plane such that 7' ! exists.
The boundedness of 7'y !'is another property that will be essential. We shall also
ask for what A’s the domain of T} 'is dense in X.

Definition 1.1. Let X # {6} be a complex normed space and T': D(T") — X be
a linear operator with domain D(T) C X. A regular value A of T is a complex
number such that :

(R1) T, ! exists,

(R2) Ty is bounded,

(R3) T, ! is defined on a set which is dense in X.

The resolvent set of T, denoted by p(T, X), is the set of all regular values A
of T. Its complement o(7,X) = C\ p(7,X) in the complex plane C is called
the spectrum of T. Furthermore, the spectrum o(7, X)) is partitioned into three
disjoint sets as follows: The point(discrete) spectrum o,(T, X) is the set such that
Ty' does not exist. Any such A € 0,(T, X) is called an eigenvalue of T.

The continuous spectrum o.(T, X) is the set such that T} ' exists and satisfies
(R3) but not (R2), that is, T} ' is unbounded.

The residual spectrum o.(T,X) is the set such that T, ' exists (and may be
bounded or not) but does not satisfy (R3), that is, the domain of 7T} ' is not
dense in X.

Hence if (T' — M)z = 0 for some x # 6, then X\ € 0,(7T, X), by definition, that
is, A is an eigenvalue of T. The vector x is then called an eigenvector of T
corresponding to the eigenvalue .

Lemma 1.2 ([1]). The matriz A = (an) gives rise to a bounded linear operator
T € B(cg) from cg to itself if and only if the supremum of ¢y norms of the columns
of A is bounded.

Lemma 1.3 ([1]). The matriz A = (an) gives rise to a bounded linear operator
T € B(ty) from £y to itself if and only if the supremum of €1 norms of the columns
of A is bounded.

Lemma 1.4 ([8]). T has a dense range if and only if T* is one to one, where T*
denotes the adjoint operator of the operator T.

Lemma 1.5 ([3]). The adjoint operator T* of T is onto if and only if T has a
bounded range.

The present work is a continuation of the previous works, which are [1], [2], [3],

B1, 161, 171, 191, [10], L], 2]

2. MAIN RESULTS

In this section, we compute the spectrum, the point spectrum, the continuous
spectrum and residual spectrum of the operator A, on the sequence space cg.
Let v = (vx) be a constant or strictly decreasing sequence of nonnegative real
numbers with limy .o vy = V # 0, u = (ug) be a sequence of nonnegative real
numbers such that uy # 0 for each k € Ny with limy_,o up, = U # 0, and w = (wy)
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be a sequence of nonnegative real numbers such that wy # 0 for each k € Ny with
limy oo wxy = W # 0. Let the linear operator A, : co — ¢o be defined by

Ay = (W Tn_g + UpTp_1 + VpTp )y With 2_; = 2_5 =0, (2.1)
where x = (z,,) € .
It is easy to see that the operator A,,, can be represented by the matrix

v 0 0 0 0 0
uy U1 0 0 0 0
W2 U2 V2 0 0 0
0 0
0 0

Avuw = w3 U3 Vs 0 (22)
0 Wy Ug V4
Theorem 2.1. A, : ¢co — ¢o s a bounded linear operator and
[ Al (eorc0) = Sgp(lm + Jwe] + [we]) (2.3)
Proof. The proof is trivial. So we omit it. 0J

Before we giving the main theorem we should give the following remark. In
this paper, here and in what follows, if z is a complex number then by 1/z we
always mean the square root of z with non-negative real part. If Re(y/z) = 0
then /z represents the square root of z with Im(y/z) > 0.

Theorem 2.2. Assume vVU? = U and define the set S by

S=daeC: 2V —of <1
U+ /TP —4aW(V — a)|

Then the spectrum of the operator A,u.., on sequence the space cy is given by
U(Avuwv CO) =S

Proof. Our proof is divided into the following two steps.

In first step , we show that o(Ayuw,c0) € S. To prove this we need to show
2(V—a)
—U+,/U2—4W (V—aq)

show the reverse inclusion, i.e., S C 0(Ayuw, C)-

Step 1.

Let o € C with —U+\/2l§z’/:4o;)[/(V—a) > 1. Clearly, @ # V and a # vy for each
k € Ny as it does not satisfy the condition. So (A, —al) is triangle, and hence
has an inverse. Thus, (Ayuw — @)™ = (au,). We can calculate that

@ € p(Oyuw; ¢o) for which o € C with > 1. In second step, we

= 0 0 0

R — ! 0 0

(ank) - (vo—agg%—a) o w2 E - u2 1 0
(vo—a)(vi—a)(va—a) (vo—a)(v2—a) (vi—a)(v2—a) wva—a

(2.4)
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We observe that
un wn

Ap—1k —
Uy — O Up — QU

Qpk = —

An—ok, k=0,1,2,...,n (2.5)

By Lemma 1.2, the operator (A, —al)™" € (¢, ) if the following conditions
are satisfied
(1) series Y - |ank| is convergent for each n € Ny and sup,, > ;- |ank| < co.
(2) lim,, o0 |ank| = 0 for each k € Ny.
For this consider S, = > 7 _, |ank| = |ann| + [@nn_1] + - - +]ano|, Clearly for n is
odd, the series

S = 1 + —Un Up—1Up
" o, —a (Up_1 — a)(v, — @) (Un—2 — a)(vp_1 — ) (v, — @)
_ Wy NI —U1Ug . .. Uy
(Up—2 — a)(v, — ) (vo— ) ... (v, — )
UpWp—1 ... W2 WrULUY . . . Up—2
+ tot
(v — a@)(vg — @) ... (V1 — a)(v, — ) (vo — @) ... (Vp_2) (v, — )

is convergent. Similarly for n is even, .5, is also convergent. Next we show that
sup,, S, is finite. Now by letting

_ U+ VU2 =AW (V — a)

—U = JUZ—4W(V —a)

dazy = 2.
"””‘1 2(V —a) anc o2 2(V —a) (26)
We can observe,
1 1 1
oo (g —a)  V—a \/U2—4W(U—a)< 1 @)
—U —U 1
lim " = = by = z? — a2
n—00 (Un — Oz)(?}n,l — Od) (V — 05)2 2 \/U2 — 4W(U — 04)( ! 2)
li < Up—1Up W, )
im —
n=00 \ (Up = @) (Un-1 = @) (Un—2 — @) (Vn-2 — a)(vy — @)
U? w 1
— _ = bs = 3 — xd).
V_af V_aP " JE—awpoa
Hence we have,
1
b, = (a7 — 23)
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since < 1 and it follows from the D’alembert’s ratio test. Therefore

U
2(V—a)
a ¢ S implies a,, — 0. So we may assume that U? # 4W(V — «). Since « is not
in S, we have |z;| < 1. Now we show that |zs| < 1. Since |x;| < 1, we have
2(V —a)

U

‘—1+ VI—aW([V —a) /02| <

Since |1 — /z| < |1 4+ /2| for any z € C, we must have
2(V —a)
U

which leads us to the fact that |z5| < 1. Taking limit both sides of \S,, and since
|z1] < 1 and |z5] < 1, we get

nh_{I;oS —Z|b,c < s <Z|x1|k+2|x2|k> < 00

Since (S,,) is a sequence of positive real numbers and lim,, ,, S,, < oo. For n is
even

‘—1 1T aW(V —a) 07 <

—U1U2 ... Up UpWp—1 ...W2

(vo—a)...(v, — ) - (vo — a)(vg — ) ... (V1 — a)(v, — @)

lim ‘Clm()’
n—00

WpU1U2 . . . Up—2

(vo — @) ... (Vp—2)(vy — @)

1 (
lim |z¢|" + lim |x ”):0
VT2 — AW (V — o) "+ lim s

n—oo
Thus, lim,, s |ano| = 0. Similarly, for n is odd, lim,, .« |bno| = 0. Again, we can
show that lim, o [by x| = 0 for all k =1,2,3,.... Thus, (Ayuw — o)™ € B(c)
for a € C with

+

2(V —a)
—U 4+ /U2 —4W(V — a)
Next we will show that of the operator (A,u, — al)~! is dense in ¢y. This
statement holds if and only if range of the operator (A, — al) is dense in

co. Since (Ayuw — al)™' € (cp, ), which implies that range of the operator
(Ayuw — al) is dense in ¢y. Hence we have

0(Apuw, o) CaeC: 2[V — af <1
| — U+ /U2 —4W(V — a)|

Step 2. Now we prove the reverse inclusion,i.e.,

2|1V —

a€eC: | 05| S 1 g U(Avuwa CO) (27)
| — U+ /U2 —4W(V — a)|

First we prove the inclusion (2.7) under the assumption that o # U and « # uy,

for each k € Ny,i.e., we want to show that one of the conditions of Definitionl.1

fails. Clearly, (Ayuw — ) is a triangle and hence (A, — a)™! exists. So,

+ ...
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condition (R1) is satisfied but condition (R2) fails as can be seen below:

First, let U? = 4W(V — a), then

() )

which gives

i o] — | 2 "

im |a, ol = |— = 50
oo T T | |2(V = @)

since ﬁ’ > 1. So, we may assume that U? # 4W (V — ).

2(V—a)
—Ut/U2=4W (V—a)

Suppose a € C with

‘ < 1. Then |z;| > 1 and |x1| > |z

always, consequently

1
lim |a, = lim |2} — x
n—00 | ’O| \/U 4W(U _ (1/) n—00 | 1 2|
1 , .
> lim (|z1]" = [22[")
VU2 —4W (v — o) ne
1 n
= lim |xq]" (1 _ ol > — 00
VU2 —4W (v — o) ne |21 |"
which gives lim,,_, |a, | 7 0 for each k.
2(V o) < 1. Next we

Hence (Ayuw — al)™' & Blcy) for a € C with

—Ut4/U2—4W (V—a)

. . 2(V—a) _ — =
consider a € C with | 1 then |z1| =1 and |z3] < |21] =1
1
lim |a, > hm x T9|"
Jim ol 2 e i (fl” — 22
1

= lim (1 — |zo|"|) — o0
e (el

1
VU2 —4W (v —a)|

this tells us lim,, o0 |an 0| # 0.
Thus

2(V —a)
—U+ /U2 —4W (V — «)

Finally, we prove the inclusion (2.7) under the assumption that & = V and a = vy
for each k € Ny. We have

(Ayuw — )™t & B(cy) for a € C with =1. (2.8)

(vg — @) xg
uxo + (v; — a)xy
(Ayyw — o)z = | WaTo + uga1 + (v2 — @) (2.9)

w3xy + uzrs + (v3 — @)x3
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Case (i). If vy is a constant sequence, say vy = V for each k € Ny, then (A, —V'-
Nx=0=29=0,2; =0,z =0,.... This shows that the operator (A,,,—V-I)
is one to one, but R(Auw — V - I) is not dense in ¢y. So the condition (R3) fails.
Hence V' € o(Ayuw; €o)-

Case (ii). If (vg) is a strictly decreasing sequence, then for fixed k, k > 0, (Ayuw —

vl)r =0=20=0,2¢ =0,...,251 =0,
Uk+1
Tpr1 = — Tk
Vi — Vk+1

Ug2Tk4+1 + Wr2Tk

T2 =
Vi — Uk42

<uk+1uk+2 + Wit (v — Uk+1))
(Uk - Uk+1)(vk - Uk+2) g

are non zero since xp # 0 and we have chosen v, to be a strictly decreasing

sequence. Similarly it can be shown that, for n > k + 3, z,, is non-zero by using

following recurrence equation

Un+1Tn + Wn41Tn-1

Tpt1 =
Up—1 — Up+1

Hence we get non-zero solution of (A, —vi!)x = 0. This shows that (A, —vi!)
is not injective. Hence vy, € 0(Ayuw, o) for all k& € N. Hence (2.7) proved. This
completes the proof. |

@, if (vx) is a constant sequence

Theorem 2.3. 0, (Avuuw, ¢o) = { {vo,v1,...}, if (vg) is a strictly decreasing sequence.

Proof. The proof of this theorem is divided into the following two cases.

Case (i). Suppose {vr}72, is a constant sequence, let v, = V for each k € Ny.
Consider A,ywr = ax for x € ¢y and x # 6, which gives following system of
equation

Volyg — QX

ULy + V121 = QI

Wako + UaX1 + V2ly = QX2

WsT1 + U3Ty + V3T = QT3
(2.10)

WETg_2o + UpTE_1VELE = QTg

Let 5 be the first non-zero entry of the sequence z = {x,}. So the equation
WeTs_9 + UsTs_1 + Vs = Qs & Wy o + UsTs_1 + Vs = axy, implies a =V,
and from the equation wg 175 1 + usy 12 + Vs = axsiq, we get xs = 0, which
is a contradiction to our assumption. Therefore

p(Apuw, o) = 9.

Case(ii). Suppose (vg) is a strictly decreasing sequence. Consider A,z = ax
for x € ¢y and x # 0, which gives following system of equations (2.10). If o = vy



SPECTRUM OF A BOUNDED LINEAR OPERATOR 101

then

€x — LI’

w9 U1U
Ty = < -+ > Zo
Vo — U2 (’UO - Ul)(UO - Ug)

are nonzero , since v, is a strictly decreasing sequence and by taking zy # 0.
Similarly, it can be shown that, for n > 3,z, is non-zero by using following
recurrence equation

Wyt 1Tp—1 + Up1T
Tppg = —2 0 "R for all n > 2.

Vo — Un+1

Hence we get non-zero solution of (A — vol)z = 0. If @ = v, for all & > 1,

then solving system of equations, we get xg = 0,27 =0,..., 2,1 =0,
N Uk+1
Tht1 = —
Vg — Vg1

(Uk — Vkg1 ) W2 + Uk 1 Uy
(Uk - Uk+1)(Uk - ’Uk+2)

Tk42

are non-zero, since (vy) is strictly decreasing sequence and by taking zj # 0.
Similarly, it can be shown that, for n > k + 3, x,, is non-zero by using following
expression

Wp41Ln—1 + Up+1T
Tpi1 = ntlonol ntl “ foralln>k+2.

Vg — Un+1

Hence we get non-zero solution of (A, —vi!)x = 0. This shows that (A, —vi])
is not injective. So condition (R1) fails. We get non-zero solution of (A, —
al)x = 0. Thus for this case

O-p(Avuwu CO) - {U(b V1,02, ... }

This completes the proof. |

*

ruw OVET the Banach

Theorem 2.4. The point spectrum of the adjoint operator A
space ¢ 18
2|V —qf
| — U+ /U2 —4W(V — a)|
Proof. It A%, f = af for 0 # f € ¢ = {1, where
Uy W2 0 0 0
Ug W3 0 0

Vg U3 W4 0
0 Vg Ug Ws

Tp(Apuur ¢9) = {a € C:: <1}

(2.11)

vuw T

oo o
S

oo
i

o OO OO

and

f=(fo fro- )"
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Hence we have the following system of linear equations

vofoturfitwafe = afy
vifitusfotwsfs = afi
Vafo +usfs +wafs = afs
(2.12)

Upfre + Uprr frp1 + Wigafo = afe

Solving the system of linear equation (2.12)in terms of fy, and f;, also using (2.5),
we obtain
(vo —a)(v; —a) ... (k1 — @)

fr = (ak—1,0f1 - ak—l,lfo) : )

WoWs . .. Wk

where ay_10 and ai_1; are defined as in proof of Theorem 2.2. Now let o =
a; +iag € C and v = (vg) is a constant or strictly decreasing positive real
sequence, w = (wy) is a strictly decreasing positive real sequence, we get for
n=0,1,...,k—1

Up —

W42

A
VR
VR

2
=|
<
N———
[\
_|_
e
SN
N—
~

Then
k-1

.
a la — V.

w

| fr] < lak—10f1 — ar—11fo| -

Taking limit on both sides and choosing f, = 1 and f; = =, we obtain

x1’

k_ ok (k=1 k-1 _ b1
lim [fx] < lim (27 — 23)f1 — (27 x5 ) fol | \% P
o e AWV —a) W
o] 2y — a9 a—VIF?
koo [ay|| /U2 =AW (V —a)| | W
Y A e R
= ' 2.13
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We have the relation

V—-—a 2(V —a) " 2(V —a) 1
w ~U+U2—4W({V —a) ~U—JU2—4W(V —a) =172
(2.14)
Then using (2.13) in (2.14), we obtain
) R 1 ) 1[F
< . = -
e P T L P
If « € C with 2V —of < 1 then &~ < 1. By Cauchy root test
|—~U+4/U2—4W (V—a)| |21

im0 | fe|F < ﬁ < 1. Hence > ;7 ,|fx| converges. Conversely, we have to
show that ) 7~ | fx| converges implies ﬁ < 1. This is equivalent to show that

— > 1implies Y ;2 | fx| diverges. To prove this, we write another representation

|1
of fi in terms of fr_; and fr_o from the system of equation as (2.12)

Je =
Hence dividing both sides by fi, we obtain
(Oé - UkQ) ) Jr2 ) Jr1 U1 Jr1 1

wﬁg,Q — uk_lfk,l, for all £ > 2.
Wi Wi

W Jer Je Wy, Ji
Taking limit both sides denoting limy_, f ’};1 = L, we obtain a quadratic equa-
tion,
a—-V U
P~ — . L-1=0.
()

Solving the above equation, we get two roots as
_ 2_ 4 _ _7 — 2 _ 4 _
L= U+ U WV —«) and Ly — U— U WV oz)'
2(V — ) 2(V —a)

Now describe some cases:
(i) If 1 < & < & then

|z1] |z2|
1 1
lim |/ = lim i =|—|=—>1
k=oo | fro1]  k—oo | fr1 Ly |21
or
1 1
T L TN I O B = >1
k—oo | fr—1| k=00 | fro1 Lo B2

Hence by the D’alembert’s ratio test,series Y ;- | fx| diverges.
(i) If 1 < & = L then

1
lza] — fa2]

1 1
lim LS = lim i =|l—|=7=>1
k—o0 |fk—1| k—o0 fk—l L1 |.'L'1|
or
1 1
lim il = lim e =|—|=7->1
k—oo | fr_1| koo | fro1 Ly |22
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Hence by the D’alembert’s ratio test,series » - | fx| diverges.
(iii) If 1 = = < = then

lz1[ [z
1 1
lim il = lim E =|7—|=7—=1
k—oo | fr—1|  k—oo | fr—1 Ly |1
or
1
T L2 N TR P/ I O
k—oo | fr_1| koo | fro1 Ly |22

Hence by the D’alembert’s ratio test,series » - | fx| diverges.
Thus ratio test fails for one case. In this case, we take f = (fx) in such a way

that it is an increasing sequence of positive real numbers and limg_, ‘ f;{ "1 =

1. Clearly, f = (fx) is a divergent sequence and consequently series >~ | fil
diverges.

(iv) If 1 = ﬁ = |x—12| Here also ratio test fails for both expression for L. Thus
by choosing as same way in (iii), we able to prove that series Y, | fx| diverges.
This completes the proof.

Before we proceed to our next theorem we define following two sets S; and Sy
as,

Si=1kaeC: 2[V o <1
| — U+ /U2 —4W(V — a)|

and

So=<aecC: 2[V — af =1
| — U+ /U2 —4W(V — a)|

Theorem 2.5. Residual spectrum o,(Ayuw, o) of the operator Ay, over c¢q is
(Ao o) = S1, if (vg) is a constant sequence
TriSvuws O =1 60\ {vg, v1, ... }, if (vi) s a strictly decreasing sequence.

Proof. The proof of theorem is divided into the following two cases.

Case(i). Let vy is constant sequence, say v, = V for each k € Ny. For @ € C
2|V —qf
|—U++/U2—4W (V—a)|
and consequently (A, — af) has an inverse. By Theorem 2.4 the operator

with < 1, the operator (A, —al) is a triangle except a = U

(Apuw—al)* = AF  —al is not one to one for a € C with 2|V—a <1
|~U++/U2—4W (V-0
Thus
2|V —
Jr(AvuwaCO) =qaeC: | a| <1
| = U+ /U2 —4W (V —a)|

Case(ii) Let vy be a strictly decreasing sequence. For o € C such that
2|V — qf
| — U + /U2 —4W(V — o)

the operator (A, — o) is triangle except for a = vy, for all k € Ny and conse-
quently the operator (A, — al) is not one to one for a = vy, for all k € Ny. So,

Y
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(Ayuw — )7t does not exist. On the basis of argument as given in Case(i), it is
easy to verify that the range of the operator (A,,, —al) is not dense in ¢y. Thus

: 2|V — af .
'|_U+\/U2—4W(V_a)‘ <1}\{ 0, V15 - - - }-

UT(AUUWJCO> = {a cC

OJ

Theorem 2.6. Continuous spectrum o.(Ayuw, o) of the operator Ay, over co

i5 0o Do o) = Sa, if (v) is a constant sequence
TelBvuws 00 =1 6o\ {ug, v1,...}, if (v) is a strictly decreasing sequence.

Proof. The proof of theorem is divided into the following two cases.
Case(i). Let vy is constant sequence, say v, = V for each k € Ny. For o € C with

2|V —qf _ B . )
)] 1, the operator (A, —al) is a triangle because a # V' and

consequently (A, — al) has an inverse. By Theorem 2.4 the operator (A, —
al)~! is discontinuous by statement (2.8). Therefore, the operator (A, — al)
has an unbounded inverse. By Theorem(2.4), the operator (A,u, — «l)* is not

one to one for a € C with 2V —of = 1. Hence by Lemma 1.4, range of
|—U+4/U2—4W (V—a)|

the operator A, — al is dense in ¢g. Thus

Oe(Apuw, o) =3 a € C: 2V — o =1
AT U+ U AW (V —a)

Case(ii). Let vy be a strictly decreasing sequence. For o € C such that
2|V — «f B

| — U+ /U2 —4W(V — o)
the operator (A, — o) is triangle except for oo = vy, for all k € Ny and conse-
quently the operator (A, — al) has an inverse. By Theorem 2.3 the operator
(Ayuw — al) is not one to one for a = vy, for all k € Ny. So, (Ayuww — o)™t does

not exist. On the basis of argument as given in Case(i), it is easy to verify that
the range of the operator (A, — ) is not dense in ¢g. Thus

Y

) 2|V — qf B .
| —U+/UP—aW (V —a)| —1}\{ 0,V1, - - }-

Te(Apyws Co) = {a eC

OJ
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