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APPLICATION ON ATANGANA-BALEANU FRACTIONAL
DERIVATIVE VIA (τ, a)-WEAK CONTRACTIVE MAPPINGS

KOTI N. V. V. VARA PRASAD1, VINAY MISHRA2∗, HAPKA SURENDRA3

Abstract. This paper introduces the innovative concept of (τ, a)-weak con-
tractive mappings. We establish several fixed point results without relying on
conditions essential in prior works. Examples are presented to showcase our
key findings, particularly in scenarios where earlier research outcomes are not
applicable. Furthermore, we provide an application of our obtained results to
fractional differential equations involving non-singular and non-local kernels.

1. Introduction and preliminaries

The Banach contraction principle stands out as a well-established and powerful
tool in the field of nonlinear analysis, renowned for its effectiveness. Several ex-
tensions and generalizations of the Banach contraction principle are documented
in the literature, including one introduced by Wardowski [12]. In 2012, he inno-
vatively presented a contraction condition known as F-contraction and applied it
to establish a unique fixed point theorem in a complete metric space. Wardowski
[12] examined a family of auxiliary functions F : (0,∞) → R that satisfy the
following conditions:

F1 : F is strictly increasing;
F2 : For every sequence {dJ}J∈N consisting of positive numbers, it holds that

lim
J→∞

dJ = 0 ⇐⇒ lim
J→∞

F(dJ) = −∞;

F3 : ∃r ∈ (0, 1) such that lim
d→0+

drF(d) = 0.

Let F denote the family of all functions satisfying conditions F1, F2, and F3.
Then a self-map T on a nonempty set X is called as an F-contraction if for

∂(Tη,Tϑ) > 0, it implies that τ+F(∂(Tη,Tϑ)) ≤ F(∂(η, ϑ)),∀η, ϑ ∈ X and some
τ > 0. Following the fundamental importance of this concept, numerous attempts
have been made to ease the assumptions initially proposed by Wardowski (See
[3, 4, 7, 8, 11, 14] ). An exemplary effort in this direction was undertaken by D.
Gopal et al. [5], who introduced a variant of F-contraction by incorporating the
concept of a-admissibility,
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Definition 1.1. [10] Consider a self map T on a nonempty set X, and a function
a : X ×X → R+, then T is said to be a-admissible if,

a(η, ϑ) ≥ 1 =⇒ a(Tη,Tϑ) ≥ 1 for all η, ϑ ∈ X ≥ 1.

Definition 1.2. [5] Let T be a self map defined on a metric space (X, ∂), then
T is considered as, a-type F-weak contraction, if T satisfies

τ+a(η, ϑ)F(∂(Tη,Tϑ)) ≤

F

(
max

{
∂(η, ϑ), ∂(η,Tη), ∂(ϑ,Tϑ),

∂(η,Tϑ) + ∂(ϑ,Tη)

2

})
. (1.1)

For all η, ϑ ∈ X, satisfying ∂(Tη,Tϑ) > 0. Where F ∈ F , τ > 0 and, a : X×X →
(0,+∞).

By using the above definition, in 2016, Gopal et al. [5] proved the following
results.

Theorem 1.3. [5] Consider the complete metric space (X, ∂), and a self-map
T defined on it. Suppose T is continuous a-admissible map satisfying condition
(1.1), and

(Γ1) there exists η1 ∈ X for which a(η1,Tη1) ≥ 1.

Then T possesses a fixed point in X.

Theorem 1.4. [5] Consider the complete metric space (X, ∂), and a self-map
T defined on it. Suppose that F is continuous, T is a-admissible map satisfying
condition (1.1), and (Γ1) holds with

(Γ2) if {ηJ} be a sequence in X for which a(ηJ, ηJ+1) ≥ 1, ∀J ∈ N, and ηJ → η
as J → +∞, then a(ηJ, η) ≥ 1, ∀J ∈ N,

Then T possesses a fixed point in X.

In a recent development from 2018, Wardowski [13] revisited the F-contraction
definition within a broader context. Specifically, this revision involves the elimi-
nation of the F3 condition and the substitution of τ with a function, outlined as
follows:

Definition 1.5. [13] Let T be a self-map defined on a set X, then T is character-
ized as a (φ,F)-contraction, also referred to as a non-linear F-contraction, under
the condition that there exist functions φ : (0,∞) → (0,∞) and F : (0,∞) → R
such that,

(H1) Function F fulfills conditions (F1) and lim
t→0+

F(t) = −∞;

(H2) for all t ≥ 0 we have lim infs→t+ φ(s) > 0;
(H3) φ(∂(η, ϑ)) + F(∂(Tη,Tϑ)) ≤ F(∂(η, ϑ)), ∀η, ϑ ∈ X such that Tη ̸= Tϑ,

Definition 1.6. Consider a self-map T on X, and a function a : X ×X → R+,
then T is considered as;

(i) a-orbital admissible [9] if,

a(η,Tη) ≥ 1 =⇒ a(Tη,T2η) ≥ 1; (1.2)
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(ii) triangular a-orbital admissible [9], if T complies (i) and

a(η, ϑ) ≥ 1 and a(ϑ,Tϑ) ≥ 1 =⇒ a(η,Tϑ) ≥ 1. (1.3)

In this paper, we present two distinct and independent concepts encompassing
novel forms of weak F-contraction conditions. Furthermore, by making slight ad-
justments to the definition of a-orbital admissible maps, we introduce the novel
notion of strictly triangular a-orbital admissible mappings. This conceptual ad-
vancement enables us to deduce our fixed point results without the conditions F2

and F3, and concurrently, we relax the continuity requirements for both functions
F and T.

Definition 1.7. Let (X, ∂) be a metric space, and there exist functions τ : R+ →
R+, a : X ×X → (0,∞) and F : R+ → R such that for every η, ϑ ∈ X satisfying
∂(Tη,Tϑ) > 0, T is said to be

(i) (τ, a)-weak contraction of type I, if

τ(∂(η, ϑ)) + a(η, ϑ)F(∂(Tη,Tϑ)) ≤ F(M(η, ϑ)), F ∈ F , (1.4)

(ii) (τ, a)-weak contraction of type II, if

τ(∂(η, ϑ)) + F(a(η, ϑ)∂(Tη,Tϑ)) ≤ F(M(η, ϑ)), F ∈ F1, (1.5)

where, M(η, ϑ) = max


∂(η, ϑ), ∂(η,Tη), ∂(ϑ,Tϑ),

∂(ϑ,Tη) + ∂(η,Tϑ)

2
,

∂(ϑ,Tϑ)[1 + ∂(η,Tη)]

1 + ∂(η, ϑ)
,
∂(ϑ,Tη)[1 + ∂(η,Tϑ)]

1 + ∂(η, ϑ)

 .

In the above definitions, it can be noted that in condition (1.5), we have applied
condition F1 only to function F, showcasing its wide-ranging applicability. The
following two examples show that conditions (1.4) and (1.5) are independent.

Example 1.8. Let us consider the non-empty set X = {0, 1, 2}, and define the
metric ∂ : X ×X → R+ by

∂(η, ϑ) =


0, if η = ϑ,
1
5
, if (η, ϑ) ∈ {(1, 0), (0, 1)},
1
10
, if (η, ϑ) ∈ {(1, 2), (2, 1)},

3
10
, if (η, ϑ) ∈ {(0, 2), (2, 0)},

additionally, let T be self-map on X, such that T0 = T1 = 0, and T2 = 1.

and a : X ×X → R+ by a(η, ϑ) =

{
2, if η ∈ {(2, 0), (2, 1)},
6

η+2
, otherwise.

By considering Fη = ln η, ∀ η > 0, and τ(η) = 7
5
(constant), we can observe

that the following cases are possible;
Case I: if η = 0, ϑ = 2

τ(∂(0, 2)) + a(0, 2)F(∂(T0,T2)) =
7

5
+ 3 ln

(
1

5

)
< F(∂(0, 2)) ≤ F(M(0, 2)).
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Case II: if η = 2, ϑ = 0

τ(∂(2, 0)) + a(2, 0)F(∂(T2,T0)) =
7

5
+ 2 ln

(
1

5

)
< F(∂(2, 0)) ≤ F(M(2, 0)).

Case III: if η = 1, y = ϑ

τ(∂(1, 2)) + a(1, 2)F(∂(T1,T2)) =
7

5
+ 2 ln

(
1

5

)
< F(∂(0, 1)) ≤ F(M(1, 2)).

The case η = 2, ϑ = 1 can be solved similarly and the remaining cases vanish
trivially. Thus, T satisfies (1.4).
But, for η = 0, ϑ = 2,

τ(∂(0, 2)) + F(a(0, 2)∂(T0,T2)) =
7

5
+ ln

(
2× 1

5

)
≰ F(M(0, 2)).

Therefore, T does not satisfy condition (1.5).

Example 1.9. LetX and T be as defined in Example 1.8, and let ∂ : X×X → R+

be a metric such that

∂(η, ϑ) =


0, if η = ϑ,

5, if (η, ϑ) ∈ {(1, 0), (0, 1)},
10, if (η, ϑ) ∈ {(1, 2), (2, 1)},
15, if (η, ϑ) ∈ {(0, 2), (2, 0)}.

Then by considering Fη = ln η, ∀η > 0, a(η, ϑ) =

{
|η − ϑ|, if η ̸= ϑ,

1, if η = ϑ.

And τ(η) = 3
10

(constant), then again we can observe that;
Case I: If η = 0, ϑ = 2 or η = 2, ϑ = 0.

τ(∂(0, 2)) + F(a(0, 2)∂(T0,T2)) =
3

10
+ ln(10) < F(∂(0, 2)) ≤ F(M(0, 2)).

Case II: if η = 1, ϑ = 2 or η = 2, ϑ = 1.

τ(∂(1, 2)) + F(a(1, 2)∂(T1,T2)) =
3

10
+ ln(10) < F(∂(1, 2)) ≤ F(M(1, 2)),

remaining cases can be solved similarly. Thus T satisfies (1.5).
But, for η = 0, and ϑ = 2,

τ(∂(0, 2)) + a(0, 2)F(∂(T0,T2)) =
3

10
+ 2 ln(5) ≰ F(M(0, 2))

Therefore, T does not satisfy (1.4).
The subsequent lemmas will be pivotal in deriving our main results.

Lemma 1.10. [9] Consider a triangular a-orbital admissible mapping T. Let
a(η1,Tη1) ≥ 1, for some η1 ∈ X, also {ηJ} be a sequence defined by ηJ+1 = TηJ,
then a(ηJ, ηm) ≥ 1 ∀m, J ∈ N with J < m.

Lemma 1.11. [6] For every sequence {ηJ} defined on metric space (X, ∂), if
there exits λ ∈ [0, 1) such that ∂(ηJ+1, ηJ+2) ≤ λ∂(ηJ, ηJ+1), ∀J ∈ N. Then {ηJ}
is Cauchy.
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In the next section, we state and prove some fixed-point theorems for our
proposed contraction conditions, which are also supported by some illustrative
examples. Our findings are some real generalizations and enhancements of the
results of Wardowski [12, 13, 14] and Gopal et al. [5]. In the final section, we also
discuss an application for our discovered fixed point result within the context of
fractional differential equations, demonstrating the significance of our findings.

2. Results on (τ, a)-weak contraction of type-I and type-II

We now demonstrate our first result.

Theorem 2.1. Let T be a self-map defined on a complete metric space (X, ∂),
such that T is continuous, and satisfies the conditions (1.3), (1.4) with (Γ1).
Then T has a fixed point in X, provided lim infη→t+ τ(ϑ) > 0 for all η ≥ 0.

Proof. Assuming condition (Γ1), let η1 ∈ X be such that a(η1,Tη1) ≥ 1. Define
the sequence {ηJ} in X by ηJ+1 = TηJ, for all J ∈ N. If there exists J0 ∈ N such
that ηJ0+1 = ηJ0 , the proof is immediately concluded. Therefore, we consider the
case where ηJ+1 ̸= ηJ,∀J ∈ N. Utilizing Lemma 1.10, we establish a(ηJ, ηJ+1) ≥ 1
for all J ≥ 1. Now, since T is a (τ, a)-weak contraction of type I, it follows that
for every J ∈ N, we have

F(∂(ηJ, ηJ+1)) = F(∂(TηJ−1,TηJ))

≤ a(ηJ−1, ηJ)F(TηJ−1,TηJ).

Consequently,

τ(∂(ηJ−1, ηJ)) + F(∂(ηJ, ηJ+1)) ≤ τ(∂(ηJ−1, ηJ)) + a(ηJ−1, ηJ)F(TηJ−1,TηJ)

≤ F(M(ηJ−1, ηJ))

= F

max


∂(ηJ−1, ηJ), ∂(ηJ−1, ηJ), ∂(ηJ, ηJ+1),

∂(ηJ, ηJ) + ∂(ηJ−1, ηJ+1)

2
,

∂(ηJ, ηJ+1)[1 + ∂(ηJ−1, ηJ)]

1 + ∂(ηJ−1, ηJ)
,
∂(ηJ, ηJ)[1 + ∂(ηJ−1, ηJ+1)]

1 + ∂(ηJ−1, ηJ)




≤ F (max {∂(ηJ−1, ηJ), ∂(ηJ, ηJ+1)}) . (2.1)

Suppose, max {∂(ηJ−1, ηJ), ∂(ηJ, ηJ+1)} is ∂(ηJ, ηJ+1), then
τ(∂(ηJ−1, ηJ)) + F(∂(ηJ, ηJ+1)) ≤ F(∂(ηJ, ηJ+1)), a contradiction. Therefore, the
maximum of {∂(ηJ−1, ηJ), ∂(ηJ, ηJ+1)} is ∂(ηJ−1, ηJ). Then the equation (2.1),
reformed

τ(∂(ηJ−1, ηJ)) + F(∂(ηJ, ηJ+1)) ≤ F(∂(ηJ−1, ηJ)), (2.2)

this leads to, F(∂(ηJ, ηJ+1)) < F(∂(ηJ−1, ηJ)), by using the property F1. So we can
conclude that the sequence {∂(ηJ−1, ηJ)} is a decreasing sequence. Consequently,
there exists a non-negative real number r, such that {∂(ηJ−1, ηJ)} → r as J → ∞.
Also, since it is provided that lim infη→t+ τ(η) > 0 for all η ≥ 0, therefore ∃ p > 0
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and J0 ∈ N such that τ∂(ηJ−1, ηJ) > p, ∀ J ≥ J0. Now from (2.2) we have,

F(∂(ηJ−1, ηJ)) ≤ F(∂(ηJ−2, ηJ−1))− τ(∂(ηJ−2, ηJ−1))

≤ F(∂(ηJ−3, ηJ−2))− [τ(∂(ηJ−2, ηJ−1)) + τ(∂(ηJ−3, ηJ−2))]

...
...

...

≤ F(∂(η0, η1))−

[
J−1∑
i=1

τ(∂(ηi−1, ηi))

]

= F(∂(η0, η1))−

[
J0−1∑
i=1

τ(∂(ηi−1, ηi)) +
J−1∑
i=J0

τ(∂(ηi−1, ηi))

]
< F(∂(η0, η1))− Jp, J ≥ J0 (2.3)

by taking the limit as J → ∞ on both sides, we have F(∂(ηJ−1, ηJ)) → −∞, and
according to property F2, we deduce that ∂(ηJ−1, ηJ) → 0. Utilizing property F3,
we can ensure the existence of r ∈ (0, 1) such that

lim
J→∞

(∂(ηJ−1, ηJ))
r F (∂(ηJ−1, ηJ)) = 0.

It follows from (2.3) that(
∂(ηJ−1, ηJ)

)r(
F(∂(ηJ−1, ηJ))− F(∂(η0, η1))

)
≤ −(∂(ηJ−1, ηJ))

rJp ≤ 0,

and letting J → ∞, we obtain

lim
J→∞

J(∂(ηJ−1, ηJ))
r = 0. (2.4)

From (2.4), it can be observed that ∃ J1 ∈ N, such that J(∂(ηJ−1, ηJ))
r ≤ 1 for

all J ≥ J1. Therefore, we have

∂(ηJ−1, ηJ) ≤
1

J
1
r

, ∀ J ≥ J1. (2.5)

Now by using triangular inequality, for all m > J > J1, we get

∂(ηm, ηJ) ≤ ∂(ηm, ηm−1) + ...+ ∂(ηJ+1, ηJ) <
∞∑
i=J

∂(ηi+1, ηi) ≤
∞∑
i=J

1

J
1
r

, (By (2.5))

Since the series
∑∞

i=1
1

J
1
r
is convergent, it implies that the sequence {ηJ} is a

Cauchy sequence in the complete metric space X. Hence, there exists an element
K ∈ X such that lim

J→∞
ηJ = K. Moreover, as T is continuous, we can assert the

following,

∂(K,TK) = lim
J→∞

∂(ηJ,TηJ) = lim
J→∞

∂(ηJ, ηJ+1) = 0.

This indicates that K is a fixed point of T. □

In the next result, we impose continuity of F in place of mapping T in Theorem
2.1.



238 KOTI N. V. V. VARA PRASAD, VINAY MISHRA, HAPKA SURENDRA

Theorem 2.2. Let T be a self-map defined on a complete metric space (X, ∂),
satisfying the conditions (1.3),(1.4), where F is continuous, and (Γ1), (Γ2) holds,
then T has a fixed point in X, provided lim infη→t+ τ(η) > 0 for all η ≥ 0.

Proof. Assuming condition (Γ1), let η1 ∈ X be such that a(η1,Tη1) ≥ 1. Utilizing
the steps outlined in the previous theorem, it is evident that the sequence {ηJ}
forms a Cauchy sequence in the complete metric space X. Consequently, there
exists an element K ∈ X, such that lim

J→∞
ηJ = K.

From Lemma 1.10 we have a(ηJ, ηJ+1) ≥ 1, then by (Γ2) we get

a(ηJ,K) ≥ 1, ∀ J ∈ N. (2.6)

Now, we analyze two possible cases,
Case I: Suppose that for every J ∈ N, ∃ iJ ∈ N such that ηiJ+1 = TK where
iJ > iJ−1. Then,

K = lim
J→∞

ηiJ+1 = lim
J→∞

TηiJ = TK, (2.7)

i.e., K is a fixed point of T.
Case II: Now, let’s consider ∃ J0 ∈ N such that ηJ+1 ̸= TK, ∀ J ≥ J0.
Then, we have

τ(∂(ηJ,K)) + F(∂(ηJ+1,TK)) ≤ τ(∂(ηJ,K)) + a(ηJ,K)F(∂(TηJ,TK))

≤ max


∂(ηJ,K), ∂(ηJ, ηJ+1), ∂(K,TK),

∂(K, ηJ+1) + ∂(ηJ,TK)

2
,

∂(K,TK)[1 + ∂(ηJ, ηJ+1)]

1 + ∂(ηJ,K)
,
∂(K, ηJ+1)[1 + ∂(ηJ,TK)]

1 + ∂(ηJ,K)

 .
(2.8)

If ∂(K,TK) > 0, then by the fact that lim
J→∞

∂(ηJ,K) = lim
J→∞

∂(K, ηJ+1) = 0, there

exists J1 ∈ N, such that

max


∂(ηJ,K), ∂(ηJ, ηJ+1), ∂(K,TK),

∂(K, ηJ+1) + ∂(ηJ,TK)

2
,

∂(K,TK)[1 + ∂(ηJ, ηJ+1)]

1 + ∂(ηJ,K)
,
∂(K, ηJ+1)[1 + ∂(ηJ,TK)]

1 + ∂(ηJ,K)

 = ∂(K,TK),

for all J ≥ J1. Then from (2.8), it follows that

τ(∂(ηJ,K) + F(∂(ηJ+1,TK))) ≤ F(∂(K,TK)), ∀J ≥ max{J0, J1}.
Since F is continuous and lim infη→t+ τ(η) > 0 for all η ≥ 0,

τ(∂(K,K) + F(∂(K,TK))) ≤ F(∂(K,TK)),

This leads to a contradiction. Therefore, T must possess a fixed point in X. □

Definition 2.3. Consider a self-map T defined on X, and a function a : X×X →
R+ such that

(i) a(η,Tη) > 1 =⇒ a(Tη,T2x) > 1;
(ii) a(η, ϑ) > 1 and a(ϑ,Tϑ) > 1 =⇒ a(η,Tϑ) > 1.

If T satisfies conditions (i) and (ii) then we call it strictly triangular a-orbital
admissible.
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Remark 2.4. The notions of strict triangular a-orbital admissible maps and tri-
angular a-orbital admissible maps are mutually independent.

Now, consider the following conditions;

(Γ3) a(η1,Tη1) > 1, for some η1 ∈ X,
(Γ4) if {ηJ} is a sequence in X for which a(ηJ, ηJ+1) > 1, ∀J ∈ N, and

lim
J→∞

ηJ = η, then a(ηJ, η) >1 for all J ∈ N.

In the next results for removing conditions F2 and F3, we consider strict triangular
a-orbital admissible mapping along with (τ, a)-weak contraction of type II.

Theorem 2.5. Let T be self-map defined on a complete metric space (X, ∂), such
that T is continuous strictly triangular a-orbital admissible mapping satisfying the
condition (1.5), and (Γ3) holds. Then T has a fixed point in X.

Proof. For any arbitrary point η0 ∈ X, we can define a sequence {ηJ} ∈ X as
ηJ+1 = TηJ, ∀ J ∈ N. Suppose that ηJ0 = ηJ0+1 for some J0 > 0, then ηJ0 is
a fixed point of T, and then the proof is completed. We presume that for any
J ∈ N, ηJ ̸= ηJ+1, then we get ∂(ηJ, ηJ+1) = ∂(TηJ−1,TηJ) > 0.
Now from (Γ3), suppose η0 ∈ X for which a(η0,Tη0) > 1, and since T is strictly

triangular a-orbital admissible, therefore

a(η0, η1) = a(η0,Tη0) > 1 =⇒ a(Tη0,Tη1) = a(η1, η2) > 1.

Inductively we can obtain that, a(ηJ, ηJ+1) > 1. By the fact that T is (τ, a)-weak
contraction of type II, for every J ∈ N, we get

τ(ηJ, ηJ+1) + F(a(ηJ, ηJ+1)∂(ηJ+1, ηJ+2)) ≤ F(M(ηJ, ηJ+1)), (2.9)

where

M(ηJ, ηJ+1) =

= max


∂(ηJ, ηJ+1), ∂(ηJ, ηJ+1), ∂(ηJ+1, ηJ+2),

1

2
[∂(ηJ+1, ηJ+1) + ∂(ηJ, ηJ+2)],

∂(ηJ+1, ηJ+2)[1 + ∂(ηJ, ηJ+1)]

1 + ∂(ηJ, ηJ+1)
,
∂(ηJ+1, ηJ+1)[1 + ∂(ηJ, ηJ+2)]

1 + ∂(ηJ, ηJ+1)


= max

{
∂(ηJ, ηJ+1), ∂(ηJ+1, ηJ+2)

}
.

(2.10)

If max
{
∂(ηJ, ηJ+1), ∂(ηJ+1, ηJ+2)

}
= ∂(ηJ+1, ηJ+2). Then from (2.9), we get

τ(ηJ, ηJ+1) + F(a(ηJ, ηJ+1)∂(ηJ+1, ηJ+2)) ≤ F(∂(ηJ+1, ηJ+2))

i.e. F(a(ηJ, ηJ+1)∂(ηJ+1, ηJ+2)) ≤ F(∂(ηJ+1, ηJ+2)).

Since F is increasing, therefore a(ηJ, ηJ+1)∂(ηJ+1, ηJ+2) ≤ ∂(ηJ+1, ηJ+2),
which implies that a(ηJ, ηJ+1) ≤ 1, a contradiction.
Consequently, max

{
∂(ηJ, ηJ+1), ∂(ηJ+1, ηJ+2)

}
= ∂(ηJ, ηJ+1). This leads to the

sequence {∂(ηJ, ηJ+1)}∞J=0 is a non-increasing, and it is bounded below by 0. Then
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from (2.10), we obtain that

τ(∂(ηJ, ηJ+1)) + F(a(ηJ, ηJ+1)∂(ηJ+1, ηJ+2)) ≤ F(∂(ηJ, ηJ+1)),

we can write the above term in the following way

F(a(ηJ, ηJ+1)∂(ηJ+1, ηJ+2)) ≤ F(∂(ηJ, ηJ+1))− τ(∂(ηJ, ηJ+1)) ≤ F(∂(ηJ, ηJ+1)).

Since F is strictly increasing, therefore a(ηJ, ηJ+1)∂(ηJ+1, ηJ+2) ≤ ∂(ηJ, ηJ+1),

which implies, ∂(ηJ+1, ηJ+2) ≤ λ∂(ηJ, ηJ+1), (λ = 1/a(ηJ, ηJ+1) < 1). (2.11)

Lemma 1.11 implies that the sequence {ηJ} is a Cauchy sequence. As X is
complete, there exists an element K ∈ X such that lim

J→∞
ηJ = K. Additionally,

since T is continuous,

K = lim
J→∞

ηJ+1 = lim
J→∞

TηJ = TK.

□

In our next result, by incorporating an additional condition (Γ4), we establish
a fixed-point result, without the condition of continuity for both the mappings T
and F.

Theorem 2.6. Let T be a self-map defined on a complete metric space (X, ∂),
such that T is strictly triangular a-orbital admissible mapping satisfying the con-
dition (1.5), and (Γ3), (Γ4) holds. If lim infη→t+ τ(η) > 0 for all η ≥ 0, then T
has a fixed point in X.

Proof. Let {ηJ} ∈ X be a sequence in X defined as ηJ+1 = TηJ for any J ∈ N. By
following the steps of Theorem 2.5 we can show that {ηJ} is a Cauchy sequence
in X. Consequently, there exists a point K ∈ X, such that lim infJ→∞ ηJ = K.
We have to show that K is a fixed point of T. On the contrary, suppose that K is
not a fixed point of T, i.e., K ̸= TK. Then from (1.5), we get

F(a(ηJ,K)∂(ηJ+1,TK)) = F(a(ηJ,K)∂(TηJ,TK)) ≤ F(M(ηJ,K))− τ(ηJ,K)

< F(M(ηJ,K)).

Since F satisfies F1, therefore we get

a(ηJ,K)∂(ηJ+1,TK) < M(ηJ,K). (2.12)

Meanwhile, on the other hand,

∂(K,TK) ≤ M(ηJ,K)

= max


∂(ηJ,K), ∂(ηJ, ηJ+1), ∂(K,TK),

∂(K, ηJ+1) + ∂(ηJ,TK)

2
,

∂(K,TK)[1 + ∂(ηJ, ηJ+1)]

1 + ∂(ηJ,K)
,
∂(K, ηJ+1)[1 + ∂(ηJ,TK)]

1 + ∂(ηJ,K)
.


Now, taking the limit J → ∞, we get ∂(K,TK) ≤ lim

J→∞
M(ηJ,K) ≤ ∂(K,TK).

i.e., lim
J→∞

M(ηJ,K) = ∂(K,TK). (2.13)
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It follows from (2.12) and (2.13)

lim
J→∞

a(ηJ,K)∂(ηJ+1,TK) < ∂(K,TK), (2.14)

by using the triangular inequality, we get

a(ηJ,K)∂(K,TK) ≤ a(ηJ,K)[∂(K, ηJ+1) + ∂(ηJ+1,TK)],

taking the limits on both sides

lim
J→∞

a(ηJ,K)∂(K,TK) ≤ lim
J→∞

[a(ηJ,K)∂(ηJ+1,TK)] < ∂(K,TK).

Let lim
J→∞

a(ηJ,K) = β > 1, then β(∂(K,TK)) < ∂(K,TK), a contradiction, thus K

is a fixed point of T. □

Theorem 2.7. Let T be a self-mapping defined on a complete metric space (X, ∂),
such that for any η, ϑ ∈ X, Tη ̸= Tϑ.

τ + F(∂(Tη,Tϑ)) ≤ F(M(η, ϑ)), F ∈ F , τ > 0.

Then T has a unique fixed point in X if either T or F is continuous.

Proof. By taking τ(∂(η, ϑ)) = τ(constant) and a(η, ϑ) = 1, the proof of the
theorem follows easily from Theorem 2.1 and Theorem 2.2. □

Theorem 2.8. Let T be a self-mapping defined on a complete metric space (X, ∂),
such that for any η, ϑ ∈ X, Tη ̸= Tϑ.

τ + F(γ∂(Tη,Tϑ)) ≤ F(M(η, ϑ)), F ∈ F1, τ > 0 and , γ > 1.

Then T has a unique fixed point in X.

Proof. By taking τ(∂(η, ϑ)) = τ(constant) and a(η, ϑ) = γ, the proof of the
theorem follows easily from Theorem 2.6. □

Remark 2.9. Let’s say the set of all the fixed points in T is denoted by Fix(T).
Next, we define the following condition for this set

(V) a(η, ϑ) ≥ 1, ∀η, ϑ ∈ Fix(T).

The uniqueness of fixed points can now be attained by applying the condition
(V) to our results that have been proven.

Example 2.10. Let X, ∂, and T be the same as in Example 1.8 and,

a(η, ϑ) =

{
1, if (η, ϑ) ∈ {(0, 0), (0, 1), (0, 2), (1, 2)},
1
2
, otherwise.

By choosing F : R+ → R defined by Fη = ln η,∀η > 0 and τ : R+ → R+ defined
by τ(η) = η + 1

10
for η ≥ 0. Then 0 is a fixed point of T in X.

Verification. It is easy to observe that (X, ∂) is a complete metric space, and F
satisfies conditions F1, F2, and F3. Now, we have to show that condition (1.4)
holds. By the definition of a(η, ϑ), it is clear that

τ(∂(η, ϑ)) + a(η, ϑ)F(∂(Tη,Tϑ)) ≤ τ(∂(η, ϑ)) + F(∂(Tη,Tϑ)). (2.15)



242 KOTI N. V. V. VARA PRASAD, VINAY MISHRA, HAPKA SURENDRA

Therefore, there are two possible cases;
Case I: If η = 0, ϑ = 2, then ∂(T0,T2) = ∂(0, 1) = 1

5
> 0,

and, M(0, 2) = max

{
3

10
, 0,

1

10
,
1

10
,
1

13
,
18

65

}
=

3

10
.

Now, τ(∂(0, 2)) + F(∂(T0,T2)) =
3

10
+

1

10
+ ln

(
1

5

)
< ln

(
3

10

)
≤ F(M(0, 2)).

(2.16)

Case II: If η = 1, ϑ = 2, then ∂(T1,T2) = ∂(0, 1) = 1
5
,

and, M(1, 2) = max

{
1

10
,
1

5
,
1

10
,
3

20
,
6

55
,
3

11

}
=

3

11
.

Now, τ(∂(1, 2)) + F(∂(T1,T2)) =
1

10
+

1

10
+ ln

(
1

5

)
< ln

(
3

11

)
≤ F(M(1, 2)).

(2.17)

From (2.15),(2.16), and (2.17) it can be observed that condition (1.4) holds.
Consequently, from Theorem 2.2 we can conclude that T has a fixed point.

Remark 2.11. If for any τ ∈
[
1
5
, 3
10

]
, then (1.1) does not hold. In this regard,

Theorem 3.8 and Theorem 3.9 of Gopal, Abbas, Patel, and Vetro [5], are not
applicable.

Remark 2.12. Every a-type F-weak contraction [5] is (τ, a)-weak contraction of
type I, but the converse is not necessarily true.

Example 2.13. Let X =
[
0, 9

2

]
and ∂(η, ϑ) = |η − ϑ| for all η, ϑ ∈ X. Define T

by

T(η) =

{
0, if η ∈ [0, 2],
9
2
, otherwise.

Also consider F(η) = ln η, ∀ η > 0, and a : X ×X → (0,∞) by

a(η, ϑ) =

{
2, if η, ϑ ∈ [0, 2], η, ϑ ∈

(
2, 9

2

]
,

2
9
, otherwise.

It can be easily observed that T is strict triangular a-orbital admissible and
also (Γ3), (Γ4) holds.
Now, for any η ∈ [0, 2] and ϑ ∈

(
2, 9

2

]
, it is easy to see that

inf
η∈[0,2],ϑ∈(2, 9

2
]

max


∂(η, ϑ), ∂(η,Tη), ∂(ϑ,Tϑ),

∂(ϑ,Tη) + ∂(η,Tϑ)

2
,

∂(ϑ,Tϑ)[1 + ∂(η,Tη)]

1 + ∂(η, ϑ)
,
∂(ϑ,Tη)[1 + ∂(η,Tϑ)]

1 + ∂(η, ϑ)


 =

9

2
.

And, τ(∂(η, ϑ)) + F(a(η, ϑ)∂(Tη,Tϑ)) = τ(∂(η, ϑ)) + ln
(
2
9
× 9

2

)
.

Therefore T satisfies condition (1.5) for any τ(η) ∈
(
0, ln 9

2

]
. Clearly, T satisfies
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all the hypotheses of Theorem 2.6, and consequently, T has at least one fixed
point.

Remark 2.14. In above example for η = 2 and ϑ = 11
5
, we get

τ

(
d

(
2,

11

5

))
+ F

(
d

(
T2,T

11

5

))
≰ ln

(
1

5

)
= Fd

(
2,

11

5

)
for every τ

(
d
(
2, 11

5

))
∈ R+. Hence, condition (H3) is not satisfied. consequently,

Theorem 2.1, presented by Wardowski [13] cannot be applied in this context.

Remark 2.15. Every (φ,F)-contraction (or nonlinear F-contraction) [13] is (τ, a)-
weak contraction of type II, but the converse is not necessarily true.

3. Application on Atangana Baleanu fractional derivative

In the last few decades, remarkable development has been accomplished in the
field of fractional calculus, with widespread applications across various scientific
disciplines such as Mathematics, Physics, Biology, Medicine, Fluid dynamics,
Finance, Signal processing, and more. These extensive applications led the re-
searchers to formulate various definitions for fractional derivatives, with the most
commonly used being the Caputo and Riemann-Liouville derivatives. Recently,
Atangana and Baleanu introduced a new fractional derivative with the general-
ized Mittag-Leffler function as a non-local and non-singular kernel in [2], along
with some useful properties.

Let H1(0, κ) = {g ∈ L2(0, κ) and g′ ∈ L2(0, κ)}, where L2(0, κ) is the space
of square integrable functions on the interval (0, κ), then the Atangana Baleanu
fractional derivative is defined as

Definition 3.1. [2] Let g ∈ H1(a, b), a < b, and 0 ≤ k ≤ 1. The Atangana-
Baleanu fraction derivative in the Caputo sense of g of order k is defined by

ABC
a Dkg(ς) =

R(k)

1− k

∫ ς

a

g′(v)Ek

[
−k

(ς − v)k

1− k

]
dv,

where Ek is the Mittag-Leffler function defined by Ek(z) =
∑∞

n=0
zn

Γ(nk+1)
andR(k)

is a normalizing positive function satisfying R(0) = R(1) = 1. The associated
fractional integral is defined by

AB
a Ikg(ς) =

1− k

R(k)
g(ς) +

k

R(k)
aI

kg(ς),

where aI
k is the left Riemann-Liouville fraction integral given as

aI
kg(ς) =

1

Γ(k)

∫ ς

a

(ς − v)k−1g(v)dv.

We discuss the following problem(
ABC
0 Dkδ

)
(ς) = Ω(ς, δ(ς)) ς ∈ I, 0 ≤ k ≤ 1, (3.1)

with the initial condition δ(0) = δ0, where Dk denotes the Atangana - Baleanu
derivative in the Caputo sense of order k and Ω : I × X → R is a continuous
function with Ω(0, δ(0)) = 0.
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Proposition 3.2. [1] For 0 < k < 1, we have
(

ABIABC
b Dkδ

)
(ς) = δ(ς)− δ(b).

Theorem 3.3. Suppose X = C(I,R), assume that there exists a function J :
R2 → R and δ1 ∈ X such that for all δ, γ, ζ ∈ X and ς ∈ I, J (δ1(ς),Tδ1(ς)) ≥ 0,
where T : X → X is defined by Tδ(ς) = δ0 +

CF
0 IkΩ(ς, δ(ς)).

(m1) J (δ(ς), γ(ς)) ≥ 0, J (γ(ς), ζ(ς)) ≥ 0 =⇒ J (δ(ς), ζ(ς)) ≥ 0;
(m2) J (δ(ς), γ(ς)) ≥ 0 =⇒ J (Tδ(ς),Tγ(ς)) ≥ 0;
(m3) if {δn} ⊆ X and lim

n→∞
δn = δ, =⇒ J (δn, δ) ≥ 0, ∀n ∈ N, δ ∈ X;

(m4) |Ω(ς, δ(ς))− Ω(ς, γ(ς))| ≤
R(k)Γ(k)

[
|δ(ς)−γ(ς)|+

√
|δ(ς)−γ(ς)|

]
(1−k)4Γ(k)+4

;

holds, then T possesses at least one fixed point, which serves as the solution to
the problem (3.1).

Proof. Applying the Atangana-Baleanu integral to both sides of (3.1) and using
Proposition 3.2 , we get, δ(ς) = δ0 +

AB
0 IkΩ(ς, δ(ς)) = Tδ(ς). In the next step,

we will show that T has a fixed point, let α : X ×X → [0,∞) be given by,

α(δ, γ) =

{
λ, J (δ(ς), γ(ς)) ≥ 0,∀ς ∈ I where λ > 1,
1
2
, otherwise.

(3.2)

Then for each δ, γ ∈ X,
α(δ,Tδ) > 1 =⇒ J (Tδ(ς),T2δ(ς)) ≥ 0, i.e. α(Tδ,T2δ) > 1, and
α(δ, γ) > 1, α(γ,Tγ(ς)) > 1 =⇒ J (δ(ς), γ(ς)) ≥ 0, and J (γ(ς),Tγ(ς))≥ 0,
which gives J (δ(ς),Tγ(ς)) ≥ 0, ( using (m1)) and therefore α(δ,Tγ) > 1.
which shows that T is a triangular α orbital admissible map, now we will show
that T satisfies condition (1.5),

|Tδ(ς)− Tγ(ς)| =
∣∣∣ AB
0 Ik(Ω(ς, δ(ς))− Ω(ς, γ(ς)))

∣∣∣
=
∣∣∣1− k

R(k)
(Ω(ς, δ(ς))− Ω(ς, γ(ς)))+

k

R(k)
0I

k (Ω(ς, δ(ς))− Ω(ς, γ(ς)))
∣∣∣

≤ 1− k

R(k)

∣∣∣ (Ω(ς, δ(ς))− Ω(ς, γ(ς))
∣∣∣+

k

R(k)
0I

k
∣∣∣ (Ω(ς, δ(ς))− Ω(ς, γ(ς)))

∣∣∣
≤ R(k)Γ(k)

(1− k)4Γ(k) + 4

(
1− k

R(k)
+

k

R(k)
0I

k(1)

)
×(

sup
ς∈I

|δ(ς)− γ(ς)|+
√

sup
ς∈I

|δ(ς)− γ(ς)|

)
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=
R(k)Γ(k)

(1− k)4Γ(k) + 4

(
1− k

R(k)
+

k

R(k)

1

kΓ(k)

)
×(

sup
ς∈I

|δ(ς)− γ(ς)|+
√

sup
ς∈I

|δ(ς)− γ(ς)|

)

≤ 1

4

(
sup
ς∈I

|δ(ς)− γ(ς)|+
√

sup
ς∈I

|δ(ς)− γ(ς)|

)
+

1

λ

=
supς∈I |δ(ς)− γ(ς)|

λ(
√

supς∈I |δ(ς)γ(ς)|+ 2)2
,

this yields that,
1√

λ∂(Tδ,Tγ)
≥
√

∂(δ, γ) + 2√
∂(δ, γ)

,

which implies, 1 +
1√

∂(δ, γ)
− 1√

λ∂(Tδ,Tγ)
≤ − 1√

∂(δ, γ)
.

By taking τ(x) = 1 + 1√
x
, and F (x) = − 1√

x
we get

τ(∂(δ, γ)) + F (λ∂(Tδ,Tγ)) ≤ F (∂(δ, γ)).

Now using F1 and form equation (3.2), it can be clearly observed that,
τ(∂(δ, γ)) + F (α(x, y)∂(Tδ,Tγ)) ≤ τ(∂(δ, γ)) + F (λ∂(Tδ,Tγ)) ≤ F (∂(δ, γ)) ≤
F (V(δ, γ))
also there exists δ1 ∈ X such that J (δ1(ς),Tδ1(ς)) ≥ 0, which implies α(δ1,Tδ1) >
1, and using (m3), (Γ4) can be obtained. Thus T satisfies all the hypotheses of
Theorem 2.6, consequently T possesses a fixed point and which will be a solution
of the problem (3.1). □
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