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DERIVATIONS AND DIMENSIONALLY NILPOTENT
DERIVATIONS IN LIE TRIPLE ALGEBRAS

ABDOULAYE DEMBEGA!, AMIDOU KONKOBO? AND MOUSSA OUATTARA3*

ABSTRACT. In this paper, we first study derivations in non nilpotent Lie
triple algebras. We determine the structure of derivation algebra according
to whether it admits an idempotent or a pseudo-idempotent. We study the
multiplicative structure of non nil dimensionally nilpotent Lie triple algebras.
We show that when n = 2p + 1 the adapted basis coincides with the canonical
basis of the gametic algebra G(2p + 2,2) or this one obviously associated to a
pseudo-idempotent and if n = 2p then the algebra is either one of the precedent
case or a conservative Bernstein algebra.

1. INTRODUCTION

A n + 1 finite dimensional algebra A is dimensionally nilpotent if there is a
derivation d : A — A such that d"™' = 0 and d" # 0. This notion has been
studied by G.F. Leger and P.L. Manley[5] for Lie algebras, J.M. Osborn [9] for
Jordan algebras, Micali and Ouattara[] for genetic algebras. Recently, V. Eberlin
[3] has deepened the work of the authors of [5] in his thesis. Regarding Jordan
algebras, Osborn shows that every dimensionally nilpotent Jordan K-algebra is
either nilpotent or satisfies A/Rad(A) ~ K.

We study the case of non nilpotent dimensionally Lie triple algebras. In an
adapted basis we characterize the multiplicative structure of these algebras with
respect to the parity of n. More precisely we show that when n = 2p 4 1, the
adapted basis coincides with canonical basis of the gametic algebra G(2p + 2,2)
[11] or this one obviously associated to a pseudo-idempotent. If n = 2p then this
algebra is either one of the precedent case or a train algebra of rank 3 which is
a Jordan algebra [10]. Since Jordan algebras are also Lie triple ones the final
corollary describes non nilpotent dimensionally nilpotent Jordan algebras.

2. PRELIMINARIES

A Lie triple algebra is a commutative algebra satisfying
27 (x(zy)) + ya* = 3z(ya?) (2.1)
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while a Jordan algebra is a commutative algebra satisfying
2*(yz) = (a%y)z.
Every Jordan algebra satisfies identity (2.1).

Theorem 2.1 ([1]). Let A be a Lie triple algebra and L the ideal generated by
the associators (z?,z,x). Then L* =0 and A/L is a Jordan algebra.

Definition 2.2. A pseudo-idempotent of A is a non-zero element e such that
there is t # 0 in L satisfying e? = e +t and et = %t.

Theorem 2.3 ([2]). Every Lie triple non nil-algebra contains either a non-zero
tdempotent, or a pseudo-idempotent.

Definition 2.4. An ideal [ of an algebra A is said to be characteristic if d(I) C I
for every derivation d of A. An ideal I of an algebra A is said to be d-invariant
if d(I) C I for a given derivation d of A.

3. CHARACTERIZATION OF DERIVATIONS

In this paragraph we study the derivations in Lie triple non nil-algebras. We
give a characterization, distinguishing two cases: with an idempotent or with a
pseudo-idempotent.

3.1. Lie triple algebras with idempotent. With respect to a non-zero idem-
potent e, the algebra A admits the following Peirce decomposition A = A.(1) ®
A.(1/2) @& A.(0). Relations between Peirce components and the products of their
elements are ruled by the following lemma:

Lemma 3.1 ([2, Lemme 2.2]). Let A = A.(1) ® A.(1/2) @ A(0) be the Peirce
decomposition of A relative to a non-zero idempotent. Then
(i) Ac(1/2)A.(1/2) € Ac(1) + A.(0), A N)A) € AN,
AdNA(1/2) € A(1/2), ANA(T=X) =0, (A =0,1) ;
(i) (z191)a1s2 = x1(y1a1/2) + yi(T101/2),
(zoyo)aisa = o(Yoa/2) + yo(Toar 2) ;
(Wt) [$1($1/2a1/2)]1 = [($1$1/2)a1/2 + (1‘161/2)351/2]1;
[ 0(I1/2a1/2)]0 = [($0$1/2)<l1/2 + ($0a1/2)$1/2]0 ;
() [(z1712)y1/2]0 = [(T1Y1/2)71/2]0,
[(Iowl/Z)yl/Q]l = [(95091/2)901/2]1 ,
(U) iUo(leLl/z) = yl($0a1/2) ;
(vi) xlﬂ(ﬁ/z)l = 371/2(95%/2)0 = %x?n ;
(vii) (z172Y1/2)021/2 + (Y1/221/2)0T1/2 + (21/2T1/2)0Y1/2
= (T1/291/2)121/2 + (Y1/221/2)1%1 /2 + (21/2%1/2)191/2-

Since A is e-stable, ie. A.(N)Ac(1/2) C A.(1/2) and [(wr1/2)y1/2)1-2 =
[(xxy1/2)T1/2)1-1 With A = 0,1, calculations on derivations give results similar
to [1, Corollary 2], precisely.

8

—

Theorem 3.2. Fvery derivation d of A is determined and only defined by a
quadruplet (d(e), fa, ga, ha) with f; € Endx(A.(1/2)), ga € Derk(A.(0)) and
hg € Derg(Aq(1)) satisfying the following conditions:
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(1) d(e) € Ac(1/2) ;

(71) d(x1) = hg(x1) + 2d(e)xy ;

(#4i) d(w1/2) = fa(z1/2) + 2(d(e)z1/2)0 — 2(d(€)T1/2)1 ;
() d(zo) = ga(zo) — 2d(e)xy ;

v) ha(r1y1) = ha(21)y1 + x1ha(ys) ;

(vi) ga(woyo) = ga(zo)yo + zoga(vo) ;
(vi1) ha((z1729172)1) = [fa(T1/2)v1/2 + 212 fa(Y12)]1
(viii) ga((r1/291/2)0) = [fa(T1/2)y1/2 + 212 fa(Yr/2)]0 5
(iz) fa(w121/2) = ha(w1)21)2 + 21 faT1)2)

(z) fd($0$1/2) = gd(xo)ml/z + xofd(xl/z)-

Proposition 3.3. Let A be a Lie triple algebra and A = A.(1) ® A.(1/2) & A.(0)
the Peirce decomposition of A with respect to an idempotent e # 0. Subspaces
Iy =A{z\ € Ac(N) | 22A(1/2) =0} (A=0,1) and J = Jy ® J; are characteristic
ideals of A and the quotient algebra A/J is a Jordan algebra.

Proof. Considering Jy = ker(S)), with Sy : A.(\) — Endg(Ac(1/2)), x) +—
Sx(xx) and Sx(zy) : a1/2 — xra1/2. We know by ([7]) that Jy is an ideal of A.(A)
(A =10,1) and since A.(\)A(1/2) C A.(1/2), then J = J; + Jp is an ideal of A
such that A/.J is a Jordan algebra ([%], Proposition 6.7).

Let’s consider d € Derg(A), xx € Ji(e) and a1/2 € Ac(1/2). We have 0 =
d(xra1/2) = xrd(a1/2) + d(zr)aq /2.
But d(ai/2) = fa(ai/2)+2(d(e)a1/2)0 —2(d(e)ai 2)1, therefore we have xxd(ay/2) =
0 because zx(d(e)ais2)x = [(wrd(e))aijz + (wrais2)d(e)]r. Hence d(zy)ai, = 0
with A = 0,1. But, on the one hand we have d(z1) = hg(x;) — 2d(e)x;, and
0 = d(z1)a1/2 = ha(x1)a1/s and then hg(xq) € Ji, on the other hand we have
d(z0) = ga(xo) — 2d(e)xo, with 0 = d(xo)ai/2 = ga(wo)ai/2 and then gq(xo) € Jo.
Hence d(J)) C Jy and we conclude that d(J) C J. O

3.2. Lie triple algebras with pseudo-idempotent.

Lemma 3.4 ([2], Proposition 4.3). Let L = L.(1) ® L.(1/2) ® L.(0) and A =
Ac(1) ® Ac(1/2) ® A.(0) be the respective Peirce decomposition of L and A, with
respect to the pseudo-idempotent e, satisfying €* = e +t with t € L.(1/2) fized.
Then

1Lo(1/2) € Lo(1/2), A(1)Lo(1) € Lo(1),
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(UW) [ ($1/26L1/2)]1 [($1$1/2)a1/2 + (I1a1/2)I1/2]1 ;
(ir) [(Iowl/z)ym]l [(95091/2)901/2]1 ;
[($1$1/2)y1/2]0 = [($1y1/2)$1/2]0 ;
(2) (z172y1/2)021/2 + (Y1/221/2)0T1/2 + (217221 )2)0¥1/2
= (1291 /2)121/2 + (Y1/221/2)1%1 /2 + (21/2%1/2)1Y1/2-

Lemma 3.5. Let A be a Lie triple algebra and e a pseudo-idempotent of A:
e2=e+t, et = %t, t2 =0 with t € L. For every derivation d of A, we have

d(t) = 0 and d(e) € A.(1/2).

Proof. Let’s consider d € Dery(A). Since e? = e+t, we have 2ed(e) = d(e)+d(t).
Setting d(e) = [d(e)]1+[d(e)]1/2+[d(e)]o, we have d(t) = [d(e)]1 —[d(€)]o. Because
of 2et = t, we deduce 2ed(t) +2d(e)t = d(t). We have 2d(e)t = —[d(e)]; — [d(e)]o.
We know that t € L.(1/2) and L.(1/2) is an ideal of A. It follows that [d(e)]; =
d(e))o = 0. =

Theorem 3.6. Fvery derivation d of A is determined and only defined by a
quadruplet (d(e), fa, ga, ha) with fq € Endg(Ac(1/2)), ga € Endg(A.(0)) and
hg € Endg(A.(1)) satisfying the following conditions:

(i) d(e) € Ac(1/2) ;

(i) d(z1) = ha(21) +2d(€) Ty
(#ii) d(21/2) = fa(z1/2) + 2(d(e)z1/2)0 — 2(d(€)T12)1 ;
(iv) d(wo) = ga(wo) — 2d(e)wo ;
(v) ha((z1y1)1) = [ha(z1)ys + 21ha(yn)]1
fa((x1y1)12) = [ha(z1)yr + 21ha(y1)]1j2 = 2ha((T191)1)t ;

(vi) ga((zoyo)o) = [9a(zo)yo + Toga(yo)]o ;
fa((xoyo)1/2) = [9a(x0)yo + 20ga(yo)]1/2 = 294((xoyo)o)t ;
(vi1) ha((z1729172)1) = [fa(T1/2)y1/2 + 212 fa(y12)]1
(E$1/2y1/2)0) = [fa(z1/2)y172 + z1/2fa(y12)0
d

(ix) fa(z171/2) = ha(w1)T1)2 + 21 fa(T1)2) S

() fd(930$1/2) = 9d(370)3?1/2 + $0fd(931/2)-
Proof. Let d be a derivation of A and e a pseudo-idempotent of A. Since d(e) €
A.(1/2), we have (i). Let z; € A.(1). We have ex; = x1, and then d(e)z; +
ed(z1) = d(x1). Let’s set d(x1) = a1 + a12 + ap. Then d(e)z1 + a1 + Laip = a1 +
a1/2+ap, and we have a1 /5 = 2d(e)z; and ag = 0. Hence d(z1) = hq(x1)+2d(e)zy
with hg an endomorphism of A.(1) and (i7) is proved.

By similar calculations we have (iii) and (iv).

With 1, 11 € Ac(1), we have (21y1)1/2 = 421 (y1t) = 4y (21t) = 2(x190)t

d(xiy) = dl(xy)i] + d[(z1y1)1/2] = d{(@1ya)1] + 2d((x191)t)
= ha[(z1y)1] + 2d(e)(21y1) + 2d((7191))t + 2(z191)d(?t)
= hal[(z1y1)1] + 2ha(x191)t + 2d(e)(z131),

because d((z1y1))t = hq(x1y1)t.
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We also have,
d(z1y1) = d(z1)yr + 21d(11)
= @1lha(y1) + 2d(e)y1] + [ha(z1) + 2d(e)z1]ys
= ha(z)yr + z1ha(yr) + 2[d(e)yr]z1 + 2[d(e)z1]y1-
= ha(z1)y1 + x1ha(yr) + 2d(e)(z131).
It follows that

ha((w1y1)1) = [ha(21)y1 + 21ha(y1)]1 and

fd((l’lyl)l/Q) = [hd<l’1)y1 + xlhd(yl)]l/Q = 2hd<l’1y1)t, and we have (U)

We show by similar calculations that:

9a((zoyo)o) = [9a(z0)yo + Toga(yo)]o et

fd(($0y0)1/2) = [9a(z0)yo + xogd(yo)]l/Q = 2g4(woyo)t, and we have (vi).

Let x1/2,y1/2 € Ac(1/2), we have

d($1/2y1/2) = d((iﬁ/z?h/z)l) + d(($1/2y1/2)0)
= ha((z1/291/2)1) + 2d(e)(z1/291/2)1
+gd(($1/2y1/2)0) - 2d(€)($1/2y1/2)07
but
d(x12y12) = d(@1/2)y172 + v1/2d(Y1/2)
= (faz1y2) +2[d(e)z1/2]o — 2[d(€)x1/2]1)y1 /2
+x1/2(fa(y1/2) + 2[d(€)y1/2]o — 2[d(€)y1/2]1)
= fd($1/2)y1/2 + 2y1/2[d(e)x1/2]0 - 2y1/2[d(e)$1/2]1
+x1/2fa(y1/2) + 271 2(d(€)y1/2]o — 271 2]d(€)y1/2)1
= fd(l’l/2)y1/2 + $1/2fd(3/1/2> + 2d(e)(x1/2y1/2)1
_2d(€)(x1/2?/1/2)0
because of identity (z) of Lemma 3.4. It follows that:

d(x1)291/2) = fal@r2)yiye + 212 fa(yiy2) + 2d(e)(z1/291/2)1
_2d<€)(371/2y1/2)0

and we have
ha((z1/291/2)1) = [fd($1/2)yl/2 + $1/2fd(yl/2)]1 and
9d((331/2y1/2)0) = [fd(x1/2)yl/2 + $1/2fd(y1/2)]0: and we have (vii).
We have
d($1$o) = fd(($1900)1/2)

= d(x1)zo + x1d(z0)

= [ha(z1) + 2d(e)x1]z0 + 21[g9a(T0) — 2d(€)T0)

= hq(x1)z0 + 2194(0),

75
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fa((x120)1/2) = ha(x1)x0 + 2194(0), and we have (viii).
In a similar way
d(@1z1/2) = fa(z1z1/2) + 2[d(e)(z121/2)]0 — 2[d(€)(z121/2)]1
= d(z1)z12 + 21d(371)2)
= [ha(a1) + 2d(e)a1]w1y2 + 21 [fa(z1)2) + 2[d(€)z1)2]0 — 2[d(€)w1/2]1]
= ha(z1)21)2 + 21 fa(21/2) + 2[d(€)31]21/2 + 271 [d(€)71/2]0
— 2z [d(e)w /9],

fa(@121)2) = ha(x1)T1/2 + 21 fa(21)2), and we have (ix).
So we have
d($0$1/2) = fd(foxl/z)
d(xo)x1/2 + xod(21/2)
[9a(w0) — 2d(e)xo)w1/2 + xo[fa(x1/2) + 2[d(€)x1/2]0 — 2[d(e)T1/2)1]
= gd(x0>x1/2 + $0fd($1/2) - 2[d(e)x0]x1/g + $0[2[d(6)$1/2]0
—2[d(e)z1/2]1];
fa(xox1/2) = ga(x0)21/2 + o fa(21/2), and finally ().

Conversely, once we have identities (i) to (i), setting = x4 + 212 + zo and
Y = Y1 + Y1/2 + Yo, we show that d(zy) = d(z)y + zd(y). O

Example 3.7. Let A be the four dimensional Lie triple K-algebra which mul-
tiplication table in the basis {e,t,u,r} is given by : € = e +t, u?> = u + r,
et = %t, ur = %r, all other products being zero. The Peirce decomposition of A
with respect to pseudo-idempotent e gives A.(1) = K(e + 2t), A.(1/2) = Kt,
A.(0) =< u,r >. Let d be a derivation of A. Since e and u are pseudo-
idempotents, we have d(t) = d(r) = 0, d(e) = at, d(u) = pr. The derivation
algebra is two dimensional.

Example 3.8. Let’s consider the four dimensional Lie triple K-algebra A which
multiplication table in the basis {e, t;,ts, v} is given by : €? = e + ty, ety = %tl,
ety = %tg, ev = v and vt; = 1, all other products being zero. Then we have
A (1) =< (e+2t),v >, A(1/2) =< t1,t2 >, A.(0) = 0. Let d be a derivation of
A. We have d(t;) = 0. Set d(e) = ait; + Pita. Thus agty + ity = d(e + 2t;) =
hd(€+2t1>+2d(€) (€+2t1> = hd(€+2t1)+041t1+51t2. It follows that hd(€+2t1) =0.

Setting d(v) = aa(e+ 2t1) + Bav + Yat1 + ata, relation 0 = d(v?) = 2d(v)v gives
as = 72 = 0. It follows that hq(v) = Fov. Furthermore, relation fy((vt1)12) =
ha(t1) + fa(t1) gives fa(ta) = Pala.

We have d(e) = ayty + Pita, ha(e + 2t1) = 0, hq(v) = Pov, fa(t1) = 0, fa(te) =

Bate. The derivation algebra is three dimensional.

Proposition 3.9. Let’s consider a pseudo-idempotent e # 0. Subspace J.(1/2) =
{w1/2 € Ac(1/2) | 21/2Ac(1/2) = 0} is a characteristic ideal and A/J.(1/2) is a

Lie triple algebra with € as idempotent.
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Proof. Let x1/9 € Je(1/2), a1/2 € Ac(1/2) and yy € Ac(X) (A = 0,1). We have
[(351/23/,\)@1/2]/\ = [(a1/2?/>\)$1/2]>\ =0 and [($1/2y/\)a1/2]1—/\ = [(a1/2yx)x1/2]1_x =0,
and then (z1/2y))a12 = 0. Hence A.(\)J.(1/2) C J.(1/2), and it follows that
AJ.(1/2) C J.(1/2), then J.(1/2) is an ideal of A. Since t € L.(1/2) C J.(1/2),
e is an idempotent of quotient algebra A/.J.(1/2).

Let’s consider now d € Derg(A), x1/2 € Jo(1/2) and ay/5 € A.(1/2). We have
0= d(fL’l/QCLl/Q) = xl/gd(al/2) -+ d(ﬂ?l/g)al/g. But d<$1/2> = fd($1/2> S Ae<1/2)
and d(al/g) = fd(al/g) +2(d(€)a1/2)0 - 2(d(€)a1/2)1, it follows that xl/gd(al/g) =0
because ZEUQ(d(@)CLl/Q)l = J]l/g(d(e)al/Q)(). So d([El/Q)CLl/Q = O, and d(l’l/z) S
Je(1/2). We conclude that d(J.(1/2)) C J.(1/2). O

4. DIMENSIONALLY NILPOTENT LIE TRIPLE ALGEBRAS

Definition 4.1. Let A be a n + 1 finite dimensional K-algebra. If there is a
nilpotent K-derivation d of A such that d"*!' = 0 and d" # 0, d is said to be
dimensionally nilpotent, and so is the algebra A, though A is not necessarily
nilpotent. If so, there is a basis {eg,e1,...,e,} of A such that d(e;) = e;q
(t=0,...n—1) and d(e,) = 0 and the basis {eg, e1, ..., e,} is said to be adapted
to d.

Example 4.2. [0, Exemple 2.5] Let K be a commutative field of characteristic
# 2 and A = G(n + 1,2) the gametic diploid algebra with n + 1 alleles. Its
multiplication table in the natural basis {ay, ..., a,} is given by a;a; = %a,- + %aj.
We know that the mapping w : A — K,a; — 1 is a weight function and if we
set e; = ap — a; (i # 0) then {e1,...,e,} is a basis of the ideal N = kerw and

ep = ap is an idempotent of A such that {eg,e1,...,e,} is the canonical basis
of A, so epe; = 1e; (i = 1,...,n) and if d is a derivation of A, egd(e;) = 2d(e;)
(¢ =1,...,n), because d(eg) € N and N is a zero algebra. So we just need to

defined: A — Abyd(e;) =ei1 (1=1,...,n—1),d(ey) = €1 and d(e,) = 0. It
follows that d"*' = 0 and d" # 0, showing the gametic algebra A = G(n + 1,2)
is dimensionally nilpotent.

Example 4.3. Let K be a commutative field of characteristic # 2 and A the
n—+1 dimensional commutative K-algebra, which multiplication table in the basis

{eg, €1, ..,e,} is given by ege; = %ei (i=1,...,n), €2 = eg+e,, all other products
being zero. If d is a derivation of A, eyd(e;) = 3d(e;) (i = 1,...,n) because
d(eg) € N =<ey,...,e, > and N is a zero algebra. Here, we just need again to

defined: A — Abyd(e;) =e1 (i=1,...,n—1),d(eg) = e; and d(e,) = 0. We
have d"™ = 0 and d" # 0, that shows the algebra A is dimensionally nilpotent.
Since Ke, is an ideal, the quotient algebra A/Ke, is isomorphic to G(n,2).

4.1. Basic tools.

Theorem 4.4 ([9]). Let K be a perfect field of characteristic # 2 and 3 and A
finite dimensional K-Jordan algebra, dimensionally nilpotent. Then either A is
nilpotent or dimg (A/rad(A)) = 1.

Remark 4.5. Let A be a dimensionally nilpotent Lie triple non nilalgebra. Because
of Theorem 2.3 we consider two cases :
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1) A has an idempotent e. Since the ideal J is caracteristic, the quo-
tient algebra A = A/J is a dimensionally nilpotent Jordan algebra. Be-
cause of Theorem 4.4 we have dimg(A/rad(A)) = 1 and since rad(A) ~
rad(A)/J, the first isomorphism theorem gives A/rad(A) ~ A/rad(A)
and dimg(A/rad(A)) = 1. Then we can write A = Ke @& N, with
N =rad(A).

2) A has a pseudo-idempotent e. Since the ideal J.(1/2) is characteristic,
the quotient algebra A = A/J.(1/2) is a dimensionally Lie triple algebra
with € as idempotent. Because of 1) we can write A = Ke & N with

N =rad(A). So we have A = Ke ® N with N = rad(A).

Lemma 4.6. Let z, y € N such that x # 0 and o € K. If xy = ay then a =0
ory=0.

Proof. Since N is nilpotent, there is m € N* such that L)'(y) = o™y = 0, L,
being the multiplicative operator by . Then a =0 or y = 0. 0J

From now, throughout the paper, A is a dimensionally nilpotent Lie triple
non nil-algebra of dimension n + 1, with {eg,e1,...,e,} an adapted basis to
the derivation d. We can consider eq either, as an idempotent, or a pseudo-
idempotent. In the last case, e = ey + ¢, egt = 3t and ¢* = 0 implies d(t) = 0
(Lemma 3.5), that means t = ae, with o € K. Since t € A.,(1/2), if a # 0, then
en € Ae, (1/2).

Lemma 4.7. We have:
(1) eoen = Anén
(1) exen, =0 with 1 <k <n

Proof. Let’s write ege,, = >, Aie;. By derivating k times successively, we have
€ren = Z;:Ok Ni€iyk. With k = n, it follows that €2 = Age, and because of
Lemma 4.6 we have \g = 0. Set £ = n — 1, we have e,_1e,, = A\e,. That
implies \; = 0. And so on, we get \g = A\ = -+ = \,_1 = 0, epe,, = \pe,. By
successively derivation ege,, it follows that exe,, = 0 with 1 < k < n. ]

Lemma 4.8. We have :

(1) eoer = Mek + D i pyq ri€; with 1 <k <n—1;

(71) ejex = Z?:Hl vikje; with 1 <i <k <n-—1;

(13i) A\ € {0, %, 1} with 1 < k <n.
Proof. Let’s reason by induction with respect to n. For n = 1 the multiplication
table of the algebra A is given by 6(2) = eg, €pe1 = %el, e? = 0 and the lemma is
satisfied. Let’s assume the lemma is true until an order n. Because of Lemma 4.7
the subspace I,,.1 = Ke,,1 is a d-invariant ideal of A. The quotient algebra
A/, is dimensionally nilpotent of dimension n + 1. By the hypothesis, we
have €er = \ix + )i g g ki€ and €, = D, ) ik, with 1 < i <k <n.
Otherwise ege, = Aper + D1y Qki€i + Qrnirenr and ey = D00, Yikjej +
Yiknt+1€nt1; and results (¢) and (i7) follow.
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Now we just need to show (ii). Since 2L3 —3L2 + L., = 0, with L, being
the multiplicative operator by eg, applying it to e, we have 2X\3 — 3\ + \;, = 0,
then A\ € {0, 3,1}. O

529

4.2. Example of low dimensions. Here we deal with cases 1 < n < 4. Let A be
a dimensionally nilpotent Lie triple algebra, of dimension n+1 and {eg, €1, ..., e,}
be a basis adapted to d. We have kerd = Ke,. Since ¢; is an idempotent or a
pseudo-idempotent, e; = d(eg) € Ae,(1/2), i.e eger = 3e1. By derivation this we
get egey + €3 = %62, that means

1
A2 + 7112 = 5 et agr +7116 =0 (3<k<n). (4.1)

We also have e} = Y7, y11x€, which derivative is 2ejey = 22;21 V1kCha1 =
Y pe3 Vi1k—1€k, that means 2y19; = y114-1 (3 < k < n). Let’s derivate for the
second time epe; = %el. We have eges + 3eie; = %63, that means

1
)\3 + 3’}/123 = 5 et as k + 3’7172,k: =0 (4 < k < n) (42)

However we have, d(epes) = epes + €163 = Ages + >y g 1€k, that implies

A3+ 23 = Ao et agp + Yiow = agp—1 (4 < k< n). (4.3)

So (4.3) implies 193 € {—1, —%,0, %, 1}. So it is necessary to take A\3 = % in
(4.2). Whence A3 = Ay = % and 193 = Y112 = 0 if 3 < n.

Derivating eges + 3e1es = %63, one has egey + 4ejes + 36% = %«34, that means

1
)\4 + 47134 + 3’)/224 = 5 (44)
However, d(eges) = epeq + e1€3 = Azeq + D p_s a3 1€, which implies
A+ Y130 = Az et agp +Yizp = azp—1 (5 <k <n) (4.5)

We also have ejeg = > p_, Y12k€r because Y123 = 0 and d(ejes) = ere3 + €3 =
22:5 Yi2,k—1€k, Which implies 203 = 0 and 7134 + Y224 = 0.

Case dimg A=2ien=1.
We obviously have eye; = %61, e? =0, e = ey or €2 = e+ e; all other products
being zero.

€0 | €1 €0

1
€0 | €o 561 € €0+61
€1 0 €1

OpoiH O

Case dimg A =3 i.e n = 2.

Because of (4.1) we have Ay + y112 = % Let’s discuss about the possible values
of )\2.

¥ Xo=0= 0= %, 80 €2 = e, epe; = %el, e? = %62 all other products being
Zero.
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€o | €1 €2
€0 | €0 %61 0
el %62 0
€9 0
1 1 1
* Ao =35 = Y112 = 0, 80 €f = € or € = €9 + €3, €oe1 = 361, €oez = 36 all
other products being zero.
€0 | €1 €2 €0 €1 €2
I I I I
€0 | €0 561 562 € | €o + €2 561 562
€1 0 0 €1 0 0
€9 0 €9 0
* g =1 = Y10 = —%, SO 6(2) = eg, €01 = %el, eoey = €, €1 = —%62 all other

products being zero.

€o | €1 €2
T
€o | €o | 561 €3
el — %62 0
()] 0

Case dimg A =4 i.e n = 3.

Because of the preliminary calculations, A3 = Ay = A\ = %, Y112 = Y123 = 0
and ags + v113 = 0. So epes = %63 = e3 € A (1/2) and e€? = 7113e3. Since
Aey(1/2)? C Aey(0) + Ao (1) we have 7115 = 0 implying asy = 0 and finally
epey = %e2. So we have the following multiplication table : ege; = Leq, eges = Ley,

1
2 2 2
eoes = 3€3, € = €y Or €j = e + e, all other products being zero.

€op €1 |€2 €3 €0 €1 |2 |¢€3
1 1 1 1 1 1
€0 | €0 | 5€1 | 3562 5€3 € | €ep + €3 5€1 | 562 | 5€3
el 0 0 0 e 0 0 0
€2 0 0 € 0 0
€3 0 €3 0

Case dimg A =5 i.e n = 4.

x*x Ny =0 = Y3 = % because of (4.5). Since ejez = i34 = %e4 we have
e3 € Ag,(1/2) because Ag (1/2)? C A, (0) + Agy (1), Ay (1/2) A, (1) C A, (1/2),
Aey(1/2) Ay (1) C Ay(1/2). So eges = 3e3 and azg = 0 = 7124 = 0 because of
(4.3) and finally 113 = ag3 = 0. In the same way €3 = —3e4 = €3 € A, (0) or
e3 € Agy(1/2), because A,y (1/2)? C A, (0) + Ag, (1) and A, (0)* C A, (0). But
€pey = %62 + aggeq = €3 € Aey(1/2) 80 agq = 0 = 7114 because of (4.1). Whence
the following multiplication table

€| €1 | €2 €3 | €4
I I I 0
€o | €o | 561 | 562 563
el 0 |0 Ted|0
€9 — %64 0 0
€3 0 0
€4 0
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* Ny = % = Y1314 = Y224 = 0 because of (4.4) and (4.5). We have ejes =
Y2461 € Aey(1/2) = €5 € A (0) or e2 € A, (1) this is a contradiction (because
€p€a = %62 —+ (12’363) SO Y124 = 0 and then as4 = Y113 = 0. Whence the fOHOWng
multiplication table:

€o|€1 |€2 €3 |€4 €o €1 | €2 |[€3 |¢&4
1 1 1 1 1 1 1 1
€0 | €o 561 562 563 564 € | €g + €4 561 562 563 564
€1 0 0 0 0 €1 0 0 0 0
€9 0 0 0 €9 0 0 0
es 0 0 es 0 0
€4 0 €4 0

* )\4 =1=ec€ Aeo(l) = Y134 = —%

We have eje3 = —%64 = e3 € A, (1/2) = ege3 = %63 = agq = 0. So Y14 =
Y13 = az,3 = 0. In the same way €3 = 1es4 = €3 € A, (1/2) (because e; can not
be in A, (1)), eges = %62 = a4 = Y114 = 0. Whence this table

€ | €1 €9 €3 €4
1 1 1
€o | € 561 ) €9 ) €3 €4
el 0 0 — %64 0
€9 %e4 0 0
€3 0 0
€4 0

4.3. Main results in general case.

Theorem 4.9 (Main theorem). Let A be dimensionally nilpotent Lie triple non
nilalgebra and {eg, €1, ..., e,} be an adapted basis of A. Then:
1) If n = 2p+ 1, the multiplication table of A is one of the two following:
(i) € = eo, eoe; = 3¢; (1 < i < 2p+1), all other products being zero.
(7') €§ = eo+ egpi1, coe; = 3¢; (1 < i < 2p+1), all other products being zero.
2) If n = 2p, the multiplication table of A is one of the four following :
(i) €3 = eo, eoe; = 3¢; (1 <1 < 2p), all other products being zero.
(i') €3 = eq + eap, eoe; = %ei (1 <i < 2p), all other products being zero.
(ii) €3 = ey, ege; = %ei (1 <i<2p—1), epea, =0, €69y = %(—1)i_162p,
(1 <i <p), all other products being zero.
(i11) e§ = eo, eoe; = 2e; (1 < i < 2p—1), egeay = e€ap, €ieap; = 5(—1)ey,
(1 <i <p), all other products being zero.

Proof. Reasoning by induction with respect on n. Subsection 4.2 shows that the
theorem is true when n < 4. Let’s assume that it is true until an order n > 4
and let’s show it remains true for n + 1. Integer n being either even or odd, we
consider two cases :

1) n = 2p is even. The multiplication table of A is like the following eger =
%ek + Qg 2p+1€2p+1 (1 <k<2p-— 1), €o€2p = )\2p62p + Q2p2p+1€2p+1, €0C€2p+1 =
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/\2p+1€2p+1 ?Hld €i€2p—i = E€i€2p T Vi 2p—i2p+1€2p+1, with g, = 0, g; = %(—1)i71 or
g = %(—1)1 (i =1,...,p) according to Ay, = 3, Ay, = 0 0r Ay, = 1, respectively.
We have d(e;eqp_;) = €i€pr1_i+e€it1€2p—i = €i€2p+1, and then the following system

(
€169y + €262, 1 = E1€2p41,

€i€2pt1—i T €;41€2p—i = E;€2py1, (S)

{€p€p+1 T Ept1€p = 2€pepi1 = Epopit.

— 1 _ 1 _ 3
We see that eyepy1 = 56p€2p41, €p—1€pr2 = (Ep—1 — 5Ep)€2pr1 = 5Ep—1€2p+1,
_ 2i41 _ 2p-1 _ _
€p—iCpilti = “5 Ep_iCopi1, €162y = “5—E1€2p11. But d(eoeap) = €peopi1 + €162, =

_ 2p—1
Aop€api1, that means ejey, = ()\gp Agpi1)€opt1, and also Agy — Agpy1 = Fo—e1.

If Ay, =0, we have g1 = and Aopr1 = 2p L 0,1 3,1}, that is impossible.
If Xy, =1, we have e; = —3 and Ay = 1 + 2p L 2”:3 ¢ {0, 3,1}, which
impossible.
Hence Mg, = %, g1 =0and Aypy; = %
Since all the A\, are equal to % (k # 2p+1), applying 2L3 —3L2 4+ Le, = 0to ey, it
follows that 2ay 9,11 A0p+1(Agpr1 — 1) = 0. If Agpiq = 2, then we have ag 2,41 = 0,
which means epe), = %ek for all k. Hence e;e; =0, with 1 <7 <j <mn.

2) n = 2p—11is odd. The multiplication table of A is like the following epes, =
%ek + Qg 2p€2p (/f =1,...,2p - 1)7 €oCap = Agp€ap and €;€ap_1-; = Vi2p—1—i2pC2p
(¢ =1,...,p—1). By derivating this last relation, we have e;eq,_;+€;+1€9,_1-; = 0,
and the following system

€1€2p_1 + €263, o = 0,
€a€p_o + €362,_3 = 0, (S")

2 _
epfleerl + ep - O

_ _ _ _ i—1 _ _ 1,2
So €1€2p—1 = —€2€2p_2 = €3€2p_3 = "+ = (_1)Z €i€op—j = = (_1)p €p> that
_ i—1 : _ _
rlneans eieap—i = (—1) €1€2p 1. However, since d(epes,— 1) = epegp + €162y 1 =
5€2p, We have ejeg, | = ( — Agp)eg,. Because Ay, € {0, > 1}, we consider three
situations :
_ 1 1 i—1 C_
If Xy = 0, we have ejeg,—1 = 53, €i€2p—; = 5(—1)""leg, (i =1,...,p) and
63 = €.
1 1 ; -
If Xy = 1, we have eieg,_1 = —3563,, €i€2p_; = 5(—1)"ez, (i = 1,...,p) and
2 _
60 — 60.

If )\QP = %, we have €1€2p—1 = €i€2p—; = 0 (Z =1.. p) and 2ai,2p/\2p()\2p—1> =
0 shows that a;9,—; = 0. Hence epe; = %ei (i=1,...,p). Furthermore we

have, either e§ = e, or e} = ey + €.
For cases Mgy, = 0 and Ay, = 1, we just need to show e;e; = 0 for i +j < 2p. The
following lemma completes the proof of the theorem. And Note 4.12 shows that
all algebras defined in this theorem are Lie triple. O
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Lemma 4.10. ege; = %e,- fori=1,....,.n—1.

Proof. We have e;ear—i = Viok—inen for i = 1,..., k — 1. By derivating this we
have e;eor 11 + €;11€9x—; = 0. By varying ¢ we have the following system
((e1€0), + ese9,_1 =0,

eg€ok—1 + e3egr_2 = 0,

...... ’ (Sk)
€r—1€k42 T epepyr = 0,
L €kCht1 + Eppr16r = 2€pep1 = 0.
Going up the lines of this system we see that e;eqp 1 = 0 for ¢ = 1,...,k in
particular ejeqr = 0, S0 egeorr1 + €169 = %62k+1 and egegpi1 = %egkﬂ, k =

0,...,p—1.
Now we reason by induction with respect to n. Let’s assume that it is true
until an order n. We distinguish two cases :

e n+1=2p+1isodd. We have eye, 1 = %enﬂ, which imposes ege,, = e,,.

2
e n+1=2pis even. Since n = 2p — 1 is odd, we have ege, = Le,.

2

OJ

Since every commutative Jordan algebra is a Lie triple algebra, we have the
following result:

Corollary 4.11. Let A be a commutative Jordan non nil-algebra, dimensionally
nilpotent. Let {eg,e1,...,e,} be an adapted basis of A. Then:
1) If n = 2p + 1, the multiplication table of A is:

1

e2 = ey, epe; = 3¢ (1 <1< 2p+1), all other products being zero.

2) If n = 2p, the multiplication table of A is one of the following three tables :
(i) €§ = eo, eoe; = 3¢; (1 <1 < 2p), all other products being zero.
(i1) €§ = e, eoe; = 2€; (1 < i < 2p—1), egeay = 0, ese0p; = 3(—1)" ey,
(1 <i <p), all other products being zero.
(iii) €} = eo, eoe; = 3e; (1 < i < 2p—1), epeay = €y, €2, = 3(—1)eg,
(1 <i <p), all other products being zero.

Proof. The Corollary follows from Theorem 4.9 knowing that Jordan algebras do
not admit pseudo-idempotent. 0

Note 4.12. 1) Multiplication tables in Theorem 4.9 1) (¢) and in Corollary 4.11 1)
when n = 2p+ 1 is odd are those of gametic algebras G(2p+ 2,2) (Example 4.2).
It is the same for those defined in Theorem 4.9 2) (7) and in Corollary 4.11 2) (4)
when n = 2p is even. These are gametic algebras G(2p + 1,2). They are char-
acterized as elementary train algebras with equation x*> — w(x)z = 0, in which
w:A— K, e 1, e; — 0 is an homomorphism of algebras [I1].

2) Multiplication tables in Theorem 4.9 2) (i) and in Corollary 4.11 2) (i7),
when n = 2p is even, are those of normal Bernstein algebras of type (2p,1).
Normal Bernstein algebras are defined by equation z?y = w(x)xy. These are
Bernstein-Jordan algebras, characterized by the train equation z* — w(z)z? = 0

[10, 11].



84

A. DEMBEGA, A. KONKOBO, M. OUATTARA

3) Multiplication tables in Theorem 4.9 2) (4i7) and in Corollary 4.11 2) (i),

when n = 2p is even, are those of the other class of train algebras of rank 3 which
are Jordan algebras of type (2p,1). They are defined by equation x* — 2w(z)x? +
w(z)?z = 0 [10, Theorem 2.1].

4) Multiplication tables in Theorem 4.9 1) (¢') and 2) (i) are those of train

3

algebras satisfying * — 3w(z)a? + Jw(x)?z = 0. These are Lie triple algebras
because of [2, Proposition 5.2, (iii)].

1.

10.

11.
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