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A CLASS OF CONSTACYCLIC CODES OF LENGTH 2p* OVER
Fpm [u,v]
(u? w2 uv—ou)

YOUSSEF AHENDOUZ!* and ISMAIL AKHARRAZ?

ABSTRACT. Let p be an odd prime number. This paper investigates A-constacyclic
Fpm [u,v] 2 where A = 1+ pu+nv+

(u?,v2 uv—ovu

codes of length 2p® over the ring R, , =

Tuv, with ¢, p,n, 7 € Fym ¢ € Fpm, and p,n not both zero. When A\ = u? for
some p € R, , the structures of all A-constacyclic codes of length 2p°® over R, ,
are determined and can be expressed as the sum of a (—u)-constacyclic code
and a p-constacyclic code of length p°. When )\ is not a square, we classify
these codes into four distinct types, provide the number of codewords for each
type, and give the details of their dual codes.

1. INTRODUCTION

In error-correcting code theory, constacyclic codes play an important role be-
cause they can be efficiently encoded using simple shift registers. Their strong
algebraic structures enable effective error correction and detection, making them
valuable for both practical and theoretical purposes. However, classifying these
codes remains a challenging task. So far, only certain classes of constacyclic codes
of specific lengths over particular finite rings have been successfully classified.

Let R be a finite commutative ring with unity, and let A be a unit of R. A
A-constacyclic code of length r over R is represented as an ideal of the quotient
ring j[ﬂ . When the code length r is coprime to the characteristic of the residue
field of R, the codes are referred to as simple root codes; otherwise, they are called
repeated root codes. In recent years, there has been significant interest in codes
over finite rings, as certain good codes have been discovered as Gray images of
codes over rings. Special classes of simple and repeated root constacyclic codes
over various finite rings have been extensively studied by numerous authors; see,
for example, [1, 16, 17, 1,5, 2,19, 3, 13].

Yildiz et al. in [18] have studied the ring %
and examined cyclic codes of odd length over it. They discovered some effective
binary codes as the Gray images of these cyclic codes. A generalization of these

codes was explored in [10], where the authors investigated the cyclic codes over
Falu1,ug, - uk]

, which is not a chain ring,

as well as characterized the nontrivial one-generator cyclic codes.
<u2 u? uufuu> !
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Subsequently, Sobhani and Molakarimi [15] extended these studies to cyclic codes
over the ring %. Additionally, in 2015, Kewat et al. [12] investigated

ZLp|u,v]

cyclic codes over the ring e —

> and identified a unique set of generators for

these codes.

In this article, we consider the ring R, , = Fpm [u,0]

(u2 w2 uv—vu)’
number. This ring is an important example of a finite local ring but not a chain
ring. Its units have the form:

where p is an odd prime

Y+ pu + nu + Tuv,

where ¢ € FJ. and p, 7,7 € Fpym.

Dinh et al. [7] determined the algebraic structures of all constacyclic codes of
length p® over R,,, except for the (i) + Tuv)-constacyclic codes where 7 # 0,
which are studied in [¢]. In the case where p = 2, Dinh et al. [J] classified all
self-dual A-constacyclic codes of length 2° over R, , corresponding to units of the
form

A=y +nu+TUw, Y+ pu+TUv, P+ pu+nu+ TUV,

where ¥, p,n € F5,, and 7 € Fam. All these previous works were limited to the
case of lengths p®. In this article, we propose to study some cases of constacyclic
codes of length 2p° over R, ,.

The remainder of this article is structured as follows: In Section 2, we present
essential preliminary elements on constacyclic codes. Section 3 explores A-constacyclic
codes of length 2p° over R, ,, examining the number of elements in each consta-
cyclic code and their duals when A is a square. Section 4 continues this analysis
for A-constacyclic codes in the case where A is not a square. Finally, Section 5
delves into the dual of the codes studied in Section 4.

2. PRELIMINARIES

Let R be a finite commutative ring. The ring R is a local ring if it has a unique
maximal ideal. Moreover, if this unique maximal ideal is principal, then R is
known as a chain ring. If R satisfies the isomorphism T]E) =~ soc(R), where J(R)
denotes the Jacobson radical and soc(R) is the socle of the ring R, then R is
called a Frobenius ring [14].

A linear code, denoted as C, of length r over R, is an R-submodule of R". Let
A be a unit in the ring R. A linear code C of length r over R is defined as a

A-constacyclic code if the following condition holds:

(¢07¢17 s 7¢r—1) elC= (/\Qbr_l,ﬁso, Ce ,¢r—2) eC.

Each ¢ = (¢o, ¢1,...,0-—1) € C can be represented as a polynomial ¢(z) =
¢o+d1x+- - -+d._12" . This identification leads us to the following proposition.

Proposition 2.1. [I1] A subset C' of R" is a A-constacyclic code if and only if

C s an ideal of <£[f]/\>
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The dual code O+ of a linear code C of length r over a ring R is defined as

r—1
Ct = {gb = (60,01, Sro1) € RV i) =0, for all ¢/ = (¢, %,....dl_,) € (J} .

=0

Proposition 2.2. [7, Proposition 2.4] Consider a linear code C of length r over
a finite Frobenius ring R. Then,

[CHICl = |RI".

The annihilator of an ideal I in the ring R, denoted as A([), is defined as the
set

A(l)={a€ R|ab=0, forall be I}.

For any polynomial ¢(z) = ¢o+¢1x+...+¢xt € R[x], where ¢; # 0, we define
the reciprocal polynomial ¢*(z) as ¢*(x) = 2lp(xz™) = ¢ + dr_17x + ... + goal.
Proposition 2.3. [1] Let C be a A-constacyclic code of length r over R. Then

CH = A(C) = {¢*(2) | o(z) € A(C)}.

Throughout this paper, let p be an odd prime number and m a positive integer.
We consider the following rings:

and
T — ]Fpm [/U]
v U2> .

») = (u,v) and Soc(R,,) = (uv). As

(
It is straightforward to verify that J(R
a result, we have the isomorphism

Ru,v
J(Ruw)

which implies that R, , is a Frobenius ring. Additionally, 7, is a chain ring with
maximal ideal (v). An element of R, , of the form \ = ¢ + pu+ nv + Tuv, where
v, p,n, 7 € Fym, is a unit if and only if ¢ # 0. Without loss of generality, we
assume 7 # 0, ensuring that at least one of p or 7 is non-zero.

Let s be a positive integer. Applying the division algorithm, we can express s as
s = gsm—+1s, where ¢, and r¢ are non-negative integers satisfying 0 < r;, < m—1.
Note that ¢?" = 1. Define 1o = ?" " = P """ Tt follows that

S (gs+1)m
vy =P = .

Now, let’s define the following rings:

= Soc(Ry.)

_ R[]
@ =

and
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Additionally, consider the homomorphism:

] Ry — T,
T oap 4 asu 4 azv + aguv —  ay + azv

where a; € Fym. This homomorphism is the reduction modulo u and extends
naturally to a homomorphism between polynomial rings:

O Ry, [z] = Tylz].

Since
O = N) =2 — (Y + ),

the universal property of quotient rings guarantees the existence of a unique
homomorphism, also denoted by @, such that

q) . R)\ — Sw+77v.

Proposition 2.4. The following conditions are equivalent:

(1) X is a square in R, ,.
(2) ¥+ nv is a square in T,.
(3) ¢ is a square in Fpym.

Proof. (1) = (2): Suppose A is a square in R, ,. Then there exists an element
p € Ry, such that A = p?. We can write u = o' + p'u + n'v + 7'uv, where
', o1, 7" € Fym. Therefore,

A= () + pu+ v+ Tuv)?

Now, reducing modulo u, we have:
U+ = (¥ +n'v)*
This implies ¢ + nv is a square in 7.

(2) = (3): Assume ¢ + no is a square in T;,. Thus, there exists some y € T,
such that 1 +nv = y?. Let y = a + bv, where a,b € Fym. Then:

Y +nu = (a+b)* = a®+ 2abv + b*v°.

From this, we conclude that ¢ = a?, hence ¢ is a square in Fym.

(3) = (1): If ¢ is a square in Fym, then there exists an element ¢ € Fym
such that p = % Consider the element p = ¢ + p'u + v + T'uv € Ry,
where p/,n/,7 € Fym are chosen such that p' = (2¢)7'p, 0/ = (2¢)7'n, and
7 =c (277 — p'r). Then:

A= p? = (c+pu+nv+7tuw)

Thus, A is a square in R, ,. O
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3. THE CASE WHEN \ IS A SQUARE IN R, ,

In this section, we assume that A is a square in the ring R, ,, denoted by
A = 2. Define two polynomials in R, ,[z]:

O(x) = @)~ (@ +p) and Lo(z) = —(2u0) " (@ — p).
Notably, in the ring R, the following equations hold:

(3.1)

Now, we state the following lemma:

Lemma 3.1. (]) R)\ = gl(ZE)R)\ ©® ez([E)R)\;
(2) The ring homomorphisms

Ty % — li(x)Ryx  , and my, : % —  l(x)R

are ring isomorphisms.
Proof. (1) For any z(z) € R,
2(x) = 2(x)(L(2) + bo(x)) = G (2)2(2) + () 2(2)

Thus, Ry = 1(x)Rx+l2(x)Ry. Additionally, if
0, then, by (3.1), we have

()R + lo(x)R.

c
U (x)z(2) +lo(x)20(2) =

Gi(@)21(x) = £i(x) (G(x) 21 (2) + Lo(7) 2(2)) = O,
Uy(x)za(x) = 1 (x) (U1 (x) 21 (x) + lo(2)22(2)) = 0.
Hence, Ry = l1(z)R\ @ lo(z)R .
(2) Let’s demonstrate that mp, is a ring isomorphism, and similarly for m,.
If 4(x) - z(z) = 0 in ¢1(x)R,, then there exists b(x) € R, ,[x] such that

0(z) - 2(x) = b(z) - (z%" — N), Le.,
(1= la(z)) - 2(z) = b(x) - (2 = N), in Ry,[z].

Since lo(x) and (3327’5 — )\) are both divisible by 2P" — pu, it follows that

z(x) = 0 in %. Thus, we have shown that my, is injective. The

surjection is obvious.

OJ

As a consequence of the preceding results, we can now present the following
theorem.

Theorem 3.2. A subset C' of Ry is a A-constacyclic code of length 2p° over R, ,
if and only if C' = {1(x)Cy @ la(x)Cy, where Cy is a p-constacyclic code of length
p°® over Ry, and Cy is a (—p)-constacyclic code of length p* over R, ,. Moreover,

| C =[Gl ol
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Proof. By Lemma 3.1, we have C' = I & J, where I and J are ideals of ¢;(z)R,
and lo(z)Ry, respectively. Since 7, and 7, are ring isomorphisms, I = ¢;(x)C4

and J = ly(x)Cy, where Cy and Cy are ideals of R“ ”jx] nd R"“[$]> respectively.
Moreover, we have

|C1 =[] = [C1]]Cal.
0

Example 3.3. Let R, , = M A =1+ 2v, and p° = p™ = 3. Here,

(u? w2 uv—vu)

A = pu? where p1 = 1 +v. Consider the polynomlals

be) = @)@ 4 ) and () = () (@ — ).
Given that (2u)~! = 1 + 2v, we have:

((x) = (1 +20)(2® + (1 +v)),

lo(x) = — (14 20)(2® — (1 +v)).
Then, the (1 + 2v)-constacyclic code of length 6 over R, , is given by:

C = 61(%)01 D EQ(I)CQ,
where C is a (1 + v)-constacyclic code of length 3 over R, ,, and C; is a
(—(1 + v))-constacyclic code of length 3 over R, ,.

Furthermore, the dual code C* of a code C is determined as follows:

Theorem 3.4. Consider the \-constacyclic code C = {1(x)Cy & ly(x)Cy of length
2p® over R, ,, where Cy s a p-constacyclic code of length p* over R, ., and Cy is
a (—p)-constacyclic code of length p* over Ry,. Then, C*+ = {,(z)Ci & ly(x)Cs-.

Proof. We have

()—61()()@()() A(C)

Vai(x) € C1, Vzo(x) € O, (Gi(2)t(2) © ba(2)la()) - (G(2)2 ( ) @ lo(7)25(x))
1($) ECl,v22($) 602,61(.’13) 1( ) ( )—Oand 62( ) ( ) (IE

(

z(w
) =0
Va1 (z) € C1, 11 () - z1(x) = 0 in 2L and Vo () € O, ta(z) - 20(z) = 0 in el

) (o)

& ti(x) € A(Ch) and to(x) € A(Cy).

Therefore,

iIINI

~—

A(C) = t1(x)A(Cy) @ la(2)A(Cy).
Thus, by Proposition 2.3,
C+ = 0% (2)CF @ £y* (2) 05

Since ¢, (z) is associated with ¢;(z) and (3" (x) is associated with ¢5(x), we
have
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By Theorems 3.2 and 3.4, the structure of A-constacyclic codes of length 2p*
over R, ,, along with the cardinality and dual of each code, is entirely determined
by the (x) and —p-constacyclic codes of length p® over R, ,, which are studied in
detail in [7].

4. THE CASE WHEN \ IS NOT A SQUARE IN R, ,

In this section, we explore the structures of all A-constacyclic codes of length
2p® over R, , when A is not a square in R, ,. Recall that A\ = ¢ + pu +nv + Tuv,
where ¢,n € FJ. and p,7 € Fpm. It is important to note that, by Proposition
2.4, ¢ + nv is not a square in 7T,,.

The following theorem presents some known results for (i) + nv)-constacyclic
codes of length p® over the ring T,, i.e., ideals of Sy, which are necessary in
this section.

Theorem 4.1. [2]

(1) In the ring Syiny, (¥* — vo)” = nu, and the polynomial 12 — 1y is nilpo-
tent, with a nilpotency index of 2p°.
(2) The ring Syiny forms a chain ring, and its ideals is expressed as follows:

Sy 227 —tho) 2+ 2 <($2 - ¢0)2p5_1> ) <(x2 - ¢0)2p5> = (0).
(3) For everyi=0,...,2p°, the following relationship holds:

(62—

= e, (4.1)

Lemma 4.2. In R,,

(1) Vi €0, o 2p° = 1, (22 — %):g (u).
(2) (2% — o)™ = 2pu(a® — )"

Proof. In Sy, by Theorem 4.1, we have the following:
o ((Iz - ¢0)2p871> = (I)((UCZ—%))%LI = (x2—¢0)2p371 = ($2—¢0)ps (952—1/10)1)571 = TIU(xQ—%)le'

Thus, if (22 —19)% ! C (u), then ®((2? —1)y)* 1) = 0. Consequently, nv(z? —
o)?" "t =0 in Sy, leading to a contradiction.
For the second point, in R, for all 1 <k < p® — 1, we have p | (’;) Then,

p®—1 s
(»TZ - %)ps =% — @bgs + Z (i)x%(—wo)ps_k = pu+ nu + Tuwv.
k=1
So
s s s 2
(xQ — @DO)QP — 2pu (xQ — %)p = (((EQ — @/)O)p — pu> = (nv+ Tuv)2 = 0.

Then
(:1:2 — ¢0)2p‘ = 2pu (332 — wo)p‘ .
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Lemma 4.3. Let z(x) € Ry. We can express it uniquely as:

2pS—1 2p5—1
2x) = Y (oo +ouw) (@ =) +u Y (ou+our) (@® =),  (4.2)
=0 =0

where ooy, 0o, 011, 011 € Fpm.

Proof. In Sy, ®(2()) can be viewed as a polynomial over T, of degree up to
2p® — 1. Thus ®(z(x)) can be uniquely expressed as

S

|
—

P p*—1

((701 + Qo[%) ((L’2 — wo)l +v Z (O'[I)l + Q{)ll') ($2 — Q/JO)Z

=0

O(2(2)) =

{ng

w

i
|
—
i
w
|
—

S

(oo + o) (2° — ?/fo)l +n" (2% — )" (of + o) (2° — Y/Jo)l

|
(]

T
| <
~
|
o

S

[\~

1
(001 + ooiz) (#° — %)l :

P

~
o

where for any p* <1< 2p* — 1, og + oz =0t (Ué,lfps + Qa,lipsl'). Then, in
R)n

2p*—1

2(x) = Z (oo + o) (2° — wo)l + uy(z),

1=0
where y(z) € Ry. Applying a similar process to y(z), we obtain
2p5—1

y(@) =Y (ou+ouz) (&® = vo) + uw(z).

=0

Thus, in R, we have

2p°—1 2p°—1
2x) = (on+ouw) (& — o) +u Y (ou+ oux) (z° — )"
1=0 =0

Lemma 4.4. Any nonzero polynomial o + ox € Fym[z] is invertible in Ry.

Proof. 1t ¢ = 0, then o + gr = 0 € F; is invertible. Now, suppose ¢ # 0. In the
ring Ry, we have

(z+o to) (z—o to) = (xg — (9_10)2)ps =27 — (o7 to)? = (v — (g_la)gps)+pu+nv+7uv.
Because 1) is not a square (see Proposition 2.4), we have ¢ # (¢9~'0)*". Thus,
On the other hand, since pu + nv + Tuwv is nilpotent, the expression (z +

o o))" (x — o7 to)?" is invertible. Consequently, o + oz is also invertible.
O
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Theorem 4.5. The ring Ry is a local ring with the mazimal ideal {x* — 1y, u),
but it is not a chain ring.

Proof. First, it is evident that both u and x? — v are nilpotent elements in R .
Consider a polynomial z(z) in R,. By Lemma 4.3, z(z) can be uniquely expressed
as:

2p*—1 2p®—1

z(x) = (000 + 000T) + Z (oo + oow) (2% — o)’ + u Z (ou + ouz) (2% — ),
=1 1=0
where oo, 001, 011, 011 € Fpm. According to Lemma 4.4, the polynomial z(z) is
non-invertible if ooy + ggox = 0, which implies that z(z) € (z? — ¥, u). Con-
sequently, (x® — 1y, u) represents the set of all non-invertible elements in Ry,
thereby establishing that R, is a local ring with maximal ideal (2% — v, u).
Next, we demonstrate that u ¢ (z? — 1)y) in Ry. Suppose, for contradiction,
that u € (x? —1)g). Then there exist polynomials I(x) and k(x) in R, , such that

u= (2> = do)k(z) + l(z) (z*" — (¥ + pu + v + Tw)) .
Substituting x = 1y, yields

u = —I(o) (pu+ nv + Tuv),

which leads to a contradiction because u cannot be expressed as a linear com-
bination of v in R, ,[z]. Hence, u & (x? — ).

Furthermore, z? — ¢y ¢ (u) because (z* — 19)* # 0 in Ry. Therefore, R
cannot be a chain ring.

O
Lemma 4.6. Let C be an ideal of the ring Ry. Then
C = ((x* — o)™ + uz(z)) + uD, (4.3)

where 0 < o < 2p*, ®(C) = ((® — 1y)*), and z(x) is a polynomial such that
(22 — o)* +uz(x) € C. Additionally, D = {a(x) € Ry | ua(z) € C}.

Proof. Since ®(C') is an ideal of Sy, by Theorem 4.1, there exists an integer
0 < a < 2p® for which ®(C) = ((#* — 1)*). Given that ® is surjective, we can
find a polynomial z(z) € Ry with (22 — 1y)® + uz(x) € C.

For any polynomial f(x) € C, there exists a polynomial g(z) € Sy, satisfying
O(f(x)) = g(z)(x® — 1) Let h(x) € Ry be such that ®(h(x)) = g(z). Thus:

O(f(2)) = @(h(2))P((2* — o) + uz(x)).
Then,

f(@) = h(z) ((2* = 1o)* + uz(z)) € ker(®) N C.

Therefore,

C C ((2* — o)™ + uz(z)) + ker(®) N C.
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Consequently,

C = ((2% = o)™ +uz(z)) + ker(®) N C
= ((2® — ¢o)* + uz(x)) + uD,
where D = ker(®) N C.
U

Theorem 4.7. A-constacyclic codes of length 2p° over R, ,, t.e., ideals of the
ring Ry, can be classified into the following types:
i) Type 1: (0),(1).
i) Type 2: (u(x? — 1o)*), where 0 < o < 2p* — 1.
iti) Type 3: ((x? —1bo)® + u(x* — thy)’t(x)), where 1 <a <2p*—1,0< B <
T, and t(z) = 0 or t(x) is a unit of the form
2p5—1
Z (014 o) (z° — o),
1=0
with oy, 00 € Fym and o9 + oo # 0.
i) Type 4: <(:1c2 — o) + u(x® — Po)Pt(x), u(z? — 1hp)° > where 1 < o < 2p°—
L0<SpB<d<T, and t(z) is as in TypeS’ Here,

T =min {w | u(z® — )" € {(2 )* +u(z® —1ho)’t(x)) }

Proof. The ideals of type 1 correspond to the trivial ideals. Let C' be a non-trivial
ideal of R,.

o If ®(C) = 0. Then, by Lemma 4.6 we can write C' = uD, where D =
{a(x) € Ry | ua(x) € C}. Furthermore, since (D) is an ideal of Sy,
we have ®(D) = ((z* — 1)) with 0 < a < 2p® — 1. Therefore, by
applying Lemma 4.6 again, we obtain D = ((z% — 1¢o)* + uz(z)) + uE
with F = {a(x) € Ry | ua(z) € D} and z(z) € R,. Hence, we can
conclude that C' = (u(x* — 1g)®). This implies that C is of type 2.

o If &(C) # 0. Since ®(C) is a non-trivial ideal of Sy4,,. Thus, we have
O(D) = ((z* — 1)) with 1 < a < 2p°* — 1. By applying Lemma 4.6,
we can write C' = ((2? — )® + uz(x)) + uD, where z(z) is an element
of Ry and D = {a(z) € Ry | ua(z) € C}. Since uD C (u), then uD =
<u(x2 — w0)5>, where 0 < § < 2p®. Next considering the expression of
z(z) given by Lemma 4.3, we have

2p°—1
uz(z) =u Z (oor + on) (22 — bo)t = u(2?® — o) t(z),
1=0

2p°—1
where t(xz) = 0 or ¢(z) is a unit of the form Z (o7 + o) (22 — !, with

o1, 00 € Fym and o0y + 0oz # 0 is a nonzero polynomlal Consequently, we
can erte

C = ((2* = 90)" + u(a® — ) t(x), u(z® — ¥o)°).
Let T = min {w | u(z? — )" € ((x* — o)™ + u(z? — ¢)’t(z)) }.
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—If 6 > T, then C' = ((2% — o) + u(x* — ¢hp)’t(x)) . This implies
that C' is of type 3.

—If § < T, then C = ((2% — tho)* + u(2® — o) t(x), u(z* — 1h)°) .
This implies that C' is of type 4.

O

The value of T is crucial in the classification of A-constacyclic codes of length
2p® over R, ,. Therefore, we propose to compute it in the following theorem.

Theorem 4.8. Let T be defined as follows:

T = min {w | u(z® — o) € {(x* — 1o)* + u(z® — 1bo)’t(z))} .
Then,

o if 2(x) =
= {min{a,e}, if z(x) 7é

with

e =max {i | (z° — )" divides (x° — o)™ TP~ t(x) + 2p(x® — 1ho)"" }

and

(% — o)™ U (2) + 2p(2® — o) = (2% — tho) 2 (),

where z(x) is either zero or a unit of the form:

2pS—1
2(0) = ) al@)(@® — ),
1=0
with ¢;(x) being linear polynomials over Fym and co(x) # 0.

Proof. Consider u(z® — 1ho)" € ((z* — ¥0)* + u(z? — o)’t(x)). This implies

u(a® =) = f(z) (2% = 90)* + u(z® — o) t(x)) ,

for some f(z) = > aj(x)(x* — o) +u l;) bi(z)(x* — o)t € Ry. Let

=0

2p°—a—1 2ps—1
fo@) = > @)@ =), fal)= Y alz)@?— ),
=0 [=2p°—«
and
2p5—1

sz (2 = 4o)".

Here, a;(x) and b;(x) are linear polynomlals over F,m. Thus,

f(x) = foolz) + (2% — o)~ for(x) + wfi(x).
Then,
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u(z? — )" (22 = 4ho)* foo() + (2% — 10)*" for (@)

1 u (2% = o) t(x) foo(x) + (22 — o) fu(w) + (2% — o) Pt (z) for ()
= (@ — o) foo(z) + u (2p(2® — o) for(2) )
+ (2% — 0)?t(x) foo () 4 (2% — Yo)* fr(x) + (22 — o) =t (z) for (z)) -

The last equality holds by utilizing Lemma 4.2. Consequently,
2p°—a—1

(2 = 40)* foolx) = (&® = 0)” D al@)(@® — o) € {u).

1=0
By applying Lemma 4.2 again, it follows that fyo(z) = 0. Thus,

w(@® —1ho)® = u(2p(x% = o)” for () + (2% — o) fr(x) + (& — o) TP t(x) for (x))
= u((2? — o) fi(x) + (22 — bo)*2(x) for (x)) .

Now, we consider the following cases:
o If z(x) =0, then T > «. Since we have

u(@?® =)™ = u ((2* = o)™ + u(@® — vo) t(x)) € ((2* —0)* +ula® — 1) t(x)),
it follows that T = «.
o If z(z) # 0, then T > min{a, e}. Conversely, we have

u(@® —10) = u (2% = %0)* + u(a® — ) t(x)) € ((2* o)™ +u(2” — ) t(2)),

and

w(z?—1po)" = 2(x) T &?—1o) T (2% — o) + u(2? — o) t(x)) € (2% —vo)*+u(a®—1bo) t(z)).

Therefore, T = min {«, ¢}.
O

Remark 4.9. In the case where p = 0, then

r_ o if z(z) =0,
| min{a, 2p° + 8 — al, if z(z) # 0.

We will now determine the count of codewords within each A-constacyclic code
of length 2p® over R, ,, denoted as C'. To accomplish this, we introduce two
concepts: the residue and torsion of C"

Res(C) = (C),
Tor(C) = {c(x) € Syt | uc(z) € C}.
It is clear that Res(C') and Tor(C) a re ideals of Sy,,. Therefore, according to

Theorem 4.1, they are of the form {(z? — 1)), where 0 < i < 2p*. On the other
hand, let’s consider the ring homomorphism

T: C — 90)
) — O(x(x))



Fpm [u,v]
<u2 02 ,uvau>

We have Im T = Res(C') and ker T" = u Tor(C'), so the first isomorphism theorem
implies
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| C' |=|| Tor(C) | Res(C) | . (4.4)

The following lemma, which can be easily proven, provides the expressions for

Res(C) and Tor(C) for any ideal C' in R,.

Lemma 4.10. With the notation of Theorem 4.7 :
i) If C' = (0), then Tor(C') = Res(C') = (0).
ii) If C' = (1), then Tor(C') = Res(C) = (1).
i) If C = (u(x?—po)*) is of type 2, then Tor(C) = (2 —10)*) and Res(C) =
(0).
w) If C = (2% — o)™ + u(x? — 1)Pt(x)) is of type 3, then Tor(C) = ((x? —
$o)™) and Res(C) = {(z? — 60)").
v) If C = ((% — o)* + u(a? — o) t(x),u(x® — 1)°) is of type 4, then
Tor(C) = ((#* — )’} and Res(C) = ((2* — t)").
By determining Res(C') and Tor(C') in each case, we can calculate the cardi-

nalities of all ideals in R . This can be accomplished by applying Equations (4.4)
and (4.1).

5. DUAL CODES OF A-CONSTACYCLIC CODES OVER R, ,

In this section, we focus on the dual codes of A-constacyclic codes of length 2p®
over the ring R, , when )\ is not a square.

Lemma 5.1. Let C be a A-constacyclic code of length 2p° over R,,, and let
0 < a,b < 2p® such that Res(C) = ((x2 —1g)®) and Tor(C) = ((x2 —1y)?). Then,
Res(A(C)) = (2% — 10)* ") and Tor(A(C)) = ((2* — o) ™).

Proof. Let Res(A(C)) = (2 — 1)) and Tor(A(C)) = ((x> — )", where
0 < d,t < 2p* Then, u(z? — ) € C and u(x? — )" € A(C). Moreover,
)

there ex1st polynomials g(z) and f(z) in Ry such that (2 — v0)* + ug(z) € C
and (2% — ) + uf(z) € A(C). The following equations hold:

{ 0 = u(a® —o)"((® — ¢o)” + uf(z)) = u(z® — )"+,
0 =u(2® — )" (2% — o) + ug(x)) = u(x? — ahg)¥'*e.

Thus, In light of lemma 4.2 we necessarily have a’ > 2p® — b and V/ > 2p°® — a.
According to Proposition 2.2, |C||A(C)] = |R,| = p¥"". From Equations (4.1)
and (4.4), we deduce that b’ = 2p* — a and o’ = 2p* — b. O

Lemma 5.2. With the previous notation, we have
A(C) = (2 = o) ™" +uf(x),ula® — o) 7).

Proof. Firstly, it is clear that u(z? —)*"~* € A(C) and (2 —v)* " +uf(z) €
A(C). Now, let ¢(x) € A(C). Then ®(c(x)) € Res(A(C)), which implies that
there exists co(z) € Syiyy such that

®(c(x)) = eolx)(@® = )" = @ (co(w) ((2* — 90)* " + uf(x))) -
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Therefore, we have
c(z) — co(z) ((2* — o) " +uf(z)) € ker .
This implies that
c(x) = co(a) ((2° = o) ™" + uf(z)) = ucr(z) € A(C),

where ¢1(x) € Sy Then ¢(z) € Tor(A(C)) = ((2* — 1)? ™). Then

c(z) € ((a® — o) ™" +uf(x), ula® — o) 7).
It follows that

A(C) = ((&® = 90) ™" + uf(2), ul@® — o) 7).

0

We will now proceed to determine the annihilator of each type of ideal in The-
orem 4.7. For ideals of type 1, the annihilators are straightforward to determine.

If C' = (0), then A(C) = (1). If C' = (1), then A(C) = (0).

For other types of ideals, we need to consider two integers a and b such that
Res(C) = ((2% —1)?) and Tor(C) = (22 —1))?). These integers are determined
using Lemma 4.10. Next, we find a polynomial f(x) such that (2% — ¢y)%*"~° +
uf(z) € A(C). Finally, we obtain A(C') using Lemma 5.2.

Proposition 5.3. If C = (u(z? — 10)%) is an ideal of type 2, then A(C) =
(@ = 2o) ", u).
Proof. 1t is clear that (2% — 1y)* ~* € A(C'). Therefore, we have A(C) = ((z* —

¢0)2p5—a’ u> .
0J

We recall that
e =max {i | (2° — )" divides (% — 19) 7 *¢(x) + 2p(2* — ¥0)"" },
and z(z) is either zero or a unit of the form

2p5—1

z(x) = Z ci(x) (2 — o),

1=0

where ¢;(z) are linear polynomials over F,m with ¢o(x) # 0, and
(2% — o) TP () + 2p(x? — o) = (2 — o) 2(x).

Proposition 5.4. If C = (2% — ¢0)® + u(a? — 1o)?t(x)) is an ideal of type 3,
then:

<(IL‘2 - ¢0)2p87a> ; if z(z) =0,
(2% — o) ¢ —wz(x),u(z® —o)* ™), if z(xz) #0 and a > ¢,
(@ = )P~ —u(x? — )" *2z(x)), if z(x) #0 and a < ¢.

A(C) =

—~
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Proof. We will search for a polynomial f(z) € Sy, that satisfies (22 —1))% =T +

uf(z) € A(C), ie.,

(22 = o) T 4 (2 — i) T 4(w) + (2 ) f ()

(3?2 - %)a T(ﬂf —0)*" 4 u (&% — o) T HH(x) + (2% — ) f(v))
2p(a® = Po)P T 4 (2% — aho)* Tt () + (2% — ho)* f ()

w (2% = o) T H2(x) + (2% — o) f(2)) -

0

(5.1)
We consider two cases:
o If 2(z) = 0, then T = «, and the equation (5.1) is equivalent to 0 =
u(x? — )® f(z). In this case, we choose f(z) =0, and we have
A(C) = (2% = o)™~ u(a® — o) ™) = (2" — o))
o If 2(z) # 0, in this case, we choose f(z) = —(2% — 9y)* Y z(), and then
A(C) = ((2® = )™ ™" —u(a® — )" 2(2), u(a® — o) 77).

More precisely,
— Ife <a, then T =¢, and

A(C) = (2 = o) 7% = uz(), u(z® — ) 7).
—If e > a, then T = «, and

A(C) = (2 =tho)" ™~ —ula®—h)T2(x), u(z® o)™ ~) = (& —1o) ™ ~*—u(2~1p)" "2 ()).
OJ

Proposition 5.5. If C = (22 — 1)) +u(x? — 1))’ t(z), u(x® — 1)°), an ideal of

type 4, then:

A(O) _ <( 2 %)2’3 -0 u<$2 - 1/10)2p5_°‘> ) Zf z(a:) =

(2% = o) 70 —u(a® — o)™ *2(w), u(a® — o) =), if 2(x) #0.

Proof. 1t is sufficient to find a polynomial f(z) € Sy, such that (2% —1))%" ~° +
uf(z) € A(C). This can be expressed as follows:

0 (22 — )" o ((2” - )2” " (x) + (2 — o) f())

(= a4 (g )+ (a0
quP(SC — o) T+ (a? — ¢)2p 5+ﬁt()+( o) f (@) ’
u (2% = o)*0*52(2) + (2 — o) f(2)) -

Then, we choose f(x) = — (22 —)*%2(z) if z(x) # 0 and f(x) = 0if z(z) = 0,

resulting in:

o If z(x) =0,
A(C) = (2% = o) 0 u(@® — )" ) .

o lf 2(2) #0,
A(C) = (2 = o)™ ™0 —u(a® — o) 2 (), u(x® — o)™ ™).
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Let us now establish C+ = A(C)* for any ideal in Ry. If C' is an ideal of type
1, then C*+ = (0) when C = (1), and C*+ = (1) when C' = (0). Let’s investigate
the other types. But before we proceed, let’s recall the following lemma .

Lemma 5.6. [6] Let D = (t(z),uy(x)) be an ideal of Ry. Then
D* = (t"(x), uy*(x)) -
We use the following notation:
¥ =max {i | (1 —¢pa®)" divides x2(2p575)z(ac’1)} ,
then 222P"=9)z(371) = (1 — 1x?)”e(z), where e(x) is either a unit or zero.

Corollary 5.7. If C = (u(x?® — ¢0)®) is an ideal of type 2, then C*+ = ((1 —
w0x2>2p5—o¢’u>.

Corollary 5.8. If C = ((2% — o) +u(z? — o)Pt(x)) is an ideal of type 3, then:

(1 = poa?)?" =), if 2(x) =
CH = ¢ (1 — o) = —u(1 — poa?)’e(x), u(l — o) =), if z(x) 7§ 0 and o > ¢,
<<1 _ w0x2)2p5_a _ u<1 _ waQ)E_O‘Me(:z:)), ZfZ(SL’) 7& 0 and o <e.
Proof. The result is evident in the case where z(x) = 0. Now, suppose z(z) #
o If a > ¢, then
CJ_ — <(1 _ ¢0$2)2p5—5 o ux2(2ps_5)z(x_1),u(1 _ w0x2)2ps—a>
= (1 —202®)? = —u(l — oz?)’e(x), u(l — o) 7).
o If o < ¢, then
Ct = ((1—thoa?)? ~* — ug®@" =) ((if_l)z - %)Eﬂ z(271))
= (1= o) — @ (1 — ) (o)
= {(1 —z?)?" =@ — u(1 — Pga?)= " e(x)).
O

Corollary 5.9. If C = {(2% — 1)* + u(2? — 1o)?t(x), u(x® — 1y)?), an ideal of
type 4, then:

(1= 1hoz?)?" =0 —u(1 — poa?)e(x), u(l — thox®) =), if z(z) #0.

Proof. The result is immediate in the case where z(x) = 0. For the case where
z(z) # 0, we have

@ = <(1 = thoz?)?" 0 — a0 ((36‘1)2 - ?/J0>6_6 2(z7h), u(l — wox2)2ps_a>

= (1 - 77Z)0[L'2)2ps—5 — 2 —E)(l — wox )a 4 ( ) (1 _ lbox 2p —a>
(1 — d2?)?" =0 — (1 — doa?)=HVe(z), u(l — digz®)" ).

ot — {<(1 — toa?) 0 u(1 — ¢0x2)2p57a> ; if z(x) =
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