Gulf Journal of Mathematics
Vol 7, Issue 2 (2019) 57-70

ON THE NUMERICAL RANGE OF SOME NONLINEAR
OPERATORS IN [, SPACES

FEHIM DEDAGIC !

ABSTRACT. The aim of this paper is to study properties of the numerical range
W (T) of some nonlinear operators in Banach spaces of sequences I,

1. INTRODUCTION AND PRELIMINARIES

We recall that the numerical range for a bounded linear operator A in a Hilbert
space ‘H (over a field K = R Vv C) with a scalar product (-,-) from the very
beginning was defined by
(As, 3)

|2
where S(H) = {z € H : ||z|| = 1}. Essentially this definition and fundamental

properties of W(A) goes back to Teopliz, [10].
Given an operator A : H — H, we call the real number defined by

w(A) = sup{|M| : A € W(A)} (1.2)

the numerical radius of operator A and it plays important role in the study of
operators not only in Hilbert spaces. The numerical radius w can be a norm;
namely we have, see [5],

W(A) ={

cx€H,x#0} ={(Az,z) 12 € S(H)}, (1.1)

w(A) > 0,w(A) =0 A=0
w(aA) = |alw(4) (a € K)
w(A+ B) <w(A)+ w(B).

Even in case of an operator which acts in a finite dimensional Hilbert space
calculation of the numerical range and the numerical radius is not always an easy
work.

As an illustration we start with a linear operator in two-dimensional Hilbert space
giving an elementary approach to this task. Let us take the next

Example 1.1. Given the matrix

A:(fi 2) (1.3)
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where a,d € C. The eigenvalue a = p + iq of matrix A, implies d = ||[A — al|| =
|A—al|. Ais a linear operator in two-dimensional Hilbert space C? with ordinary

10 [ « R
0 1).Letf—(ﬁ)beavector1n(:,

with |af> + |B])? =1, i.e. || f]| = 1. On the other side we have

A= (a0 ) (5) = Capatoras )

It is easy to calculate (Af, ) = a(la]* +[B]*) + aB||A — a| and [(Af, f) —a| =
|aB|||A—al|. More over, |(Af, f)—al? = |a|?|B|*||A—al|?. The quadratic equation

|<Af)f> _a|2 =0
A —all?

must have real solutions {T1,T2} = {|a|? |8|*}. Therefore, |(Af, f) — al* <

(”A—;aH)2 and finally, if we put = + iy = (Af, f) ,

W) = () -+ w02 (M)

From (1.4) we find the numerical radius w(A) = sup{|A\| : A € W(A)} = |a| +
lA—all

norm ||A|| = max;|a;;| and I =

T2 - T +

2
The power inequality of the numerical radius of the operator (1.3) is our next
goal. If we take A in the form

10
A:a( l4-al 1)

10
A*=a’ ( 5 llA—al )

so, for any n € N, by induction we get

W 1 0
A" =a (nuA—an 1)

a

A" — an—l ( a 0 > — an—l;l\’

n||A—al a

then

—_

or

a 0

where A denotes matrix
n||A—al a

). Now using relation (1.4) for A we

have 1A~
~ n||A—a
WA) ={(z.9): (0 =p)’ + -0’ < (5}
Since W(A") = a" 'W(A) then w(A") = |a|"(1 + %;'a”) and by Bernoulli‘s
inequality we have
nflA—d|
2|al

) < |a|n(1 + ||142|;|a||)n _ [w(A)]n

Essentially we proved statement (d) of the next

w(A") = la|™(1 +



ON THE NUMERICAL RANGE OF OPERATORS IN I, 59

Lemma 1.2. [2] Let A be bounded and continuous operator in H and «, 5, € K
and I is identity map. The numerical range (1.1) has the following properties:
(a) W(al+pA) ={a+pBr:AeW(A};

(b)  WI(A) is convez;

(¢) In case H =C" W(A) is compact;

(d) In case H = C*, W(A) is the convex hull of an ellipse whose foci are two
complex eigenvalues of A; if there is only one eigenvalue X, the ellipse is a circle
with center A and radius M.

The first definition of a numerical range for bounded and continuous operator
F in Hilbert spaces was given by Zarantonello [11],

Fo—Fy,x—

This definition coincides with (1.1) in the linear case.

It is not so clear who was the first to give definition of a numerical range for non-
linear operators in Banach spaces. Defining the numerical range of a bounded
linear operator in a Banach space requires to recall additional facts; see [1]. Given
a Banach space B with dual B*, we use (z,¢) to denote the value of linear func-
tional £ € B* at point x € B. Recall that duality map D : B — B* is defined
by

D(x) ={l, € B*: (x, L) =[x |, | L |=ll = ||} (« € B).
Since
D(tx) = {l € B : (t, ly) =|| tx |, || b |=] tz ||} = tD(x),

this map is homogeneous. In general case this is multi-valued map. However, if
D is single-valued, the space B is called smooth space.

Definition 1.3. [3] Given a linear space X over K, the mapping [-,-] : ¥ x X — K
is called semi-inner product if it has following properties (for all x,y, 2 € X, o, 5 €
K):
[z,x] > 0 if and only if x # 0;
[z 4y, 2] = [, 2] + [y, 2[;
laz, y] = afz,y];
[z, By] = Bl y;
| < [z,2] - [y, y].

Now, if [z,y] is a semi-inner product on X, one may define a norm on this
space putting

]l = /2, 2]

Conversely, on any normed linear space X we can define a semi-inner product by
means of the duality map D . For any selection ¢, € D(z) for all x € X we put

[z,y] = (y, &) (y € X). (1.5)
For the nonlinear superposition operator F' : [, — [, generated by a function
f(s,u) : N x C — C putting Fz(s) = f(s,z(s)) , also known as Nemytskij‘s
operator, we recall several properties, namely
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Theorem 1.4. [3]Let 1 < p,q < co. Then the following properties are equivalent:
(i) the superposition operator F acts from 1, to 1, ,
(1) there exist functions a(s) € I, and constants 6 > 0,b > 0,n € N, for which

f(s,u)] < a(s) +0ult (s> n,|ul <6);

(iii) for any € > 0 there exist a function a-(s) € l, and constants 6. > 0,b. >
0,n. € N, for which ||a.(s)||, < € and

1f(s,u)] < ac(s) +beult (s> ne, |u| <6.). (1.6)

2. MAIN RESULTS

In this section, we assume that B = [, , where 1 < p < 0o is a complex Banach
space of complex sequences z(s),s € N | with norm

le(s)llp = O le(s)[)

seN

and with D(z) = {{,} given by product
6] = g 2P us) @ e\ {0hyel). (21
seN

Lemma 2.1. The l,;p > 1 is a smooth space with D(x) = {{,} where £, is
defined by (2.1).

Proof. 1t is well known that the linear functional 7, in Hilbert space [, has unique
representation by the scalar product

= a(s)y(s), (2.2)

where y € [y is unique. Moreover, we first consider the problem of multipliers
from 1, to l,.We recall that a function c(s) is called a multiplier from I, to l,, if
c(s)h(s) € 1, for some h(s) € l,. The set [,/l, of all multipliers from [, to [, with
the norm |[c||,, = supj <1 [chllq is a Banach space; see [1]. It is known (see [3])
that relation

_ S g i >4
“’/lq—{ L. i p<g

> (e = (e Z &

= = ||l’||p
Therefore, multiplier 7 € [_»_,p > 2. On the other side, if we take z € [,\{0} and
y € 1, then 7(s)y(s) belongs lp%, and from (2.2) we get (2.1). In case 1 < p < 2,
7(s) € lo, because sup,ey |[T(s)| = supseN(M)p*2 = 1land for z € [,\{0},y €,

[l

we have (2.1). So it is proved that D = {l,} is a single-valued map. O
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Here and in what follows the semi-inner product, see (1.5), we denote by

[z,y] = {y, &), (z,y € ). (2.3)
Here we should consider when a nonlinear superposition operator F' : [, — [,
generated by a function f(s,u) : Nx C — C by Fz(s) = f(s,2(s)) is continuous.
We denote by Pp the operator of multiplication by the characteristic function xp
of the set D C N acting in each space [,,. For brevity we will put P, = Pypq1n42,.}-
Now we have the next

Theorem 2.2. Let 1 < p,q < 0o and let the superposition operator F , generated
by the function f(s,u), acts from 1, tol,. This operator is continuous if and only
if each of the functions f(s,u);s € N, are continuous.

Proof. Let the functions f(s,u)(s € N) be continuous and let =y € [,. Moreover,
let € be an arbitrary positive number and let 6. and n. be numbers for which, for
the corresponding a., (||a:||, < ¢) and b. > 0, be as in Theorem 1.3, i.e. relation

(1.6) holds. Put n = % , and let 1 be a natural number such that 7 > n. and

| Prxol| < < (b;ls)%. Then for ||z —x0||, < nand s > n we have the inequalities
|z(s)| < d., and therefore in view of (1.6),

| f(s,m0(5))| < az(s) + be|zo(s)]
[f(s,2()| < ac(s) + be|a(s)|s.

2
q

Hence using inequality

|Fa — Faqll, < (i F(s,2(s)) — f<s,xo<s>>|q)q + | FPaall, + | FPaxoll,
s=1

it follows that
P2 = Faall, < (X116 0(6) = Fssaalo)l) "+
s=1
+2lJacllg + b (| Paz(s) Iz + || Pazo(s)]|5- (2.4)
On the other side we have
I Per()ly = (S o(3)]7)7 =
(D aciigr [2(s) = zo(s) + zo(s)[P)» < [l — woll, + || Przoll,
Now from (2.4) we get

|Fz — Faxoll, < (Z If(s,z(s)) — f(s,x0(8>)‘q> q+
+2laclly + b ([ Paz(s)1E + [| Pazo(s)]18) <

< (S 1ssa6) ~ smlolt) '+

3+ 0.((071e)7 + ||l — o) 7. (2.5)
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Since the functions f(s,u), s € N, are continuous, we can take 0 < 6 < 7,
such that for ||z — 24|, < € the first term on the right-hand side of the relation
(2.5) is not greater then e; moreover, the last term in this part of inequality is
not greater then 2s. So we conclude that for ||z — ||, < 6 we have inequality
|Foz — Fxol|, < 6¢, and therefor the operator F' is continuous at the point x.
As for necessity of the conditions of the theorem, it is sufficient to notice that
for each s € N the complex function f(s,u) is a superposition of the next three
functions:

the imbedding o,(u) : u — uy(s of the complex plane C into I;
the operator F;
the surjection e4(y) : y — y(s) of the space [, into complex plane C.

Since the first function u — uyys i. e. u+— (0,0,...,s,...) is continuous, because
(for any u,v € C) we have |los(u) —os(v) |, = |[uxisy —vX{s}llp = |u—v|, and the
third function y — y(s) is continuous because

les(y1) — es(2)| = [92(s) = w2(s)| < llyn — w2l

the superposition f(s,u) = 50 F oog(u) is continuous if and only if F' is contin-
uous. Il

Now we pass to the numerical ranges of nonlinear operators in Banach spaces
lp;p > 1. This can be made either by means of the duality map or using semi-
inner product, [2]. Since [, is a smooth space we prefer use of semi-inner product,
and a Rhodius definition of the numerical range and numerical radius ([9]), as
following

_J[Fe—Fyao—y]
wa(r) = { Ty e\

where the semi-inner product [-,-] is defined by (2.3) and wg(F) = {|A] : A €
Wgr(F)}. Note that this definition is given in [2] .
The function f(s,u) = a(s) + b(s)u, where a(s) € [, is a complex function of the

natural argument s and b(s) € [, generates a continuous superposition operator
Fz(s) = f(s,z(s)) in I, ( Theorem 1.4 and Theorem 2.2).

Theorem 2.3. Let F' be the superposition operator generated by the complex
function f(s,u) = a(s) + b(s)u, where a € l,,p > 1 and b € l. Then the
numerical range Wgr(F') is a convex set.

Proof. Note that |f(s,u)| < |a(s)|+|b||u| and in view of Theorem 1.4, the operator
F acts in [, space. Moreover operator I’ has form Fx = a + Lx where a € [, is
fixed and L is a linear operator. Since Wgr(aL+ ) = aWgr(L)+ 5 (see Lema 1.2)

we can suppose [ﬁ;@ = ¢, and [ﬁyy"'g} =1, & # n as arbitrary elements in Wx(L).

Since there exist a, 8 € C (a = (£ —n)" ;8 =n(n—&)7') such that: el + 8 =1

and an + = 0 we can take that [ﬁ;”ﬁ] =1, and [ﬁ;"]g] = 0 are given arbitrary

elements. Now it should be sufficient to prove that the segment [0,1] belongs
to the numerical range Wr(aL + 8) = aWg(L) + 5 (see Lema 1.2). Indeed, if
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alfig+6 = t, we have algizl 18 = t(a€+8) +(1—t)(an+5) = alte+(1—t)n]+5.
So we take ¢ =1 and 1 = 0. On the other side, if

ht)=te+ (1 —t)y, (0<t < Lz,y €l,\ {0}),

then it is clear that h(t) # 0, for any ¢ € [0,1]. Namely, if we suppose that for

some ty € (0,1), h(to) = 0, then y = o5z, and [ﬁ;””? =b= [ﬁ;g] ; contradiction.

Note that ¢(t) = [F"fé(z)“g J — - b)”IH”QhH(Q DUI® 4 b is a real function. Moreover,

»(0) = 0 and ¢(1) = 1 and since ¢(t) is continuous on segment [0, 1] one can
conclude [0, 1] € Ry, where R, denotes range of function ¢. O

Let
C=A{T:1,—1,}

denotes the set of all continuous operators 7' : [, — [,. Note that operators
Fz = a(s) + b(s)z(s) belongs C, where b(s) € [,/l, can be a constant bounded
complex sequence b(s) = b,s € N too.
In C we introduce the class S of singular operators acting in [, spaces. We say
([6]) that, for a given complex number A, an operator S € S if at least one of the
next statements is not true:

(1) (A — ) is injection;

(2) (A — ) is surjection;

(3) (M —-S)tecC.
Recall that an operator is regular if it is not singular. Class of regular operators
in C we denote by T.
For the class of all continuous operators F' on Banach space [, we define the
characteristics

| Tz — Tyl

[T)15p = stp, , (2.6)
’ 2 =y
and
. ||Tx — Ty
[Ty = i fppy
’ =y

and we say 1" is Lipshviz continuous (shortly Lip-continuous ) if [T, < co. We
can also define the norms in C, if [T]p < 400, by

T
[T)p = supzzo HH;|C|H (2.7)

and, if 7(0) = 0, by (2.6).
For the class of all continuous operators F' on Banach space [, over field C the
Rhodius resolvent set ([9]) is given by:

pr(F)={A€ C: F is regular }

and the Rhodius spectrum is the set og(F) = C\ pr(F).
Here and in the sequel we call a bijection F' : [, — [, a lipeomorphism if both
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F and F~! is Lip-continuous. For the class of all Lip-continuous operators F' on
Banach space [, over field C the Kachurovskij resolvent set ([9]) is given by

pr(F)={A € C: (A — F) is lipeomorphism}

and the Kachurovskij spectrum is the set ox(F) = C\ pg(F).
For our farther study we need to introduce, [7]:

oiip(F) ={A € C: [\ — Fi, = 0}.
Using (1.2) and relations (2.6) and (2.7) one can prove that for any 7" € C we
have
[Tls <wr(T) < [T]p;  e[T]Lip < wi(T) < [T]Lip. (2.8)
where wg (T') = sup{|A| : A € Wg(T)} and 0 < ¢ < 1 is a constant.
Since there is no matter which norm we would take, here and forward notation
is | 7| So, for any A € Wg(T), |A| = Tzl < [Telel] _ [Tels < T therefore

z||?2 — z||? x
wr(T) < ||T||. As for the first inequal!t}'l of (2. g)” if we s”u|1|3pose that for any
0 < ¢ < 1 holds ¢|T|| > wg(T), then we get result ||| > Lwg(T) with 2
arbitrary large number, e.g. ||T’|| = oo; contradiction.
It is well known [see [2]] the chain of inequalities

[TTip < wr(T) < wi(T) < [T]p < [T]Lip-

Now in C we have two pair equivalent norms and those indicate the same topology
in space C. If we take d(F,G) = ||F — G|, as usually, C becomes a metric space.

Lemma 2.4. ([2]) The characteristics [F|i, and [F|L;, have the following prop-
erties (F,G € C):

( ) [ ]lzp [ ]Lw [F + G]lw [F]lip + [G]Lip
( ) |[ ]llp [ ]lzpl < [F G]sz
(3) [Flup > 0 implies F is injection and closed.

The set 04, (F) = {\ € C: [\ — F|;;, = 0} is closed. Firstly, we see that
aiip(F) C{A € C: [Flup < A < [Flrip}- (2.9)
Indeed, if A € 0y;,(F) is fixed, then [\ — F;;, = 0 (Lemma 2.4 (1)) implies
[Flip = [M]ip <0 and  [M]ip — [Flrip < 0.
Consequently, [Fli, < [M]Lip = |A| = [Mip < [F]Lip, what we claimed by (2.9).
On the other side, using relations (2) from Lemma 2.4, we have
(A = Flip = [pd = Flip| < A= p| (A peC)
therefore 0y;,(F) is closed set.

Theorem 2.5. Let F' be the Lip-continuous operator in l,;p > 1 and 0 € oy;,(F).
Then Wgr(F) = 0u;,(F). So Wr(F) is compact.
Proof. We claim that Wg(F) = o0y;,(F). Suppose that A € C does not belong
Wr(F) D Wg(F) then dy = dis(\, Wg(F)) = inf,, |\ — L-Z”H > 0 but
then we, for any x # y, have
[Fo — Fy,:v—y]| _ Mz —vy),z —y| — [Fx — Fy,z — 9| _

[l =yl |z —yl|?

d)\<|/\—
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_ Mz —y) = (Fe = Fy),x =yl _ Mz —y) = (Fo - Fy)llllz -yl _

|z — yl? - |z — yl?
_ A= Fo — (Ay — Fy)|
[z —yll
From the last relations we conclude that [\ — F;, > dy > 0 and A is not in

Ulip(F>-

On the other side if A # 0 and A ¢ 0y;,(F) then [/ — F/Au, > 0; M — F =
Al — F/X) is at list an closed injection (see relations (3) from Lemma 2.4).
Moreover, the operator A\l — F' is a lipeomorphism ([2], Theorem 3.6), therefore
A ¢ ox(F). So |\ > wk(F) and since wg (F) < [F|Lip (see (2.8)) we have that

|A| > [FLip- Now if one suppose for this A that A € Wg(F') we obtain
[Fz — Fy,z —y]| _ [[Fe— Fylllz — y|

[Flrip < A = <
? |z —y|? |z —yl?

< [Flrip

hence

[Fz = Fy,x —y]| = |Fz = Fyl|llz — y]].
From the last equation we conclude that there exists a € C such that Flo — Fy =
a(z —y). Now we have that x # y implies

’wx—MP:Hﬂx—ww—ﬂH:|W$—F%$—M
= yll? Iz —yl? = yll?
therefore x # y implies Az — Fx = Ay — Fy hence A € ok (F); contradiction.

Finally we have A ¢ Wg(F) and Wg(F') C 0y;,(F).
It is clear that Wx(F) is bounded. Moreover, closedness follows from Wr(F) =
g lip(F ) Ol

ol = = [l

Corollary 2.6. Let X be a given compact set in complex plane. Then there exist
a nonlinear Lip-continuous operator F which acts in l, such that ¥ = Wgr(F).

Proof. First note that if B = {b(s) : s € N} is a dense set in ¥ then we can
take complex function f(s,u) = a(s) + b(s)u where a(s) is a fixed sequence in
l,. And it is easy note that the function f(s,u) generates superposition operator
Fz = a(s) + b(s)z in [, spaces since (b(s))sen is bounded, see Lemma 2.1.0n the
other hand we have

Fa—Fy b(s)(x —y
Flusy = sup WL IV IR ZDL o, sy, < (sl < o0
w2y 2= wry  llz—yll =1
hence operator F'is Lip-continuous. Moreover, if A € Wg(F') then
I —yl? Iz =yl
therefore A € B C 3. On the other side, if b(s;) is an arbitrary element in B
then one can take o = (0,0, ...,2(s;),0,0,...) and yo = (0,0, ...,y(s;), 0,0, ...) and

calculation

3=

HFxO — Fyo,l’(] — yO” _ |b(82)’[(1‘0 — y(]),.f() — yO] _ |b<8)‘
[0 = woll? lz0 = woll? l
show that b(s;) belongs to Wg(F'). Since ¥ is closed we have ¥ C Wx(F). O
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Note that supposition 0 € oy, (F') in Theorem 2.5 is essential. That fact one
can illustrate by the following

Example 2.7. Let F': 1, — l,;p > 1 be defined by

F(e(1),2(2),3(3), ) = (lell, 2(1), 2(2), 2(3), -.).
It is known (see [2], Example 5.3) that 0,(F) ={A € C:1 < |\ < 2%}, so that
0 ¢ 03p(F).Let .,z # 0 be functional given by (2.1). Fora € D = {¢ € C :
€] <1} and z = (@, 0, (1 — |a\p)%,o,o, ) €1, we get ||z|| = 1 and calculating ¢,

1
at element Fx = (1,@,0, (1 — |a|p)7 ...) we obtain
p 2:(s) — |a|P2
(Fx,l,) ’pr 5 SEEN |z(s)] Fz(s) = |a/f“a.

So, we have -
D = {|af’2a: |a| < 1} € Wr(F).
In other words, Wg(F) # ou;,(F).

Example 2.8. Let e € S(I,) be fixed, and operator F' defined by Fz = ||z||e then
Wg(F) is compact and convex set. It is not hard to calculate [F;, and [F]Lp, ,
namely
Fe—F _
[F]lzpzlnszlnfMZO
Ay lz—yll oA -yl
because there exist x # y with ||z = |ly||, e.g. z = e;;y = €;(i # j); e, e; € S(1).
And . -
[F]Lip - SUPM = Supw < 1
oty o=yl za -yl

Since F'(0) = 0 we can take x # 0 arbitrary and y = 0 then obtain [F].;, = 1.
So we have 0y;,(F) € D. We have to show that oy;,(F) 2 D is truth. Indeed,
0 € 0y,(F) and for all 0 < |A] < 1 choosing

A+ 1< A =1<
_ ATy _ N\
ot T
we easy obtain FZ = £(1+ |A])e and Fg = 1(1 — |[A])e. Consequently,

AL — Flyp = infyp, 122= F\Tm (;ﬁ )l <
Ne—Fi—(\j—F
[AZ— \Tf_(gﬁ DI _ =\ —|Al=0

which implies the relation D C oy;,(F). The statement follows from Theorem 2.6.

Now we introduce and observe in C the following mappings:
o: F = Wgr(F), ¢:F—wg(F), 0:F— ogr(F). (2.10)

Whether those functions will be continuous in some sense it depends on the
topology in C and C. We are also interested whether mapping F' — og(F) is
continuous with respect to any topology. Here we note that for linear operators
in a Hilbert space answer on the last question is negative; see Problem 103 in [7],
see also [0] . In other words there exist the operators with large spectra in any
neighbourhood of operators with small spectra.
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Theorem 2.9. The function p, given in (2.10), is continuous with respect to the
uniform (norm) topology.

Proof. In what sense the numerical range Wx(F) is a continuous function of its
argument F'?7 The best way to ask the question is in terms of the Hausdorff
metric for compact subsets of the complex plane. To define that metric, write
M+ () ={z4+a:z € M,|a| < e} for each set M of complex numbers and each
positive number e. In this notation, if M and N are compact sets, the Hausdorff
distance d(M, N) between them is the infimum of all positive numbers e such
that both M C N + (¢) and N C M + (¢). Since the Hausdorff metric is defined

for compact sets, the appropriate function to discuss, in general, is W (F'), not
W (F). As for the continuity question, it still has as many interpretations as there
are topologies for operators, but we stay here on uniform continuity. Let ¢ > 0
be given and ||F' — G| < e. Since

[(F = Ga,2]| _ [(F = G)z|
]| ==l
we have for A € Wg(F), i.e.

[Fz,z] [Gx,x] [(F—G)z,z]
A= - +

]| ]| ]|
From the last relation we conclude A € Wg(G) + (¢) hence Wr(F) C Wg(G) + (¢)
and changing the roles of F' and G, we get Wr(G) C Wr(F) + (¢). Moreover,
the Hausdorff distance d(Wg(F), Wg(G)) = 0.
As a consequence it is immediately clear: if ¢ is continuous with respect to any
topology, then so is ¢(F') = wg(F’), and consequently, if ¢ is discontinuous, then
S0 i .
Indeed, let us take ||FF — G|| < e for any non-negative € and suppose that the
function ¢ is continuous. Since

sup{|A| : A € Wr(EF)} <sup{|\|: A € Wgr(G) + ()},

we have wr(F) < wgr(G) + € i.e., wr(F) — wg(G) < €. Analogously one can get
wr(G) —wg(F) < e. Therefore, we have: ||[F'—G|| <e= |[(F)—9(G)| <e. O

<|[|F -Gl <,

Example 2.10. Let now a(s), s € Z be a sequence from [,(Z) and
T = ( ) -,x(—3),x(—2),x(—l),x(O),x(l),x(2),x(3), o ) € ZP<Z)

then, for any n € N, F' = a(s) + Lo, F,, = a(s) + L,, are continuous operators
where linear operator

Lyz = ( T h<_3)v h<_2)v h<_1)v h(O), h(1)7 h(2)7 h(3), o )
with h(s) defined by

J x(s—1),s#0
h<3)—{ Ly(—1),s = 0.

The operator L is defined by
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and

0, s=0.

As for spectra of the operator Ly we have that (A — Lg)x = (A — Lg)y for A =0
implies Loz = Loy hence

(---,x(—3),x(—2),0,x(0),x(1),x(2), ) = (---,y(—3),y(—2),0,y(O),y(l),y(2), )

so that 0 — Lg is injection. Since equation Loz = 0 has non-trivial solution
z=(--+0,0,2(—1),0,0,0,- - -) we conclude 0 € or(Ly).

Let now A be a complex number. Then (M — Lg)x = (M — Lo)y implies z = y
so that AI — Ly is injective operator. However, equation (I — Lg)z = 0 has non-
trivial solution = = (- - -, x(—2),0,2(0), z(1),z(2),- - -), so that 1 € or(Ly). Let
be |A| > 1. Whether the operator (A — L)™' is continuous for this value of \?
First if y € [,(Z) then there exist x € l »(Z) so (M — Lo)z = y. Indeed, if we take

v = (" 579(=2), 39(=1), 559(0), s5y(1), - - ) then
Izl = I - 55u(=2), 3y (— ), 579(0), s5y(L), )l =
= 351t W) + 15 = s5lly(=D] < syl

and (A — Lo)z = y. The operator (A\] — Lg)~! is a bijection. On the other side,
for all A with |A| > 1, we have

h(s):{ 2(s—1),5 £ 0

From the last inequalities we conclude that (A — Lg)~! is a continuous operator
for any A, [A| > 1, and finally og(F) = {\ € C: |A| < 1}. In the same way one
can prove that oR( w) ={A € C: |\ =1}. Now we have

$=00 % 1
Fox — Fx|| = || Lyz — Lox| = Lox(s) — Loz(s)]P ) < =
IFy— Fell = o — Eael| = (32 IEaete) — Lar(o)P) " < Ll

we conclude that [|F,, — F| = 3“?#0% <
d

O(F,) = or(F,) = or(L,) ={A € C: |\ =1} an
{AeC: |\ <1}

On the other side if z € og(L,) then z = ¢® and if w € og(Ly) then w = pe™;
p < 1. Now it is clear that or(L,) C or(Lo) + (¢), for any ¢ > 1. If w € og(Lo)
then w+ o € og(Ly,) + (¢) if and only if jw + o| =1 < |w|+ |a| and |a] > 1 —p,
therefor the Hausdorff distance of the spectra is d(og(F},),or(F)) = 1, and the
function 6 is not continuous.

% — 0,n — oo, however
O(F) = or(F) = or(Lo) =

Upper semi-continuity for a set-valued function such as og(F') has the metric
definition, [0]: to each open set A that includes og(F) there corresponds a positive
number ¢ such that if |F — G|| < € then og(G) C A.
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Theorem 2.11. The function 0 given by (2.10), is upper semi-continuous in the
norm topology.

Proof. 1t is well known that set of regular operators is open in metric space C(see
[0]) Let S be the set of all singular operators (on a fixed I, space). Let F' be fixed
operator and o(\) be the distance (in the metric space of operators) from Al — F’
to set S. The function p(\) = d(A] — F,S) = infres [N — F — T|| is continuous.
Indeed,

0(M) — 0A)| = [d(M T — F,8) — d(MI — F,S)| <
< |d(MI = F.T) = d(\I — F,T)| < d(MI — F Aol — F) =
= [[A 1 — X1 = [N — Agl.

Let A be an open set which includes ogr(F), and A = {\ : |\ < 1+ [|F]|}.
If A € A\A, then p(\) > 0. Indeed, since S is closed, from o(\) = 0, i.e.
d(A — F,S) =0 it follows \I — F' € S, and we have A € og(F); contradiction.
Since A\A is compact, there exists a positive number ¢ such that o(A) > ¢ for all
A € A\A. Without loss of generality we may assume that ¢ < 1. Suppose now
that ||F'—G|| < € hence it follows that |\ —F— (A —G)|| = [|F =G| < e < o(N)
for all A € A\A. This implies that AI — G is not in S, and hence that A does not
belong or(G) . In conclusion we have ogx(G) N (A\A) = . At the same time, if
A € or(G), then

Al <G =[F+ (G =E)| <|FIl+1F =Gl <[[Fll +e <1+ F]
so that og(G) C A. From these two properties of or(G) we get opr(G) C A. O

It is not hard to see that the results from this paper one can carry over on the
nonlinear operators in many other functional spaces.
Acknowledgments.The author is grateful to the reviewers for useful suggestions
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