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A CLASS OF CONSTACYCLIC CODES OF LENGTH 2ps OVER
Fpm [u,v]

〈u2,v2,uv−vu〉

YOUSSEF AHENDOUZ1∗ and ISMAIL AKHARRAZ2

Abstract. Let p be an odd prime number. This paper investigates λ-constacyclic

codes of length 2ps over the ring Ru,v =
Fpm [u,v]

〈u2,v2,uv−vu〉 , where λ = ψ+ρu+ηv+

τuv, with ψ, ρ, η, τ ∈ Fpm,ψ ∈ F∗pm , and ρ, η not both zero. When λ = µ2 for
some µ ∈ Ru,v the structures of all λ-constacyclic codes of length 2ps over Ru,v

are determined and can be expressed as the sum of a (−µ)-constacyclic code
and a µ-constacyclic code of length ps. When λ is not a square, we classify
these codes into four distinct types, provide the number of codewords for each
type, and give the details of their dual codes.

1. Introduction

In error-correcting code theory, constacyclic codes play an important role be-
cause they can be efficiently encoded using simple shift registers. Their strong
algebraic structures enable effective error correction and detection, making them
valuable for both practical and theoretical purposes. However, classifying these
codes remains a challenging task. So far, only certain classes of constacyclic codes
of specific lengths over particular finite rings have been successfully classified.

Let R be a finite commutative ring with unity, and let λ be a unit of R. A
λ-constacyclic code of length r over R is represented as an ideal of the quotient

ring R[x]
〈xr−λ〉 . When the code length r is coprime to the characteristic of the residue

field of R, the codes are referred to as simple root codes; otherwise, they are called
repeated root codes. In recent years, there has been significant interest in codes
over finite rings, as certain good codes have been discovered as Gray images of
codes over rings. Special classes of simple and repeated root constacyclic codes
over various finite rings have been extensively studied by numerous authors; see,
for example, [4, 16, 17, 1, 5, 2, 19, 3, 13].

Yildiz et al. in [18] have studied the ring F2[u,v]
〈u2,v2,uv−vu〉 , which is not a chain ring,

and examined cyclic codes of odd length over it. They discovered some effective
binary codes as the Gray images of these cyclic codes. A generalization of these
codes was explored in [10], where the authors investigated the cyclic codes over

F2[u1,u2,··· ,uk]

〈u2i ,u2j ,uiuj−ujui〉
, as well as characterized the nontrivial one-generator cyclic codes.
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Subsequently, Sobhani and Molakarimi [15] extended these studies to cyclic codes

over the ring F2m [u,v]
〈u2,v2,uv−vu〉 . Additionally, in 2015, Kewat et al. [12] investigated

cyclic codes over the ring Zp[u,v]

〈u2,v2,uv−vu〉 and identified a unique set of generators for

these codes.
In this article, we consider the ring Ru,v =

Fpm [u,v]

〈u2,v2,uv−vu〉 , where p is an odd prime

number. This ring is an important example of a finite local ring but not a chain
ring. Its units have the form:

ψ + ρu+ ηv + τuv,

where ψ ∈ F∗pm and ρ, η, τ ∈ Fpm .
Dinh et al. [7] determined the algebraic structures of all constacyclic codes of

length ps over Ru,v, except for the (ψ + τuv)-constacyclic codes where τ 6= 0,
which are studied in [8]. In the case where p = 2, Dinh et al. [9] classified all
self-dual λ-constacyclic codes of length 2s over Ru,v corresponding to units of the
form

λ = ψ + ηv + τuv, ψ + ρu+ τuv, ψ + ρu+ ηv + τuv,

where ψ, ρ, η ∈ F∗2m and τ ∈ F2m . All these previous works were limited to the
case of lengths ps. In this article, we propose to study some cases of constacyclic
codes of length 2ps over Ru,v.

The remainder of this article is structured as follows: In Section 2, we present
essential preliminary elements on constacyclic codes. Section 3 explores λ-constacyclic
codes of length 2ps over Ru,v, examining the number of elements in each consta-
cyclic code and their duals when λ is a square. Section 4 continues this analysis
for λ-constacyclic codes in the case where λ is not a square. Finally, Section 5
delves into the dual of the codes studied in Section 4.

2. Preliminaries

Let R be a finite commutative ring. The ring R is a local ring if it has a unique
maximal ideal. Moreover, if this unique maximal ideal is principal, then R is
known as a chain ring. If R satisfies the isomorphism R

J(R)
∼= soc(R), where J(R)

denotes the Jacobson radical and soc(R) is the socle of the ring R, then R is
called a Frobenius ring [14].

A linear code, denoted as C, of length r over R, is an R-submodule of Rr. Let
λ be a unit in the ring R. A linear code C of length r over R is defined as a
λ-constacyclic code if the following condition holds:

(φ0, φ1, . . . , φr−1) ∈ C ⇒ (λφr−1, φ0, . . . , φr−2) ∈ C.

Each φ = (φ0, φ1, . . . , φr−1) ∈ C can be represented as a polynomial φ(x) =
φ0 +φ1x+ · · ·+φr−1x

r−1. This identification leads us to the following proposition.

Proposition 2.1. [11] A subset C of Rr is a λ-constacyclic code if and only if

C is an ideal of R[x]
〈xr−λ〉 .
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The dual code C⊥ of a linear code C of length r over a ring R is defined as

C⊥ =

{
φ = (φ0, φ1, . . . , φr−1) ∈ Rr |

r−1∑
l=0

φlφ
′
l = 0, for all φ′ =

(
φ′0, φ

′
1, . . . , φ

′
r−1

)
∈ C

}
.

Proposition 2.2. [7, Proposition 2.4] Consider a linear code C of length r over
a finite Frobenius ring R. Then,

|C⊥||C| = |R|r.

The annihilator of an ideal I in the ring R, denoted as A(I), is defined as the
set

A(I) = {a ∈ R | ab = 0, for all b ∈ I}.
For any polynomial φ(x) = φ0 +φ1x+ . . .+φlx

l ∈ R[x], where φl 6= 0, we define
the reciprocal polynomial φ∗(x) as φ∗(x) = xlφ(x−1) = φl + φl−1x+ . . .+ φ0x

l.

Proposition 2.3. [4] Let C be a λ-constacyclic code of length r over R. Then

C⊥ = A(C)∗ := {φ∗(x) | φ(x) ∈ A(C)}.

Throughout this paper, let p be an odd prime number and m a positive integer.
We consider the following rings:

Ru,v =
Fpm [u, v]

〈u2, v2, uv − vu〉
and

Tv =
Fpm [v]

〈v2〉
.

It is straightforward to verify that J(Ru,v) = 〈u, v〉 and Soc(Ru,v) = 〈uv〉. As
a result, we have the isomorphism

Ru,v

J(Ru,v)
∼= Soc(Ru,v)

which implies that Ru,v is a Frobenius ring. Additionally, Tv is a chain ring with
maximal ideal 〈v〉. An element of Ru,v of the form λ = ψ+ ρu+ ηv+ τuv, where
ψ, ρ, η, τ ∈ Fpm , is a unit if and only if ψ 6= 0. Without loss of generality, we
assume η 6= 0, ensuring that at least one of ρ or η is non-zero.

Let s be a positive integer. Applying the division algorithm, we can express s as
s = qsm+rs, where qs and rs are non-negative integers satisfying 0 ≤ rs ≤ m−1.
Note that ψp

m
= ψ. Define ψ0 = ψp

m−rs
= ψp

(qs+1)m−s
. It follows that

ψp
s

0 = ψp
(qs+1)m

= ψ.

Now, let’s define the following rings:

Rλ =
Ru,v[x]

〈x2ps − λ〉
,

and

Sψ+ηv =
Tv[x]

〈x2ps − (ψ + ηv)〉
.
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Additionally, consider the homomorphism:

Φ :
Ru,v → Tv

a1 + a2u+ a3v + a4uv 7→ a1 + a3v

where ai ∈ Fpm . This homomorphism is the reduction modulo u and extends
naturally to a homomorphism between polynomial rings:

Φ : Ru,v[x]→ Tv[x].

Since

Φ(x2ps − λ) = x2ps − (ψ + ηv),

the universal property of quotient rings guarantees the existence of a unique
homomorphism, also denoted by Φ, such that

Φ : Rλ → Sψ+ηv.

Proposition 2.4. The following conditions are equivalent:

(1) λ is a square in Ru,v.
(2) ψ + ηv is a square in Tv.
(3) ψ is a square in Fpm.

Proof. (1) ⇒ (2): Suppose λ is a square in Ru,v. Then there exists an element
µ ∈ Ru,v such that λ = µ2. We can write µ = ψ′ + ρ′u + η′v + τ ′uv, where
ψ′, ρ′, η′, τ ′ ∈ Fpm . Therefore,

λ = (ψ′ + ρ′u+ η′v + τ ′uv)2.

Now, reducing modulo u, we have:

ψ + ηv = (ψ′ + η′v)2.

This implies ψ + ηv is a square in Tv.
(2) ⇒ (3): Assume ψ + ηv is a square in Tv. Thus, there exists some y ∈ Tv

such that ψ + ηv = y2. Let y = a+ bv, where a, b ∈ Fpm . Then:

ψ + ηv = (a+ bv)2 = a2 + 2abv + b2v2.

From this, we conclude that ψ = a2, hence ψ is a square in Fpm .
(3) ⇒ (1): If ψ is a square in Fpm , then there exists an element c ∈ Fpm

such that ψ = c2. Consider the element µ = c + ρ′u + η′v + τ ′uv ∈ Ru,v,
where ρ′, η′, τ ′ ∈ Fpm are chosen such that ρ′ = (2c)−1ρ, η′ = (2c)−1η, and
τ ′ = c−1 (2−1τ − ρ′η′). Then:

λ = µ2 = (c+ ρ′u+ η′v + τ ′uv)2.

Thus, λ is a square in Ru,v. �
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3. The case when λ is a square in Ru,v

In this section, we assume that λ is a square in the ring Ru,v, denoted by
λ = µ2. Define two polynomials in Ru,v[x]:

`1(x) = (2µ)−1(xp
s

+ µ) and `2(x) = −(2µ)−1(xp
s − µ).

Notably, in the ring Rλ, the following equations hold:
`1(x) + `2(x) = 1,
`1(x) · `2(x) = 0,
`1(x)2 = `1(x),
`2(x)2 = `2(x).

(3.1)

Now, we state the following lemma:

Lemma 3.1. (1) Rλ = `1(x)Rλ ⊕ `2(x)Rλ;
(2) The ring homomorphisms

π`1 : Ru,v [x]

〈xps−µ〉 −→ `1(x)Rλ

z(x) 7→ `1(x) · z(x)

, and π`2 : Ru,v [x]

〈xps+µ〉 −→ `2(x)Rλ

z(x) 7→ `2(x) · z(x)

are ring isomorphisms.

Proof. (1) For any z(x) ∈ Rλ,

z(x) = z(x)(`1(x) + `2(x)) = `1(x)z(x) + `2(x)z(x) ⊆ `1(x)Rλ + `2(x)Rλ.

Thus, Rλ = `1(x)Rλ+ `2(x)Rλ. Additionally, if `1(x)z1(x)+ `2(x)z2(x) =
0, then, by (3.1), we have{

`1(x)z1(x) = `1(x) (`1(x)z1(x) + `2(x)z2(x)) = 0,
`2(x)z2(x) = `1(x) (`1(x)z1(x) + `2(x)z2(x)) = 0.

Hence, Rλ = `1(x)Rλ ⊕ `2(x)Rλ.
(2) Let’s demonstrate that π`1 is a ring isomorphism, and similarly for π`2 .

If `1(x) · z(x) = 0 in `1(x)Rλ, then there exists b(x) ∈ Ru,v[x] such that
`1(x) · z(x) = b(x) ·

(
x2ps − λ

)
, i.e.,

(1− `2(x)) · z(x) = b(x) ·
(
x2ps − λ

)
, in Ru,v[x].

Since `2(x) and
(
x2ps − λ

)
are both divisible by xp

s − µ, it follows that

z(x) = 0 in Ru,v [x]

〈xps−µ〉 . Thus, we have shown that π`1 is injective. The

surjection is obvious.
�

As a consequence of the preceding results, we can now present the following
theorem.

Theorem 3.2. A subset C of Rλ is a λ-constacyclic code of length 2ps over Ru,v

if and only if C = `1(x)C1 ⊕ `2(x)C2, where C1 is a µ-constacyclic code of length
ps over Ru,v, and C2 is a (−µ)-constacyclic code of length ps over Ru,v. Moreover,
| C |=| C1 || C2 |.
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Proof. By Lemma 3.1, we have C = I ⊕ J , where I and J are ideals of `1(x)Rλ

and `2(x)Rλ, respectively. Since π`1 and π`2 are ring isomorphisms, I = `1(x)C1

and J = `2(x)C2, where C1 and C2 are ideals of Ru,v [x]

〈xps−µ〉 and Ru,v [x]

〈xps+µ〉 , respectively.

Moreover, we have

|C| = |I||J | = |C1||C2|.
�

Example 3.3. Let Ru,v = F3[u,v]
〈u2,v2,uv−vu〉 , λ = 1 + 2v, and ps = pm = 3. Here,

λ = µ2 where µ = 1 + v. Consider the polynomials:

`1(x) = (2µ)−1(x3 + µ) and `2(x) = −(2µ)−1(x3 − µ).

Given that (2µ)−1 = 1 + 2v, we have:

`1(x) = (1 + 2v)(x3 + (1 + v)),

`2(x) = −(1 + 2v)(x3 − (1 + v)).

Then, the (1 + 2v)-constacyclic code of length 6 over Ru,v is given by:

C = `1(x)C1 ⊕ `2(x)C2,

where C1 is a (1 + v)-constacyclic code of length 3 over Ru,v, and C2 is a
(−(1 + v))-constacyclic code of length 3 over Ru,v.

Furthermore, the dual code C⊥ of a code C is determined as follows:

Theorem 3.4. Consider the λ-constacyclic code C = `1(x)C1⊕`2(x)C2 of length
2ps over Ru,v, where C1 is a µ-constacyclic code of length ps over Ru,v, and C2 is
a (−µ)-constacyclic code of length ps over Ru,v. Then, C⊥ = `1(x)C⊥1 ⊕ `2(x)C⊥2 .

Proof. We have

t(x) = `1(x)t1(x)⊕ `2(x)t2(x) ∈ A(C)
⇔ ∀z1(x) ∈ C1,∀z2(x) ∈ C2, (`1(x)t1(x)⊕ `2(x)t2(x)) · (`1(x)z1(x)⊕ `2(x)z2(x)) = 0
⇔ ∀z1(x) ∈ C1,∀z2(x) ∈ C2, `1(x) · t1(x) · z1(x) = 0 and `2(x) · t2(x) · z2(x) = 0

⇔ ∀z1(x) ∈ C1, t1(x) · z1(x) = 0 in Ru,v [x]

〈xps−µ〉 and ∀z2(x) ∈ C2, t2(x) · z2(x) = 0 in Ru,v [x]

〈xps+µ〉
⇔ t1(x) ∈ A(C1) and t2(x) ∈ A(C2).

Therefore,

A(C) = `1(x)A(C1)⊕ `2(x)A(C2).

Thus, by Proposition 2.3,

C⊥ = `1
∗(x)C⊥1 ⊕ `2

∗(x)C⊥2 .

Since `1
∗(x) is associated with `1(x) and `2

∗(x) is associated with `2(x), we
have

C⊥ = `1(x)C⊥1 ⊕ `2(x)C⊥2 .

�
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By Theorems 3.2 and 3.4, the structure of λ-constacyclic codes of length 2ps

over Ru,v, along with the cardinality and dual of each code, is entirely determined
by the (µ) and −µ-constacyclic codes of length ps over Ru,v, which are studied in
detail in [7].

4. The case when λ is not a square in Ru,v

In this section, we explore the structures of all λ-constacyclic codes of length
2ps over Ru,v when λ is not a square in Ru,v. Recall that λ = ψ+ ρu+ ηv+ τuv,
where ψ, η ∈ F∗pm and ρ, τ ∈ Fpm . It is important to note that, by Proposition
2.4, ψ + ηv is not a square in Tv.

The following theorem presents some known results for (ψ + ηv)-constacyclic
codes of length ps over the ring Tv, i.e., ideals of Sψ+ηv, which are necessary in
this section.

Theorem 4.1. [2]

(1) In the ring Sψ+ηv, (x2 − ψ0)
ps

= ηv, and the polynomial x2 − ψ0 is nilpo-
tent, with a nilpotency index of 2ps.

(2) The ring Sψ+ηv forms a chain ring, and its ideals is expressed as follows:

Sψ+ηv )
〈
x2 − ψ0

〉
) · · · )

〈(
x2 − ψ0

)2ps−1
〉
)
〈(
x2 − ψ0

)2ps
〉

= 〈0〉.

(3) For every i = 0, . . . , 2ps, the following relationship holds:∣∣∣〈(x2 − ψ0

)i〉∣∣∣ = p2m(2ps−i). (4.1)

Lemma 4.2. In Rλ,

(1) ∀i ∈ 0, ..., 2ps − 1, (x2 − ψ0)i 6⊆ 〈u〉.
(2) (x2 − ψ0)2ps = 2ρu(x2 − ψ0)p

s
.

Proof. In Sψ+ηv, by Theorem 4.1, we have the following:

Φ
(
(x2 − ψ0)2ps−1

)
= Φ((x2−ψ0))2ps−1 = (x2−ψ0)2ps−1 = (x2−ψ0)p

s

(x2−ψ0)p
s−1 = ηv(x2−ψ0)p

s−1.

Thus, if (x2−ψ0)2ps−1 ⊆ 〈u〉, then Φ((x2−ψ0)2ps−1) = 0. Consequently, ηv(x2−
ψ0)p

s−1 = 0 in Sψ+ηv, leading to a contradiction.

For the second point, in Rλ, for all 1 ≤ k ≤ ps − 1, we have p |
(
ps

k

)
. Then,

(
x2 − ψ0

)ps
= x2ps − ψp

s

0 +

ps−1∑
k=1

(
ps

k

)
x2k(−ψ0)p

s−k = ρu+ ηv + τuv.

So (
x2 − ψ0

)2ps − 2ρu
(
x2 − ψ0

)ps
=
((
x2 − ψ0

)ps − ρu)2

= (ηv + τuv)2 = 0.

Then (
x2 − ψ0

)2ps
= 2ρu

(
x2 − ψ0

)ps
.

�
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Lemma 4.3. Let z(x) ∈ Rλ. We can express it uniquely as:

z(x) =

2ps−1∑
l=0

(σ0l + %0lx) (x2 − ψ0)l + u

2ps−1∑
l=0

(σ1l + %1lx) (x2 − ψ0)l, (4.2)

where σ0l, %0l, σ1l, %1l ∈ Fpm .

Proof. In Sψ+ηv, Φ(z(x)) can be viewed as a polynomial over Tv of degree up to
2ps − 1. Thus Φ(z(x)) can be uniquely expressed as

Φ(z(x)) =

ps−1∑
l=0

(σ0l + %0lx)
(
x2 − ψ0

)l
+ v

ps−1∑
l=0

(σ′0l + %′0lx)
(
x2 − ψ0

)l
=

ps−1∑
l=0

(σ0l + %0lx)
(
x2 − ψ0

)l
+ η−1

(
x2 − ψ0

)ps ps−1∑
l=0

(σ′0l + %′0lx)
(
x2 − ψ0

)l
=

2ps−1∑
l=0

(σ0l + %0lx)
(
x2 − ψ0

)l
.

where for any ps ≤ l ≤ 2ps − 1, σ0l + %0lx = η−1
(
σ′0,l−ps + %′0,l−psx

)
. Then, in

Rλ,

z(x) =

2ps−1∑
l=0

(σ0l + %0lx)
(
x2 − ψ0

)l
+ uy(x),

where y(x) ∈ Rλ. Applying a similar process to y(x), we obtain

y(x) =

2ps−1∑
l=0

(σ1l + %1lx) (x2 − ψ0)l + uw(x).

Thus, in Rλ, we have

z(x) =

2ps−1∑
l=0

(σ0l + %0lx) (x2 − ψ0)l + u

2ps−1∑
l=0

(σ1l + %1lx) (x2 − ψ0)l.

�

Lemma 4.4. Any nonzero polynomial σ + %x ∈ Fpm [x] is invertible in Rλ.

Proof. If % = 0, then σ + %x = σ ∈ F∗pm is invertible. Now, suppose % 6= 0. In the
ring Rλ, we have

(x+%−1σ)p
s

(x−%−1σ)p
s

=
(
x2 − (%−1σ)2

)ps
= x2ps−(%−1σ)2ps =

(
ψ − (%−1σ)2ps

)
+ρu+ηv+τuv.

Because ψ is not a square (see Proposition 2.4), we have ψ 6= (%−1σ)2ps . Thus,
ψ − (%−1σ)2ps ∈ F∗pm .

On the other hand, since ρu + ηv + τuv is nilpotent, the expression (x +
%−1σ)p

s
(x− %−1σ)p

s
is invertible. Consequently, σ + %x is also invertible.

�
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Theorem 4.5. The ring Rλ is a local ring with the maximal ideal 〈x2 − ψ0, u〉,
but it is not a chain ring.

Proof. First, it is evident that both u and x2 − ψ0 are nilpotent elements in Rλ.
Consider a polynomial z(x) inRλ. By Lemma 4.3, z(x) can be uniquely expressed
as:

z(x) = (σ00 + %00x) +

2ps−1∑
l=1

(σ0l + %0lx) (x2 − ψ0)l + u

2ps−1∑
l=0

(σ1l + %1lx) (x2 − ψ0)l,

where σ0l, %0l, σ1l, %1l ∈ Fpm . According to Lemma 4.4, the polynomial z(x) is
non-invertible if σ00 + %00x = 0, which implies that z(x) ∈ 〈x2 − ψ0, u〉. Con-
sequently, 〈x2 − ψ0, u〉 represents the set of all non-invertible elements in Rλ,
thereby establishing that Rλ is a local ring with maximal ideal 〈x2 − ψ0, u〉.

Next, we demonstrate that u /∈ 〈x2 − ψ0〉 in Rλ. Suppose, for contradiction,
that u ∈ 〈x2−ψ0〉. Then there exist polynomials l(x) and k(x) in Ru,v such that

u = (x2 − ψ0)k(x) + l(x)
(
x2ps − (ψ + ρu+ ηv + τuv)

)
.

Substituting x = ψ0, yields

u = −l(ψ0) (ρu+ ηv + τuv) ,

which leads to a contradiction because u cannot be expressed as a linear com-
bination of v in Ru,v[x]. Hence, u /∈ 〈x2 − ψ0〉.

Furthermore, x2 − ψ0 /∈ 〈u〉 because (x2 − ψ0)2 6= 0 in Rλ. Therefore, Rλ

cannot be a chain ring.
�

Lemma 4.6. Let C be an ideal of the ring Rλ. Then

C = 〈(x2 − ψ0)α + uz(x)〉+ uD, (4.3)

where 0 ≤ α ≤ 2ps, Φ(C) = 〈(x2 − ψ0)α〉, and z(x) is a polynomial such that
(x2 − ψ0)α + uz(x) ∈ C. Additionally, D = {a(x) ∈ Rλ | ua(x) ∈ C}.

Proof. Since Φ(C) is an ideal of Sψ+ηv, by Theorem 4.1, there exists an integer
0 ≤ α ≤ 2ps for which Φ(C) = 〈(x2 − ψ0)α〉. Given that Φ is surjective, we can
find a polynomial z(x) ∈ Rλ with (x2 − ψ0)α + uz(x) ∈ C.

For any polynomial f(x) ∈ C, there exists a polynomial g(x) ∈ Sψ+ηv satisfying
Φ(f(x)) = g(x)(x2 − ψ0)α. Let h(x) ∈ Rλ be such that Φ(h(x)) = g(x). Thus:

Φ(f(x)) = Φ(h(x))Φ((x2 − ψ0)α + uz(x)).

Then,

f(x)− h(x)
(
(x2 − ψ0)α + uz(x)

)
∈ ker(Φ) ∩ C.

Therefore,

C ⊆ 〈(x2 − ψ0)α + uz(x)〉+ ker(Φ) ∩ C.
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Consequently,

C = 〈(x2 − ψ0)α + uz(x)〉+ ker(Φ) ∩ C
= 〈(x2 − ψ0)α + uz(x)〉+ uD,

where D = ker(Φ) ∩ C.
�

Theorem 4.7. λ-constacyclic codes of length 2ps over Ru,v, i.e., ideals of the
ring Rλ, can be classified into the following types:

i) Type 1: 〈0〉, 〈1〉.
ii) Type 2: 〈u(x2 − ψ0)α〉, where 0 ≤ α ≤ 2ps − 1.

iii) Type 3:
〈
(x2 − ψ0)α + u(x2 − ψ0)βt(x)

〉
, where 1 ≤ α ≤ 2ps − 1, 0 ≤ β <

Υ, and t(x) = 0 or t(x) is a unit of the form

2ps−1∑
l=0

(σl + %lx) (x2 − ψ0)l,

with σl, %l ∈ Fpm and σ0 + %0x 6= 0.
iv) Type 4:

〈
(x2 − ψ0)α + u(x2 − ψ0)βt(x), u(x2 − ψ0)δ

〉
, where 1 ≤ α ≤ 2ps−

1, 0 ≤ β < δ < Υ, and t(x) is as in Type 3. Here,

Υ = min
{
w | u(x2 − ψ0)w ∈

〈
(x2 − ψ0)α + u(x2 − ψ0)βt(x)

〉}
.

Proof. The ideals of type 1 correspond to the trivial ideals. Let C be a non-trivial
ideal of Rλ.

• If Φ(C) = 0. Then, by Lemma 4.6 we can write C = uD, where D =
{a(x) ∈ Rλ | ua(x) ∈ C}. Furthermore, since Φ(D) is an ideal of Sψ+ηv,
we have Φ(D) = 〈(x2 − ψ0)α〉 with 0 ≤ α ≤ 2ps − 1. Therefore, by
applying Lemma 4.6 again, we obtain D = 〈(x2 − ψ0)α + uz(x)〉 + uE
with E = {a(x) ∈ Rλ | ua(x) ∈ D} and z(x) ∈ Rλ. Hence, we can
conclude that C = 〈u(x2 − ψ0)α〉. This implies that C is of type 2.
• If Φ(C) 6= 0. Since Φ(C) is a non-trivial ideal of Sψ+ηv. Thus, we have

Φ(D) = 〈(x2 − ψ0)α〉 with 1 ≤ α ≤ 2ps − 1. By applying Lemma 4.6,
we can write C = 〈(x2 − ψ0)α + uz(x)〉 + uD, where z(x) is an element
of Rλ and D = {a(x) ∈ Rλ | ua(x) ∈ C}. Since uD ⊆ 〈u〉 , then uD =〈
u(x2 − ψ0)δ

〉
, where 0 ≤ δ ≤ 2ps. Next considering the expression of

z(x) given by Lemma 4.3, we have

uz(x) = u

2ps−1∑
l=0

(σ0l + %0lx) (x2 − ψ0)l = u(x2 − ψ0)βt(x),

where t(x) = 0 or t(x) is a unit of the form
2ps−1∑
l=0

(σl + %lx) (x2−ψ0)l, with

σl, %l ∈ Fpm and σ0 + %0x 6= 0 is a nonzero polynomial. Consequently, we
can write

C =
〈
(x2 − ψ0)α + u(x2 − ψ0)βt(x), u(x2 − ψ0)δ

〉
.

Let Υ = min
{
w | u(x2 − ψ0)w ∈

〈
(x2 − ψ0)α + u(x2 − ψ0)βt(x)

〉}
.
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– If δ ≥ Υ, then C =
〈
(x2 − ψ0)α + u(x2 − ψ0)βt(x)

〉
. This implies

that C is of type 3.
– If δ < Υ, then C =

〈
(x2 − ψ0)α + u(x2 − ψ0)βt(x), u(x2 − ψ0)δ

〉
.

This implies that C is of type 4.

�

The value of Υ is crucial in the classification of λ-constacyclic codes of length
2ps over Ru,v. Therefore, we propose to compute it in the following theorem.

Theorem 4.8. Let Υ be defined as follows:

Υ = min
{
w | u(x2 − ψ0)w ∈

〈
(x2 − ψ0)α + u(x2 − ψ0)βt(x)

〉}
.

Then,

Υ =

{
α, if z(x) = 0,

min{α, ε}, if z(x) 6= 0,

with

ε = max
{
i | (x2 − ψ0)i divides (x2 − ψ0)2ps+β−αt(x) + 2ρ(x2 − ψ0)p

s}
,

and

(x2 − ψ0)2ps+β−αt(x) + 2ρ(x2 − ψ0)p
s

= (x2 − ψ0)εz(x),

where z(x) is either zero or a unit of the form:

z(x) =

2ps−1∑
l=0

cl(x)(x2 − ψ0)l,

with cl(x) being linear polynomials over Fpm and c0(x) 6= 0.

Proof. Consider u(x2 − ψ0)w ∈ 〈(x2 − ψ0)α + u(x2 − ψ0)βt(x)〉. This implies

u(x2 − ψ0)w = f(x)
(
(x2 − ψ0)α + u(x2 − ψ0)βt(x)

)
,

for some f(x) =
2ps−1∑
l=0

al(x)(x2 − ψ0)l + u
2ps−1∑
l=0

bl(x)(x2 − ψ0)l ∈ Rλ. Let

f00(x) =

2ps−α−1∑
l=0

al(x)(x2 − ψ0)l, f01(x) =

2ps−1∑
l=2ps−α

al(x)(x2 − ψ0)l−2ps+α,

and

f1(x) =

2ps−1∑
l=0

bl(x)(x2 − ψ0)l.

Here, al(x) and bl(x) are linear polynomials over Fpm . Thus,

f(x) = f00(x) + (x2 − ψ0)2ps−αf01(x) + uf1(x).

Then,
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u(x2 − ψ0)w = (x2 − ψ0)αf00(x) + (x2 − ψ0)2psf01(x)
+ u

(
(x2 − ψ0)βt(x)f00(x) + (x2 − ψ0)αf1(x) + (x2 − ψ0)2ps+β−αt(x)f01(x)

)
= (x2 − ψ0)αf00(x) + u

(
2ρ(x2 − ψ0)p

s
f01(x)

+ (x2 − ψ0)βt(x)f00(x) + (x2 − ψ0)αf1(x) + (x2 − ψ0)2ps+β−αt(x)f01(x)
)
.

The last equality holds by utilizing Lemma 4.2. Consequently,

(x2 − ψ0)αf00(x) = (x2 − ψ0)α
2ps−α−1∑
l=0

al(x)(x2 − ψ0)l ∈ 〈u〉.

By applying Lemma 4.2 again, it follows that f00(x) = 0. Thus,

u(x2 − ψ0)w = u
(
2ρ(x2 − ψ0)p

s
f01(x) + (x2 − ψ0)αf1(x) + (x2 − ψ0)2ps+β−αt(x)f01(x)

)
= u ((x2 − ψ0)αf1(x) + (x2 − ψ0)εz(x)f01(x)) .

Now, we consider the following cases:

• If z(x) = 0, then Υ ≥ α. Since we have

u(x2−ψ0)α = u
(
(x2 − ψ0)α + u(x2 − ψ0)βt(x)

)
∈ 〈(x2−ψ0)α +u(x2−ψ0)βt(x)〉,

it follows that Υ = α.
• If z(x) 6= 0, then Υ ≥ min{α, ε}. Conversely, we have

u(x2−ψ0)α = u
(
(x2 − ψ0)α + u(x2 − ψ0)βt(x)

)
∈ 〈(x2−ψ0)α +u(x2−ψ0)βt(x)〉,

and

u(x2−ψ0)ε = z(x)−1(x2−ψ0)2ps−α ((x2 − ψ0)α + u(x2 − ψ0)βt(x)
)
∈ 〈(x2−ψ0)α+u(x2−ψ0)βt(x)〉.

Therefore, Υ = min {α, ε}.
�

Remark 4.9. In the case where ρ = 0, then

Υ =

{
α, if z(x) = 0,

min{α, 2ps + β − α}, if z(x) 6= 0.

We will now determine the count of codewords within each λ-constacyclic code
of length 2ps over Ru,v, denoted as C. To accomplish this, we introduce two
concepts: the residue and torsion of C:

Res(C) = Φ(C),

Tor(C) = {c(x) ∈ Sψ+ηv | uc(x) ∈ C} .
It is clear that Res(C) and Tor(C) are ideals of Sψ+ηv. Therefore, according to

Theorem 4.1, they are of the form 〈(x2 − ψ0)i〉, where 0 ≤ i ≤ 2ps. On the other
hand, let’s consider the ring homomorphism

T : C −→ Φ(C)
z(x) 7−→ Φ(z(x))

.
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We have ImT = Res(C) and kerT ∼= uTor(C), so the first isomorphism theorem
implies

| C |=|| Tor(C) | Res(C) | . (4.4)

The following lemma, which can be easily proven, provides the expressions for
Res(C) and Tor(C) for any ideal C in Rλ.

Lemma 4.10. With the notation of Theorem 4.7 :

i) If C = 〈0〉, then Tor(C) = Res(C) = 〈0〉.
ii) If C = 〈1〉, then Tor(C) = Res(C) = 〈1〉.

iii) If C = 〈u(x2−ψ0)α〉 is of type 2, then Tor(C) = 〈(x2−ψ0)α〉 and Res(C) =
〈0〉.

iv) If C = 〈(x2 − ψ0)α + u(x2 − ψ0)βt(x)〉 is of type 3, then Tor(C) = 〈(x2 −
ψ0)Υ〉 and Res(C) = 〈(x2 − ψ0)α〉.

v) If C = 〈(x2 − ψ0)α + u(x2 − ψ0)βt(x), u(x2 − ψ0)δ〉 is of type 4, then
Tor(C) = 〈(x2 − ψ0)δ〉 and Res(C) = 〈(x2 − ψ0)α〉.

By determining Res(C) and Tor(C) in each case, we can calculate the cardi-
nalities of all ideals in Rλ. This can be accomplished by applying Equations (4.4)
and (4.1).

5. Dual codes of λ-constacyclic codes over Ru,v

In this section, we focus on the dual codes of λ-constacyclic codes of length 2ps

over the ring Ru,v when λ is not a square.

Lemma 5.1. Let C be a λ-constacyclic code of length 2ps over Ru,v, and let
0 ≤ a, b ≤ 2ps such that Res(C) = 〈(x2−ψ0)a〉 and Tor(C) = 〈(x2−ψ0)b〉. Then,

Res(A(C)) = 〈(x2 − ψ0)2ps−b〉 and Tor(A(C)) = 〈(x2 − ψ0)2ps−a〉.

Proof. Let Res(A(C)) = 〈(x2 − ψ0)a
′〉 and Tor(A(C)) = 〈(x2 − ψ0)b

′〉, where
0 ≤ a′, b′ ≤ 2ps. Then, u(x2 − ψ0)b ∈ C and u(x2 − ψ0)b

′ ∈ A(C). Moreover,
there exist polynomials g(x) and f(x) in Rλ such that (x2 − ψ0)a + ug(x) ∈ C
and (x2 − ψ0)a

′
+ uf(x) ∈ A(C). The following equations hold:{

0 = u(x2 − ψ0)b((x2 − ψ0)a
′
+ uf(x)) = u(x2 − ψ0)b+a

′
,

0 = u(x2 − ψ0)b
′
((x2 − ψ0)a + ug(x)) = u(x2 − ψ0)b

′+a.

Thus, In light of lemma 4.2 we necessarily have a′ ≥ 2ps − b and b′ ≥ 2ps − a.
According to Proposition 2.2, |C||A(C)| = |Rλ| = p8mps . From Equations (4.1)
and (4.4), we deduce that b′ = 2ps − a and a′ = 2ps − b. �

Lemma 5.2. With the previous notation, we have

A(C) = 〈(x2 − ψ0)2ps−b + uf(x), u(x2 − ψ0)2ps−a〉.

Proof. Firstly, it is clear that u(x2−ψ0)2ps−a ∈ A(C) and (x2−ψ0)2ps−b+uf(x) ∈
A(C). Now, let c(x) ∈ A(C). Then Φ(c(x)) ∈ Res(A(C)), which implies that
there exists c0(x) ∈ Sψ+ηv such that

Φ(c(x)) = c0(x)(x2 − ψ0)2ps−b = Φ
(
c0(x)

(
(x2 − ψ0)2ps−b + uf(x)

))
.
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Therefore, we have

c(x)− c0(x)
(
(x2 − ψ0)2ps−b + uf(x)

)
∈ ker Φ.

This implies that

c(x)− c0(x)
(
(x2 − ψ0)2ps−b + uf(x)

)
= uc1(x) ∈ A(C),

where c1(x) ∈ Sψ+ηv. Then c1(x) ∈ Tor(A(C)) = 〈(x2 − ψ0)p
s−a〉. Then

c(x) ∈ 〈(x2 − ψ0)2ps−b + uf(x), u(x2 − ψ0)2ps−a〉.

It follows that

A(C) = 〈(x2 − ψ0)2ps−b + uf(x), u(x2 − ψ0)2ps−a〉.

�

We will now proceed to determine the annihilator of each type of ideal in The-
orem 4.7. For ideals of type 1, the annihilators are straightforward to determine.
If C = 〈0〉, then A(C) = 〈1〉. If C = 〈1〉, then A(C) = 〈0〉.

For other types of ideals, we need to consider two integers a and b such that
Res(C) = 〈(x2−ψ0)a〉 and Tor(C) = 〈(x2−ψ0)b〉. These integers are determined
using Lemma 4.10. Next, we find a polynomial f(x) such that (x2 − ψ0)2ps−b +
uf(x) ∈ A(C). Finally, we obtain A(C) using Lemma 5.2.

Proposition 5.3. If C = 〈u(x2 − ψ0)α〉 is an ideal of type 2, then A(C) =
〈(x2 − ψ0)2ps−α, u〉.

Proof. It is clear that (x2−ψ0)2ps−α ∈ A(C). Therefore, we have A(C) = 〈(x2−
ψ0)2ps−α, u〉.

�

We recall that

ε = max
{
i | (x2 − ψ0)i divides (x2 − ψ0)2ps+β−αt(x) + 2ρ(x2 − ψ0)p

s}
,

and z(x) is either zero or a unit of the form

z(x) =

2ps−1∑
i=0

ci(x)(x2 − ψ0)i,

where ci(x) are linear polynomials over Fpm with c0(x) 6= 0, and

(x2 − ψ0)2ps+β−αt(x) + 2ρ(x2 − ψ0)p
s

= (x2 − ψ0)εz(x).

Proposition 5.4. If C = 〈(x2 − ψ0)α + u(x2 − ψ0)βt(x)〉 is an ideal of type 3,
then:

A(C) =


〈
(x2 − ψ0)2ps−α〉 , if z(x) = 0,

〈(x2 − ψ0)2ps−ε − uz(x), u(x2 − ψ0)2ps−α〉, if z(x) 6= 0 and α > ε,

〈(x2 − ψ0)2ps−α − u(x2 − ψ0)ε−αz(x)〉, if z(x) 6= 0 and α ≤ ε.
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Proof. We will search for a polynomial f(x) ∈ Sψ+ηv that satisfies (x2−ψ0)2ps−Υ+
uf(x) ∈ A(C), i.e.,

0 = (x2 − ψ0)2ps−Υ+α + u
(
(x2 − ψ0)2ps−Υ+βt(x) + (x2 − ψ0)αf(x)

)
= (x2 − ψ0)α−Υ(x2 − ψ0)2ps + u

(
(x2 − ψ0)2ps−Υ+βt(x) + (x2 − ψ0)αf(x)

)
= u

(
2ρ(x2 − ψ0)p

s+α−Υ + (x2 − ψ0)2ps−Υ+βt(x) + (x2 − ψ0)αf(x)
)

= u
(
(x2 − ψ0)α−Υ+εz(x) + (x2 − ψ0)αf(x)

)
.

(5.1)
We consider two cases:

• If z(x) = 0, then Υ = α, and the equation (5.1) is equivalent to 0 =
u(x2 − ψ0)αf(x). In this case, we choose f(x) = 0, and we have

A(C) = 〈(x2 − ψ0)2ps−α, u(x2 − ψ0)2ps−α〉 = 〈(x2 − ψ0)2ps−α〉.
• If z(x) 6= 0, in this case, we choose f(x) = −(x2 − ψ0)ε−Υz(x), and then

A(C) = 〈(x2 − ψ0)2ps−Υ − u(x2 − ψ0)ε−Υz(x), u(x2 − ψ0)2ps−α〉.
More precisely,

– If ε < α, then Υ = ε, and

A(C) = 〈(x2 − ψ0)2ps−ε − uz(x), u(x2 − ψ0)2ps−α〉.
– If ε ≥ α, then Υ = α, and

A(C) = 〈(x2−ψ0)2ps−α−u(x2−ψ0)ε−αz(x), u(x2−ψ0)2ps−α〉 = 〈(x2−ψ0)2ps−α−u(x2−ψ0)ε−αz(x)〉.
�

Proposition 5.5. If C = 〈(x2−ψ0)α +u(x2−ψ0)βt(x), u(x2−ψ0)δ〉, an ideal of
type 4, then:

A(C) =

{〈
(x2 − ψ0)2ps−δ, u(x2 − ψ0)2ps−α〉 , if z(x) = 0,〈
(x2 − ψ0)2ps−δ − u(x2 − ψ0)ε−δz(x), u(x2 − ψ0)2ps−α〉 , if z(x) 6= 0.

Proof. It is sufficient to find a polynomial f(x) ∈ Sψ+ηv such that (x2−ψ0)2ps−δ+
uf(x) ∈ A(C). This can be expressed as follows:

0 = (x2 − ψ0)2ps−δ+α + u
(
(x2 − ψ0)2ps−δ+βt(x) + (x2 − ψ0)αf(x)

)
= (x2 − ψ0)α−δ(x2 − ψ0)2ps + u

(
(x2 − ψ0)2ps−δ+βt(x) + (x2 − ψ0)αf(x)

)
= u

(
2ρ(x2 − ψ0)p

s+α−δ + (x2 − ψ0)2ps−δ+βt(x) + (x2 − ψ0)αf(x)
)

= u
(
(x2 − ψ0)α−δ+εz(x) + (x2 − ψ0)αf(x)

)
.

(5.2)

Then, we choose f(x) = −(x2−ψ0)ε−δz(x) if z(x) 6= 0 and f(x) = 0 if z(x) = 0,
resulting in:

• If z(x) = 0,

A(C) =
〈
(x2 − ψ0)2ps−δ, u(x2 − ψ0)2ps−α〉 .

• If z(x) 6= 0,

A(C) =
〈
(x2 − ψ0)2ps−δ − u(x2 − ψ0)ε−δz(x), u(x2 − ψ0)2ps−α〉 .

�
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Let us now establish C⊥ = A(C)∗ for any ideal in Rλ. If C is an ideal of type
1, then C⊥ = 〈0〉 when C = 〈1〉, and C⊥ = 〈1〉 when C = 〈0〉. Let’s investigate
the other types. But before we proceed, let’s recall the following lemma .

Lemma 5.6. [6] Let D = 〈t(x), uy(x)〉 be an ideal of Rλ. Then

D∗ = 〈t∗(x), uy∗(x)〉 .

We use the following notation:

ϑ = max
{
i | (1− ψ0x

2)i divides x2(2ps−ε)z(x−1)
}
,

then x2(2ps−ε)z(x−1) = (1− ψ0x
2)ϑe(x), where e(x) is either a unit or zero.

Corollary 5.7. If C = 〈u(x2 − ψ0)α〉 is an ideal of type 2, then C⊥ = 〈(1 −
ψ0x

2)2ps−α, u〉.

Corollary 5.8. If C = 〈(x2−ψ0)α +u(x2−ψ0)βt(x)〉 is an ideal of type 3, then:

C⊥ =


〈
(1− ψ0x

2)2ps−α〉 , if z(x) = 0,

〈(1− ψ0x
2)2ps−ε − u(1− ψ0x

2)ϑe(x), u(1− ψ0x
2)2ps−α〉, if z(x) 6= 0 and α > ε,

〈(1− ψ0x
2)2ps−α − u(1− ψ0x

2)ε−α+ϑe(x)〉, if z(x) 6= 0 and α ≤ ε.

Proof. The result is evident in the case where z(x) = 0. Now, suppose z(x) 6= 0.

• If α > ε, then

C⊥ = 〈(1− ψ0x
2)2ps−ε − ux2(2ps−ε)z(x−1), u(1− ψ0x

2)2ps−α〉
= 〈(1− ψ0x

2)2ps−ε − u(1− ψ0x
2)ϑe(x), u(1− ψ0x

2)2ps−α〉.
• If α ≤ ε, then

C⊥ = 〈(1− ψ0x
2)2ps−α − ux2(2ps−α)

(
(x−1)

2 − ψ0

)ε−α
z(x−1)〉

= 〈(1− ψ0x
2)2ps−α − ux2(2ps−ε)(1− ψ0x

2)ε−αz(x−1)〉
= 〈(1− ψ0x

2)2ps−α − u(1− ψ0x
2)ε−α+ϑe(x)〉.

�

Corollary 5.9. If C = 〈(x2 − ψ0)α + u(x2 − ψ0)βt(x), u(x2 − ψ0)δ〉, an ideal of
type 4, then:

C⊥ =

{〈
(1− ψ0x

2)2ps−δ, u(1− ψ0x
2)2ps−α〉 , if z(x) = 0,〈

(1− ψ0x
2)2ps−δ − u(1− ψ0x

2)ε−δ+ϑe(x), u(1− ψ0x
2)2ps−α〉 , if z(x) 6= 0.

Proof. The result is immediate in the case where z(x) = 0. For the case where
z(x) 6= 0, we have

C⊥ =

〈
(1− ψ0x

2)2ps−δ − ux2(2ps−δ)
(

(x−1)
2 − ψ0

)ε−δ
z(x−1), u(1− ψ0x

2)2ps−α
〉

=
〈
(1− ψ0x

2)2ps−δ − ux2(2ps−ε)(1− ψ0x
2)ε−δz(x−1), u(1− ψ0x

2)2ps−α〉
=

〈
(1− ψ0x

2)2ps−δ − u(1− ψ0x
2)ε−δ+ϑe(x), u(1− ψ0x

2)2ps−α〉 .
�
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