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DISCONTINUOUS GALERKIN METHOD FOR LINEAR
PARABOLIC EQUATIONS WITH L!-DATA

YIBOUR CORENTIN BASSONON! AND AROUNA OUEDRAOGO?**

ABSTRACT. In this work, we examine the discontinuous Galerkin method for
parabolic linear problem with data in L*(£2x (0,7)). On one hand, using a Eu-
ler time advancing scheme that goes backwards, we can discretize a time inter-
val. Furthermore, the discretization of space is based on Symmetric Weighted
Interior Penalty (SWIPG) method. We use the technique of construction of
the renormalized solution to obtain existence of the discrete solution. Then,
our research demonstrates that the discrete solution converges in L(Q) to the
unique renormalized solution of the problem, where @ = Q x (0, 7).

In the case where the coefficients are smooth, we offer an estimate of the er-
ror in L'(Q), when the side on the right is assigned to Marcinkiewicz space
L>*(Q) where 1 < s < 2.

1. INTRODUCTION

Parabolic problems with L' data are encountered in numerous physical and en-
gineering applications, for example in continuous casting in the metallurgical
industry, in fluid flow modeling and image restoration. In this paper, our ap-
proach is to consider numerical analysis of linear parabolic problems with data
belongs L', namely the following problem

% —div(A(x)Vu) =f inQx(0,7),
u =0 ondQ2x(0,7), (1.1)
u(-,0) =ug in §,

where € is an open bounded polygonal subset and Lipschitz of R? with d = 2
ord=3T>0and @ = Q x (0,7). The matrix A € L>() is the diffusion
ceefficient and the data f and ug belongs respectively to L'(Q) and L'(Q2). The
use and analysis of discontinuous Galerkin methods has increased in recent years,
and they have been utilized in different types of applications. Generally, the
problems addressed for this method are right-hand side f € L%*(€2), which allows
to use the variational formulation of the problem, see [1, 2, 8]. In [12], the authors
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address the case where the data is a Dirac measure. For our study, the data wg
and f belong respectively to L'(€2) and L'(Q). This is the main contribution of
this paper. Thus, the analysis of the problem (1.1) is difficult and requires news
tools because discontinuous Galerkin finite element method schemes are based on
variational formulations which do not give estimates in the L' norm. Here, we
introduce the framework of renormalized solution. Employing this concept, we
show that every sequence of a approximate solutions, obtained by a backward-in-
time and SWIP discontinuous Galerkin finite element method, converges to the
unique renormalized solution of the problem (1.1).

The rest of the paper is organized in the following manner. In Section 2, we intro-
duce the notion of renormalized solution and we give functionals settings of the
discontinuous Galerkin framework. Moreover, we give some primary estimates.
In Section 3, we prove, in the one part, that the unique discrete solution converges
to the unique renormalized solution of (1.1). Secondly, we have completed the
main outcome of the current paper, which is the convergence of discrete solution
to the renormalized solution, by the error estimate when d = 2 or d = 3 and

f e L Q).

2. PRELIMINARIES

2.1. Renormalized solution.

We consider the linear parabolic problem defined in (1.1) under the following
assumptions : the matrix A is coercive. It implies that A is symmetric matrix
such that :

A€ L>(Q)*d (2.1)
and satisfying the ellipticity assumption
Ja >0, ae. zin Q, V& € R A(x)E - € > al¢f. (2.2)
The data of this problem are such that
feL'(Qx(0,T)), ug € L'(9). (2.3)

V is the gradient operator and the domain Q C R? (d = 2, ?ﬁ is ogened, bounded
and Lipschitz. We assume that the space-time cylinder @ = Q x [0,7]. We
consider the Marcinkiewicz space or weak-Lebesgue space L*°°((Q) with the norm

7@ = sup M|z € @ = 2 x (0.T) : |£(2)] > )\}‘l/s <oo.  (24)
T is what we refer to as the truncation function at height k& (k > 0) i.e.
Ti(r) = min (k‘, max(r, —k:))
Now, we are able to define the renormalized solution of our problem.

Definition 2.1. A measurable function u defined from @) to R is a renormalized
solution of (1.1) if for any k > 0,

u € L(0,T; L' (), (2.5)
Ti(u) € L2(0, T; Hy (%)), (2.6)
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1 T
lim —/ /|VTk(u)|2dxdt:0 (2.7)
0 Q

k—+o00 k
and

09 :
_ /Q S(u) Grdadt + /Q S'(u) AVuV gdadt

+/S”(u)AVuVu¢dxdt:/fS’(u)(bda:dt, (2.8)
Q Q

for every function ¢ € C§°(Q), for all functions S € C*°(R) such that S” has a
compact support in R (i.e. S’ € C°(R)) and S’(u)¢ belongs to L2(0,T; Hi(R)).

2.2. The discrete setting. Here, we briefly present a discontinuous Galerkin
finite element approximation of problem (1.1). For more details of this method,
see [8]. The initial introduction of the discontinuous Galerkin method was meant
to model and simulate neutron transport by Lasaint and Raviart in [10].
Consider 7, to be uniform partition of €2 into disjoint open triangles K such that
Q= U K. We set h = max{diam(K), K € T,}.

KeTy,

For every integer k > 0, we define the broken polynomial space :
PH(Th) == {wy € L*(Q)| VK € Ty, wi|x € PE(K)},

with polynomial degree k& > 1. Note that P% is spanned by the restriction to
K of polynomial functions in d variables and of total degree at most k. We say
that a (closed) subset F' C 2 is a mesh face if F has positive (d — 1)-dimensional
measure and if one of the two following mutually exclusive conditions is satisfied

(1) There are separate mesh component K, Ky € T, where F' = 0K, N0Koy;
in such case, F'is called an interface. Moreover, ng := ng, designate the
unit normal vector to F' pointing from K; to K.

(i7) There is K € Ty such that F' = 0K N 09; in such circumstances, F
is called a boundary face and we indicate by ng := n the outward unit
normal to 0f).

Interfaces are collected in the set F;, boundary faces in F7, and mesh faces
in F, := F; UFP. Moreover, for every mesh element K € Ty, the set

Fr = {FE.Fh ’FC@K}

contains the mesh faces forming the boundary of K. We suppose that 7, is
shape regular and contact-regular, that is to say there exists C' independent of
the mesh-size h such that, for all K € T, and all F' € Fg, we have

hx < Chp,
where hp designates the diameter of F. Letting

Ny = d
o i= Max_car (Fk)

contact regularity implies that Ny is bounded.
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Definition 2.2. (Jumps) Let ¢ be a function defined on 2. We suppose that
1 is smooth enough to admit on all ' € F, a trace. Then, if ' € F; with
F = 0K, NO0Ks, the jump of ¥ at F' is defined for a.e. x € F as :

H¢HF(x) = ¢K1 (l’) - ¢K2 (ZL‘),
while if F € FP with F = 0K N9, we set [¢]r(z) = vk (z).
Definition 2.3. (Weighted averages) Either ¢ a function defined as above. To
any interface F' € F; with F' = 0K, N 0K,, we attribute two non-negative real
numbers wg, r and wg, r where

WK, F + WKy F = 1.

Then, the weighted average of ¢ at F' € F} is defined for a.e. z € F' as

{W}or() = wi, P, (T) + Wiy FYK, (7).
while on boundary faces F € Fj, with F' = 0K N0, we set {¢},, r(z) := Yk ().
Afterward, we consider the diffusion-dependent factor for the weights, in par-
ticular for all F' € F;, F = 0K; N 0Ky,
Ay
R Ay

Ay
= 2.
wK27F Al _'_ A2’ ( 9)

where A; = Ag,, © € {1,2}. The following embedding P}(7,) C H'(Ty), allows
d

to define the broken gradient Vj, : H'(T;) — [L2(Q)} such that, Vw € H'(T3),
VK € 771 . (Vhw”[( = V(w|K)

Now, we give the diffusion-dependent penalty parameter as

241 Ay .
f F K K
A+ A27 1 COK;No 2,

YA F = (210)
<A|Kn) n, if FCOKNAQ,

In the following, we will use a Symmetric Weighted Interior Penalty (SWIP)
method (see [3]) to discretize (1.1). The SWIP discrete bilinear form is determined

by :
Swi YA F
a;""P(v,w) = /AV vVywdr + 77—’/ v, W
(v, w) L AVIV > . F[[ I

FeFy

- Z /F<{Avhv}w'nF[[w]]+{Avhw}w'nFHU]D. (2.11)

FeF,

The quantity n > 0 denotes a user-dependent penalty parameter which is inde-
pendent of the diffusion coefficient. Therefore, the SWIP norms are defined by

1/2
lellswir = (1472 h0 2 e + lof2))
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For all ¢ > 1, we have :

1/q
0] swip,g == <||A1/2vhv||([JL4(Q)]d + v qJ,A,q) (2.12)
when the propagation jump semi-norms
YA F
050 = ) T Ml z2 -
FeF, F
For all ¢ > 1, we designate :
YA,
v ?I,A,q = Y | [[U]]Hqu(F)' (2.13)
FeF, F

For every d-simplex K in R¢, we introduce the following notations :
(1) sg?, 1 =0,...,d, designate the vertices of K.

(2) cg?, i1 =0,...,d, designate the centers of the faces F; € K.

(3) Aik, i =0,...,d, nominate the barycentric coordinates regarding
to the sg?.

(4) for every z € R?, we set
wix(r) :=1—dN\ g(z) fori=0,...,d,

where (¢; i )o<i<a denote the Py configuration functions connected to K.
To simplify the notation, we consider respectively

s&? =5; andc&? =c¢, Vi=0,...,d,
the vertices of K and the centers of the face F;. Therefore, we have

Yi € L2(Qh)7

vilk € P[K], Vie {0,1,...,d}, VK € Ty,

@i\ F; :17

@i(s;) =1, and ¢;(s;) = 1 — d such that j # 1,
1 d
W/p i = piley) =0y and Y pixc(v) =1, for every z € R,
g i=0

with
o ::U{K, Keﬁ} c Q.
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(5) If N designates the number of all interior centers ¢; of faces F' in Ty,
we define the interpolation operator I, and the truncated interpolation
operator I} by

Hh(v) € Vh, Yo € Vd(;,

N
1, (v) = Z g,
i=1

N
IF) =Y Ti(ad)es,
i=1
with

af =Mv)(e) = (L/IF |

F;

0, (v) = (1/|F) / .

F;

2.3. The discrete problem. We use respectively, the SWIP bilinear formula-
tion in space and Euler backward method in time to obtain the fully discrete
scheme. The space semi-discretization of problem (1.1) becomes

( Find u;, € Vyo(T,) such that, for any ¢ € [0, 77,

0 .
/ % -vpdr + a; """ (up, vp) = / fopdz for any vy, € Vya(Th) (2.14)
Q Q

[ Unlt=0 = Uno

where

Vaa(Th) == Py(Tp), k> 1.
Now, we study the entirely discretization of problem (2.14) by using to the finite
difference scheme with time-step At > 0. We first subdivide the time gap (0,7)
into N uniformly-spaced subintervals by the following points :

O=to<ti<...<tn=T

with ¢, = nAt and At = T/N the time step size. Let I, = (t,-1,tn] be the
nth sub-interval. For any sequence {"}Y_ C L*(T,), we consider the backward
difference quotient
~ . _ wn _ wn—l
V" = e
We use the finite-dimensional space
Vie = {0 : [0, T] — Vaa(Tr) : ¥, € Vac(Tr) is constant in time}.

For ¢ € V4a(Th), we let ™ be the value of ¢ at t,. Furthermore, we write V7
for the restriction to I,, of the functions in Vj;. The fully discrete discontinuous
Galerkin finite element approximation to (2.14) is defined as follows. For each
n=12...,N, find up €V} such that :

/ Vuivpde + a3 (ull, vp) = / fTon, Yo, € Vi (2.15)
0 0
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We define the N x N stifness matrices P = (P;;) and @ = (Q;;), namely

Py = / Vi - p;dz, Qij = a;"" (i, ;) fori,j e {1,2,...,N}.
Q

The matrices P and @ satisfy, Vi, j € {1,2,..., N} the following main assump-

tions : )
1<j<N
JFi

Qi — Z |Qij| > 0.
1<j<N
\ JFi

Proposition 2.4. Under the assumptions (2.1)-(2.3), the fully discrete discon-
tinuous Galerkin scheme defined by

Find uy € V), such that,

(2.16)

_ T (2.17)
/ Vuy - vpdx +/ ay" (up, vp)dt = / fopdxdt for all v, € V};,
Q 0 Q
admits a unique solution.

Proof. The term of right side in (2.17) has meaning since f belongs to L'(Q) and
Vi C L™(Q). So, by a direct repercussion of the Lax-Milgram Theorem, we
deduce that the solution u} of (2.17) exists and is unique, forn =1,...,N. O

We gives two stability result of the discrete solution of (2.17).
Theorem 2.5. Suppose that vy, € V). satisfies

Vk >0, sup /|J,’§(vh)|2dx+/ (Vo (vp)|?dedt < kM (2.18)
) Jo Q

te(0,T

d
for some M > 0. Then, for every q with 1 < g < T

T
| Tonllviatt < C@1QU, 0|4 ayone) M. (219)
0
We demonstrate it by using the techniques developed in Lemma 2.4 of [3] and
Theorem 5 of [11].
Lemma 2.6. Let u}} be the solution of (2.17). Then we have, forn=1,...,N

N
lup 2@ + > At lawip < C(Q,uo, )| fllz1q)- (2.20)

n=1
Proof. We take v, = uj in (2.17) and then, by the Cauchy-Schwarz inequality,
we obtain

il Za ) — luh ™ o) + iy =~ lZa) + 2288 g L0y < At/ﬁf”u}fdfv

N

< A Mo lunl o)
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Summing over n from n = 1 to n = N, using the discrete Gronwall’s inequality
and the inequality (see [13], Lemma 5.2)

N
> A M < Clliflo)
n=1

we get the estimate (2.20). O

3. RESULTS AND FINDINGS

Here, we prove the convergence of the discrete solution to the unique renor-
malized solution of (1.1). Initially, we give an a priori estimation of the solution
uj of (2.17).

Proposition 3.1. Under assumption (2.16), one has for every v, € Vi and
every k > 0

B = /Q%(uh - I,’f(uh)> IF(up)dz > 0, (3.1)

By = " (uh - ],’f(uh),l,’f(uh)> >0, (3.2)

Proof. We use the principle of the discrete maximum by considering the relation-
ship given in (2.16). O

Proposition 3.2. Assume that A, f satisfy (2.1)-(2.3) and that the family of

subdivisions Ty satisfies the shape reqular hypothesis. Then the solution uy of
(2.17) satisfies for every h > 0 and every k > 0

T T
/Vlf(uh)-l}]f(uh)d:v—l—/ ay” P (IF (up), If (up,))dt S/ /f];’f(uh)dxdt, (3.3)
Q 0 o Jo
and, in particular, uy, satisfies
2
Ikl + | [Futhtn)| drde < Cl Sl (34)

where the constant C' depends only on Q, k, o, C,.

Proof. Using IF(uy,) as a test function in (2.17), one has

T T T
/ / Vuy, - I} (up)dzdt + / ay” ™ (up, IF (up))dt = / / fIF(up)dxdt.
o Ja 0 o Jo
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From Proposition (3.1), we obtain (3.3).
On the other hand, by combining (3.3) with coercivity (2.2) of A, we obtain

15 (un)ll o) + ozCn/lth,’f(uh)\dedt
Q
T
k k
< b ey + Co [ ) Pyt
0

< /Qﬁlf}f(uh)’l}lf(uh)—i_/o @y (I (un) Iy (un) )t

IN

T
/ /f]ﬁ(uh)dxdtgma)(’]ﬁ(uh)’/|f\dxdt
0o Jo Q Q

< Cillfllevg)-

Our principal result is the following :

Theorem 3.3. Suppose that A, f satisfy (2.1)-(2.3) and that the family of sub-
divisions Ty, satisfies the shape reqular hypothesis. Then the unique solution uj
of (2.17) satisfies for every h > 0

u} — u strongly in L'(Q), (3.5)
d
Vuy — u strongly in [Ll(Q)] , (3.6)
IF(u) — Ty(u) strongly in L*(Q), (3.7)
while h decreases to zero, form=1,..., N, and where u is the unique renormal-

ized solution of (1.1).

Proof.

We introduce a sequence f¢ in L*(Q), converging strongly in L'(Q) to f (we can
take, for example f¢ = Ti,.(f)). Let uj to be the unique solution of (2.17) for
the data f°. Then wu;, — uj, satisfies :

& n
Uh - uh E th,

T
Yy, € Vi, / V(up —uy,) - vpde —l—/ ap" (up, — uj, vp)dt = / (f — fS)vopdadt.
Q 0 Q

Applying estimate (3.4) to this problem, we get for every h > 0, every k > 0 and
every € > 0

IIIZf(uh—UZ)IILQ(Qﬁ/QIVhI;’f(uh—UZ)I2dwdt < Ok, ds s [QDI = ol (3:8)
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Therefore, we use the Theorem (2.5) and we acquire that for each ¢ such that

1<g<

d
PR every h > 0, and every ¢ > 0

T
/0 un — uf || swipgdt < C(k,d, o, |Ql, ¢, || Al peeyaxa) | f = fllzr)-  (3.9)

Also, as f¢€ is square integrable and the shape-regularity of the family of triangu-
lations, we obtain (see [3]) for each ¢

u5 — u strongly in L*(Q),

d
Vuj; — Vu® strongly in [LQ(Q)] : (3.10)
where h decreases to zero, where u° is the only solution of
u® € L*0,T; H ()

e (3.11)
5 div(AVu®) = f€ in D'(Q).

The following problem has a unique renormalized solution, which is the function
uE

zideWﬁ = f2in Q x (0,T),
u® =0 on 90 x (0,7), (3.12)
u® = uf on 002 x {0}.
The fact that
T
|1 = st < WAl =l gy (313

alllows one to have

T
/O 14" — | swip.gdt < ||A]l poe(yaxaC(d, q, |Q), )| f — [l L1 (o) (3.14)

d
for every ¢ with 1 < ¢ < i1 where v is the unique renormalized solution of

(1.1).

We use the triangle inequality by considering (3.9), (3.10), (3.14), one has for

every € > 0 and every ¢ with 1 < g < 1
T
lim sup | — ] swip,gdt < C’(d, 7,Q|, a, ”AHLOO(Q)dXd) If = fllzr)- (3-15)

h—0 0

Passing to the limit when ¢ tends to zero proves (3.5) and (3.6).
To complete this proof, we show (3.7). For this, we consider (see Proposition
15 in [7]) that

IM(u}) — Tp(ul) — 0 in measure.
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Moreover, we have
IF (u}) — Ti(u) weakly in L2(0,T; H3(€2)) (3.16)

and
|1 (up)| < C(k,d)|f| € LHQ).
Then, by the compact injection theorem, we have

/ fIF(up)dxdt — / [T (u)dxdt.
Q Q

When h tends towards zero in (3.3), we obtain

T
lim sup </ Vlf(uh)-l,’f(uh)der/ ai ™ (IF (up), IF (u})) dt /ka Ydxdt
Q 0

h—0
(3.17)
Also, since u is the renormalized solution of (1.1), we have

/QﬁTk(u) -Tk(u)dx—l—/o ai"(Ty (), T (u))dt /Qka( u)dxdt. (3.18)

From (3.17) and (3.18), we deduce that

imsup [ [ it Tt + [ (), )] <

h—0

[ ¥ Titas+ [ " (0, (), Th(w)
Q 0

which associated with the weak convergence (3.16) gives the strong convergence
(3.7). O

Now, we give an estimation error of the strong convergence established in (3.3).
For this, we assume that {2 and the elements of A are regular, and f belong to
the Marcinkiewicz space L**°(Q) with s > 1. The next result is another major
finding of this manuscript.

Theorem 3.4. According the hypotheses of Theorem (3.3) (d =2 ord =3), if f
belongs to L¥>°(2 x (0,7T)) for all s with 1 < s < 2,  a convex polyhedron and
A€ [Whe(Q)]94, then we have the following error estimate :

Proof. The unique solution u;” of (2.17) when the data f¢ =T} ,.(f) € L®(Q) C
L?(Q) satisfies

i = wllzsc) < (1@ a5, [ Allwnosyeca ) 1200

T
/ e = swipdt < € (IAllwr@yosa ) AL 220
0

SO

T
|12 = it < € (0.4, 1QL Al s owoyona L o) (3:20)
0
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Consider (3.9), (3.14) and (3.20). By the triangle inequality, we obtain :

T
/ ||u2_u||swip,th S C<Q7 dana |Q|7 ||A||le°°(Q)dXd> (Hf_fe“Ll(Q)+h||f€||L2(Q)>
0

(3.21)

By considering the norm (2.4), we obtain :

1 S— S

1f=Fllng < —e¢ M1 L5:20(Q)> (3.22)

s—1

and
€12 2 1 s

15 30) < —5 s I e (3.23)

Therefore, (3.21) gives :

r n 1 s—1 s 2 h
; [uh —ul| swipqdt < C<S —° [f 17 eo0 ) mgl—_g\lﬂ

By the Sobolev inequality, we obtain for every ¢ > 1 :

ES,M(Q)). (3.24)

T
e — ulliaoy < / e — llswpadt.
0

N|w

e
1f1

L2=(Q)

We consider this inequality and we take ¢ = in (3.24). Finally, we

have

_1
||UZ - U’HL‘Z(Q) S C<d7Qa S, |Q|a ||A||le°°(ﬂ)d><d7a> h2(1 S)||f| Ls>°(Q)-

4. CONCLUSION AND FUTURE SCOPE

In the present paper, we developed and analyzed a discontinuous Galerkin
method to approximation parabolic diffusion with L' data. Since such problems
do not admit weak solutions, we use the renormalized solution framework. We
establish the convergence of the discrete solution to the unique renormalized so-
lution. We consider a priori estimates on L'(Q), which is not an ideal space for
this numerical method.

We plan to adapt this numerical approximation to an elliptical problem involv-
ing variable exponent and measure data. Such problems appear for example in
elasticity and image processing.

Acknowledgement. The authors express their deep and warm thanks for the
anonymous referees for all their valuable suggestions and comments that was of
great help in the completion of this work. This research was accomplished during
the doctoral studies of the first author.



134

10.

11.

12.

13.

Y. C. BASSONON, A. OUEDRAOGO

REFERENCES

Antonietti P. F., Grasseli M., Stangalino S., Verani M. Discontinuous Galerkin approxi-
mation of linear parabolic problem with dynamic boundary conditions. Journal of Scientific
Computing. 2016, Springer.

. Ayuso B. and Donatella Marini L. Discontinuous Galerkin methods for advection-diffusion-

reaction problem. SIAM Journal on Numerical Analysis. 2009, vol. 47, No. 2, pp. 1391-1420.
https://doi.org/10.1137/080719583

. Bennouna J., Hammoumi M. and Aberqi A. Nonlinear degenerated parabolic equations with

lower order terms. Electr. Journal of Mathematics Analysis and Applications. July 2016,
vol. 4(2), pp. 234-253.

Blanchard D. Renormalized solutions for parabolic problems with L' data. In Free boundary
problems, theory and applications (Zakopane, 1995). 1996, volume 363 of Pitmann Res.
Notes Math. Ser., pp 177-185.

Blanchard D., Murat F. Renormalized solutions of nonlinear parabolic problems with L'
data: existence and uniqueness. Proceedings of Royal Society of Edinburgh. 1997, 127A
pp- 1137-1152.

Casado-Didz J., Chacon-Rebollo T., Girault V., Gémez Marmol M., Murat F. Finite el-
ements method approximation of second order linear elliptic equations in divergence form
with right-hand side L'. Numerische Mathematik. 2007, vol. 105, no. 3, pp.337-374.
DiPerna R-J, Lions P-L. On the Cauchy problem for Boltzmann equations: global existence
and weak stability. Annals of Mathematics. 1989, 130(1), pp. 321-366.

Di Pietro D. A., Ern A. Mathematical aspects of discontinuous Galerkin methods.
Mathématiques et Applications. 2011, vol. 69.

Hachimi El A., Jamea A. Nonlinear Parabolic Problems with Neumann-type boundary con-
ditions and L'-data. Electronic Journal of Qualitative Theory of Differential Equations.
2007, no. 27, pp. 1-22.

Lasaint P., Raviart P.-A. On a finite element method for solving the neutron transport
equation. Mathematical Aspects of Finite Elements in Partial Differential Equations, C. de
Boor, ed., Academic Press, New York. 1974, pp. 89-123.

Lidouh A., Messaoudi R. Affine Discontinuous Galerkin Method Approzimation of Second-
Order Linear Elliptic Equations in Divergence Form with Right-Hand Side in L'. In-
ternational Journal of Differential Equations. Vol. 2018, Article ID 4650512. https:
//doi.org/10.1155/2018/4650512

Masri R., Shen B. and Riviere B. Discontinuous Galerkin approrimations to elliptic and
parabolic problems with a Dirac line source. ESAIM: M2AN. 2023, vol. 57, pp. 585-620.
https://doi.org/10.1051/m2an/2022095, www.esaim-m2an.org, 2022.

Song L., Zhao S. Symmetric interior penalty Galerkin approaches for two-dimensional para-
bolic interface problems with low reqularity solutions. Journal of Computational and Applied
Mathematics 330. 2018, pp. 356-379.

! LABORATOIRE DE MATHEMATIQUES, INFORMATIQUE ET APPLICATIONS, UNIVERSITE
NORBERT ZONGO, KOUDOUGOU, BURKINA FASO.
Email address: corentinbassonon@gmail.com

2 LABORATOIRE DE MATHEMATIQUES, INFORMATIQUE ET APPLICATIONS, UNIVERSITE
NORBERT ZONGO, KOUDOUGOU, BURKINA FASO.
Email address: arounaoued2002@yahoo.fr


https://doi.org/10.1137/080719583
https://doi.org/10.1155/2018/4650512
https://doi.org/10.1155/2018/4650512
https://doi.org/10.1051/m2an/2022095

	1. Introduction
	2. Preliminaries
	2.1. Renormalized solution
	2.2. The discrete setting
	2.3. The discrete problem

	3. Results and Findings
	4. Conclusion and Future scope
	References

