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WEIGHTED EULERIAN EXTENSIONS OF RANDOM GRAPHS
GHURUMURUHAN GANESAN!

ABSTRACT. The Eulerian extension number of any graph H (i.e. the minimum
number of edges needed to be added to make H Eulerian) is at least t(H), half
the number of odd degree vertices of H. In this paper we consider weighted
Eulerian extensions of a random graph G where we add edges of bounded
weights and use an iterative probabilistic method to obtain sufficient conditions
for the weighted Eulerian extension number of G to grow linearly with ¢(G). We
derive our conditions in terms of the average edge probabilities and edge density
and also show that bounded extensions are rare by estimating the skewness of a
fixed weighted extension. Finally, we briefly describe a decomposition involving
Eulerian extensions of G to convert a large dataset into small dissimilar batches.

1. INTRODUCTION

For a deterministic graph H (i.e., for graphs whose edge states are determinis-
tic), [2] studied conditions under which H is a subeulerian graph; i.e. occurs as a
spanning subgraph of an Eulerian graph and also classified all subeulerian graphs.
Later [9] presented a detailed survey on subgraphs and supergraphs of Eulerian
graphs and multigraphs. For applications of Eulerian extensions, we refer to [¢]
and [7].

Recently, the paper [0] has studied Eulerian edit numbers of random graphs
(i.e., for graphs where edge states are random) with uniform edge probabilities,
where we show that roughly % operations suffices to obtain an Eulerian extension
with high probability, i.e. with probability converging to one as n — oco. The
constructed extension is in fact linear, since the number of odd degree vertices is
roughly % with high probability (for details, we refer to [0]).

In this paper, we equip edges of the complete graph with random weights and
construct Eulerian extensions of random graphs with edge weights bounded above
and below. We obtain sufficient conditions for such “bounded” extendability in
terms of the average vertex degrees and the edge density and use an iterative
probabilistic method to construct the desired extension. We remark that an
arxiv version of our paper is available at [7].

The paper is organized as follows: In Section 2, we study Eulerian extensions
of random graphs with bounded edge weights and use the probabilistic method
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to obtain the extension. Next in Section 3, we consider a partial converse of
bounded extensions and show that any given linear extension has unbounded
skewness with high probability, i.e. with probability converging to one as the
number of vertices n — oco. Finally, in Section 4, we use Eulerian extensions to
decompose large datasets into small dissimilar batches.

2. WEIGHTED EULERIAN EXTENSIONS

Let K,, denote the complete graph with vertex set {1,2,...,n} and let { X (h) }rex,
be independent random variables with indices over the edge set of K, and satis-

fying
P(X(h) =1) = p(h) =1 -P(X(h) = 0) (2.1)

for every edge h, where 0 < p(h) < 1 is a real number that possibly depends
on the number of vertices n as well. If A has endvertices u and v, then we also
write p(h) = p(u,v) = p(v,u). Let {w(h)}rek, be independent and identically
distributed (i.i.d.) positive random variables indexed by the edge set of K,,, that
are also independent of { X (h)}. We define w(h) to be the weight of edge h.

Let G be the random graph formed by the set of all edges h satisfying X (h) = 1
and let m(G) = #E be the number of edges in G. For a vertex v define dg(v) to
be the degree of vertex v, i.e., the number of vertices adjacent to v in G. Let A(G)
denote the maximum vertex degree in G and set G to be the complement of G,
i.e., an edge (z,y) € G if and only if (z,y) ¢ G. A walk in G is a sequence of
vertices P := (v, ve,...,v;) such that each v; is adjacent to vy 1. If in addition v,
is also adjacent to vy, then P is said to be a circuit. If each edge G occurs exactly
once in P, then P is an Eulerian circuit and G is said to be Eulerian [10]. If P
has no repeated vertices, then P is said to be a path. Similarly if P is a circuit
and no vertex in P is repeated, then P is said to be a cycle. We say that G is
connected if any two vertices of G can be connected by a path and disconnected
otherwise.

We say that G is Fulerian extendable or simply extendable if we can convert GG
into an Eulerian graph by simply adding edges from the complement. The result-
ing graph is then said to be an Eulerian extension of G. In [0] it is shown that
if Gom is the homogenous random graph with edge probability p, then with high
probability Gp,, is extendable and we also obtain estimates on the minimum
number of edges needed for such an extension.

We are interested in obtaining Eulerian extensions of G by adding edges whose
weight lies in a predetermined interval. Formally, for constants 0 < z < y, we
say that G is (x,y)—extendable if G can be converted into an Eulerian graph by
adding edges each of whose weight lies between = and y. We call the resulting
Eulerian extension as an (z,y)—extension of G. If G is extendable, then any
extension of G has only even degree vertices and so if Ny = Ney(,y) is the
minimum number of edges needed to obtain an (z, y)—extension of G, then N, >
t(@), where t(G) is half the number of odd degree vertices in G.
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Letting F4s. denote the event that G is disconnected, the following result
obtains upper bounds for N.,; in terms of the average edge probabilities

1 1
Nlow = muinn—lzp(u’v), Qup = mq?xn_lzp(u’v)

and the average edge density a, := (Z)_1 > i<ucv<n P(u,v), all of which may
depend on n, i.e. Qo = Qow(N), Ay = yp(n) and a, = ae(n).

Theorem 2.1. If

1 1 ae(n)

— < ow < U, S a0 1 - RE 2.2

5 < Qow < max<2 5 > ¥ (2.2)
for some constants 0 < < % and 0 < v < %, then there are constants
0<zx<y<ooand D > 0 such that

]P)<Nemt(xv y) < St(G)) >1- e_D(logn)2 - ]P)<Edi80)~ (2-3)

Thus if G is connected, then with high probability the number of edges that
need to be added to G for obtaining an extension, grows linearly in ¢(G). The
condition e, < e < ay,, is obtained using the fact that the sum of the vertex
degrees of a graph is twice the number of edges and so from (2.2), we see that a, <
1 — /% —~ or equivalently all values of a, < + — O (v) are permissible.

Before proving Theorem 2.1, we illustrate the condition (2.2) and the event Eg;.
with an example. Let 0 < b < a < 1 be two constants, that do not depend on n
and set p(u,v) = 1if 1 < w < v < 2 or the edge (u,v) belongs to the
cycle (1,2,...,n,1). Similarly, set p(u,v) = 0 if @ +1<u<v< % and for

any other edge (n,v) containing n as an endvertex, we set p(n,v) = a. For any
other edge e, we set p(e) = b. For the vertex n, we have that

Z p(n,v) =a(n—3)+2 (2.4)

1<v<n—1

and so ay,(n) = a(1+0(1)), where o(1) — 0 as n — oo. Similarly, by considering
the vertex 1 we get that

> p(lv)>b (n —1- logn) (2.5)

2<v<n

and so qje(n) = b(1 + o(1)).
2
The number of edges having an edge probability > a is at most <L> + 2n

logn
n 2 n
< 2 b .
e R )

1<u<v<n

and so
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2
Similarly the number of edges for which the edge probability is zero equals <L>

1§;§np(u,v) >b ((g) B (logn)z) |

Combining the above estimates, we get that a.(n) = b- (1 + o(1)). Finally, by
definition, the cycle (1,2,...,n,1) on n vertices is a subgraph of G' almost surely
and so (G is connected with probability one.

From the discussions following Theorem 2.1, we see that for every (a,b) sat-

and so

isfying b < % and b <a<1-— \/g, the random graph G has a bounded linear

extension in the sense of (2.3).

Below, we use the iterative probabilistic method and the following standard de-
viation estimate, to prove Theorem 2.1. Let X1, ..., X}, be independent Bernoulli
random variables satisfying P(X; = 1) =1 -P(X; =0) > 0. If T;,, :== > 77| X;
and p,, = ET,,, then for any 0 < e < % we have that

62
P ([T — pun| 2 €pim) < exp (_Z“m> : (2.6)

For a proof of (2.6), we refer to Corollary A.1.14, pp. 312 of [1].

Proof of Theorem 2.1: Define an edge (u,v) to be good if (u,v) belongs to the
complement graph G and a < w(u,v) < b. For a good edge (u,v), we say that u
is a good neighbour of v and vice versa. Our goal is to obtain an extension of GG
using good edges and we first consider the case o, < % — 7. For vertices u # v
let

Y(u,v) = Z (1 — X (u,2))(1 - X (v, 2))ps

1<z<n
zF#u,v

be the number of vertices z such that both the edges (u,z) and (v, z) are good.
We have that

EY(u,0) = Y po(1—p(u,2)(1 - plv, 2))

1<z<n

zF#u,v
ISR WEE)
2#u,v z#u,v
> 5t (0= St - T2
2#u z#v

> npa(l —2ay,) — 2

Using ay, < 5 — 7 we get that EY (u,v) > 2npiy — 2 and so applying the
standard deviation estimate (2.6) with € := 1= we get that

nl—2¢

P(Y(u,v) >vypgn) >1—¢e© — 1 (2.7)
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for some constant C' > 0, provided ¢ < % strictly. We fix such a (. Defining F; :=
Mo 1Y (w,v) > ypgn} we get from (2.7) and the union bound that

P(Eur) > 1—n? - e0n' (2.8)

for all n large.

Let E.,, denote the event that G is connected and suppose that the joint
event Eyy N Egyy occurs. Let T = {wvy,...,v9},t = t(G), be the set of all odd
degree vertices of G. For each pair {vy;_1,v9;},1 < i < ¢, pick a vertex ¢; adjacent
to neither vy; 1 nor vy; in G. Adding the edges {(qi, v2i—1), (¢, v2i) }1<i<t to G, we
then get an Fulerian graph H. Each path we have added has exactly two edges
and so using (2.8) and the union bound we then get that
) < n2e T L P(ES).

con

con

Since ES,, = Egjsc, this proves (2.3) for the case a, < 3 — = in (2.2).
We now consider the remaining condition in (2.2) and for notational simplicity,
write oy (1), cup(n) and ae(n) simply as e, vy and a., respectively. The proof
outline is as follows. We first use the conditions in (2.2) to estimate the maximum
vertex degree and the number of edges of GG. Next, we use the probabilistic method
to construct the extension of G iteratively.
As before we set € = =, where ( is such that 0 < ¢ < % Recalling that d(u)

is the degree of u we use the deviation estimate (2.6) and (2.2) to get that
2
P(d(u) < ayp(l+€)(n—1)) > 1 —exp (—Ez(n - 1)ozlow) . (2.9)

Since ago > L (see (2.2)), we get that < (n — 1)ag, > tn' =% for all n large,
by choice of (. By the union bound we get that the maximum vertex degree A(G)
satisfies

P(A(G) < ayp(l+e€)(n—1)) >1—n-exp (—én152<> : (2.10)

Next we obtain deviation estimates for the number of edges in G. Using (2.2)
and the lower bound for «y,, in (2.2), the expected number of edges in G is

n n nQ_ﬁ
= . > . >
ETTL(G) Qe (2) Z Vo <2> el 4

for all n large and so again using the deviation estimate (2.6) we get that
P (m(G) <a.(l+e)- <TQL>)

which converges to one as n — 0o, again by choice of .
Defining the event

Bos 1= {AG) S a1+ 9= D} {m(@ < auti+0)- (5) ], 212

v

1 —exp (—C(—:2 . n2_5)

> 1—exp(—Cn>77%) (2.11)
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we get from (2.10), (2.11) and the union bound that
P(Eeomp) > 1 —e™™ (2.13)

for some constant a > 0 and all n large.

In our final preliminary computation, we obtain an estimate for the overall
number of good edges and the number of good edges per vertex. Given m(G), the
overall number of good edges Nyo0q is Binomially distributed with parameters p
and (’g) — m(G) and if E.pmp occurs, the expected number of good edges is at
least (5)po(1 — (1 + €)). Thus using (2.6), we get that

P (NQOOd > 6(2) | Ecomb> > 1- €Xp (—CEZTLQpO)

> 1—exp (—Cpyn® ) (2.14)

for some constant C' > 0, where 6, := po(1 — a.(1 +¢€))(1 —¢).

Let Nyooa(v) be the number of good edges containing v as an endvertex. If d(v)
is the degree of vertex v in G, then given G, the term Nyy4(v) is Binomially
distributed with parameters pg and n—1—d(v). Therefore given that E,, occurs,
the expected number of good neighbours of v is at least (n — 1)po(1 — ayy(1 +€))
and so setting 6, := po(1 — ayp(l +€))(1 — €) and arguing as in (2.14), we get

P (Ngood(v) > ,(n — 1) | Ecomp) > 1 —exp (—26’62(n — 1)p0)
> 1—exp (—Cponl’%) (2.15)

for some constant C' > 0, which as before, converges to one as n — oo by choice
of .
Letting

P = s (VMo 2 () | (Y Nora) 2 00— 1)

we get from (2.13), (2.14), (2.15) and the union bound that
P(Eior) > (1 — e CPontT ne*cmnl*“) (1—e™). (2.16)

Letting E.,, denote the event that GG is connected, we assume henceforth that
the event FE;,; N E.o, occurs. Collect all odd degree vertices of G and call it T.
Initially all vertices of T" are set to be unmarked. Let M be the largest set of
vertex disjoint good edges whose endvertices are all in 7. Mark all endvertices of
edges in M.

Let {a;}1<i<2s C T be the remaining set of unmarked vertices and set P := ().
If there are two vertices a;, a; with a common good neighbour z ¢ (J,{a;}, then
mark a; and a; and add the edges (a;, z) and (a;, 2) to P. Continue this iteratively
until we are left with a set U := {u;, v;}1<;<¢ C T of unmarked vertices such that
any two vertices in U have disjoint good neighbourhoods. Add all the edges
of M UP to G and call the resultant graph G,,,q. By construction

A(Grod) < A(G) + 1 and m(Gooq) < m(G) + 2n, (2.17)

where we recall that m(G) is the number of edges of G.
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Setting Hy := Gn04, We now iteratively convert the odd degree vertices in G,,,0q
into even degree vertices by constructing a increasing sequence of graphs Hy C
H, C ... C H;. In the graph H;, all the vertices {u;,v;}1<j<; € U would have
even degrees and so the graph H; obtained at the end would then be the desired
extension.

Let {(Y;, Zi) }1<i<: be independent and identically distributed (i.i.d.) vertex
pairs in {1,2,...,n}? that are also independent of G. Let X; := (V;,Z;) and
let Py denote the distribution of (X7,..., X;). Also define F; to be the event that
either (u;,Y;, Z;,v;) or (u;, Z;, Y;,v;) is a path of good edges in the complement
graph H;_,. If F; occurs, then we pick exactly one such path and add it to H;_;
to obtain the new graph H;. Otherwise we simply set H; = H; ;.

If Fy,; := ﬂle F; occurs then the graph H; obtained at the end of t iterations,
is the desired weighted Eulerian extension. Our aim is to show that Px (F;,) > 0
and we begin by writing F; = F;; N F;» where F;; is the event that (u;,Y;)
and (Z;,v;) are good edges in the complement graph H;_; or (u;, Z;) and (Y3, v;)
are good edges in H,_; and F 5 is the event that (Y}, Z;) is a good edge.

By construction, the degree of the vertices u; and v; in H;_ is the same as in G
and therefore at most nay,(1 + €), since Ey, occurs. Thus the Px—probability
that Y; is a good neighbour of u; is at least 6, (1 — %) . Since u; and v; have
disjoint good neighbourhoods in the complement graph G, we see that

1 2
qual|XL.”,X;4)ZQM§(1-—) : (2.18)

n

Next, by construction, the number of edges in H; ; is at most
m(Gmod) + 31 < m(Gmod) + 3n S m(G) + 477,,

by (2.17) and the number of edges that belong to H;_; but are not good is at

most
(5) -m@-(5)e= (3)a-00-mic

Since the probability that Y; = Z; equals %, we get that

Py(F5 | X1, Xi)
N 2(m(G) +4n) N 2 ((n

—_

IA

+1—6.. (2.19)

Il
Slo 3o 3|

+
—_
|
>
NP
N
—_

|
S|
"
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Combining (2.18) and (2.19), we then get that

n

Oror — Ce — g

n

> Qtot - 206, (220)

1\’ 9
Py (F; | X1,...,Xio1) > 293(1—-) 146, — =
n

v

for some constant C' > 0, where 6, 1= 2p3(1 — cp)? — 1 + po(1 — ) and the
final relation in (2.20) is true since € = % for some 0 < ¢ < 1 strictly. Proceeding
iteratively with (2.20), we get

Px(Fiot) > (0101 — 2C€)" . (2.21)

From the condition (2.2) in the statement of Theorem 2.1, we see that
2(1 — aup)? — ae > 7 for some small constant v > 0 and so choosing a small
and b large so that py is sufficiently close to 1, we get that 6,,; > ~; for some
constant y; > 0. Since € = n_lc — 0, we get that Px(Fi,) > 0 for all n large.
Summarizing, we see that if the event E;,; N E,,, occurs, then N, (a,b) < 3t(G).
From the estimate (2.16) for the event E},; and the union bound, we obtain (2.3)

and this completes the proof of the Theorem.

3. SKEWNESS OF WEIGHTED EXTENSIONS

The Eulerian extension I' of the random graph G constructed in the proof of
Theorem 2.1 has the following properties:
(¢) The number of edges used to obtain the extension of G is at most r - t(G) for
some integer constant r > 1.
(1) If {u;, v;}1<i<¢ are the odd degree vertices of G, then there are edge disjoint
paths P, with endvertices u; and v;, for each 1 <i <'t.
(7i7) Each edge in P; has weight between a and b and there is at least one edge
and at most 3 edges in each F;. Therefore if we let W(F;) := > .p w(e) be the
total weight of edges in P;, then the skewness defined as

HlaXlgiSt W(Pz)
minlgigt W(R)

is bounded above by %b, with probability converging to one as n — oc.

The following result shows that extensions like I" are rare in the sense that if the
edge weights are unbounded either from above or from below, then the skewness of
any particular linear extension of G grows with the number of odd degree vertices.
Let E = E(G) be the set of all extensions of G satisfying properties (i) — (i)
above.

Theorem 3.1. Let G be the random graph as in (2.1) and let H € E be an

extension containing at most v -t edges of the complement graph G, for some
constant r > 0. Also suppose the cumulative distribution function (cdf) F of the
edge weights satisfies

F(0)=0and F(xz) >0 forallx >0 or F(z)<1 forallz>0 (3.2)

(G, T) = (3.1)
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and the mean p = Ew(e) of the edge weights is a constant. There are func-
tions a(t) — oo and b(t) — 0 as t — oo such that
P(n(G, H) = a(t)) = 1 - b(t) (3.3)

Thus the skewness n(G, H) of any particular extension becomes arbitrarily
large with probability converging to one as ¢t — oo. We remark that the first
condition in (3.2) relates to weights that are not bounded from above while the
second condition in (3.2) concerns weights that are not bounded from below. In
the proof of Theorem 3.1 below, we find explicit expressions for a(t) and b(t).

Proof of Theorem 3.1: Suppose first that the weights are unbounded from
above, i.e. F\(z) <1 for all x > 0. We let 2; — oo be any sequence such that

t(1— F(z)) — o0 (3.4)

as t — oo.
We recall that the walk P; contains the odd degree vertices ug; 1 and ug; as
endvertices. Let e; be an edge of P; that contains us; as an endvertex. Using

PW(F) < ) <P(w(e) < x) = Fx)
we then get that

P (max W(P); < g;t) < Flzy) = (1= (1 = F(x))) < e t0-F@))  (35)

To upper bound the minimum weight of the paths {P,;}1<;<;, we use the fact
that H is a linear extension that contains at most rt edges more than G. Therefore
by the pigeonhole principle, there exists a walk P; that contains at most r edges.
The expected weight of P; is at most pur and so by the Markov inequality

- ) < 1 .
POV(P,) = i) < 1 (3.6)

Combining (3.5) and (3.6) and using the union bound, we get that

P(C(G, H) > ap) > 1 — e 0P _ B0y, 3.7
(G H) =z Vo) 21—e N (t) (3.7)
Setting a(t) := \/x;, we then get (3.3).
Suppose now that F'(0) = 0 and F(z) > 0 for all x > 0. By the right continuity
of F, we know that F'(x) — 0 as x | 0 and so we let y, — 0o be any sequence
such that

1
t-F* .
<27’y,52) — 00 (3.8)

as t — o0.

Since the total number of edges in the paths P;,;1 < ¢ < t is at most rt, at
least % of these paths have length at most 2r. For simplicity, we assume that ¢ is
even and that each path P;,1 <1 < % has length at most 2r. Suppose Yi,..., Y}
are i.i.d. with cdf F. Using

P@;Yis@a) zp( N {v< %}) > ()2 () 69)

1<i<k
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with x = y%, we get that
t

for each 1 <4 < L. Therefore

Pl {W(P,-)>yi§} §(1—zt);§exp<—%)—>0

1<i<t/2
as t — oo by (3.8) and consequently,
. 1 tZt
P (lnglgt W(F;) < yt2> >1—exp ( 5 ) (3.10)

By definition we have for any ¢ that
1 1
p(mmg_) gF(—) 0
Yt Yt

P <maX W(P) > l) >1 - (l) | (3.11)

1<i<t m U
Combining (3.10) and (3.11) and using the union bound, we get
1 t
P mzmwz1-r () —en (-2) ) @)
Yt
Setting a(t) := y;, we then get (3.3). ]

as t — oo and so

4. DATA DECOMPOSITION

In this section, we briefly discuss data decomposition using Eulerian paths.
In many predictive modeling methods particularly involving neural networks, a
large dataset is split into small batches that are then fed sequentially to the model
as part of the training process (see for e.g. Chapters 5,9 [3]). Feeding similar
batches successively therefore affects the overall performance of the model and it
is of interest to avoid such situations.

Suppose W(i),1 < i < n, arei.i.d. random elements chosen from some arbitrary
space W. We refer to W (i) as the i'* data point and further suppose that there is
a function d(W (i), W (7)) that measures the “distance” between data points W (7)
and W (j). Given A > 0 let G be the random graph with vertex set {1,2,...,n}
where vertices ¢ and j are joined by an edge if d(W (i), W(j)) > \.

If we assume that the edges of G' are independently present with a common
edge probability p, then from [6], we know that with high probability G can
be converted into an Eulerian graph H by adding roughly z = %(1 + o(1))
edges fi,..., f.. Let (P, fi1, Pa, fo, P, [, P.+1) be an Eulerian path in H where
each P; is a walk in G. Say that P; is a good walk if the number of edges in P; is at
least 2. Since the total number of edges in G is roughly %(1 + o(1)) with high
probability, the number of good walks is at least x = {¢ with high probability.
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If {P;}1<i<: are the good walks, then each P; contains at least % edges (and

therefore at least @ distinct vertices). Let Q; = (bio,bi1,...,b;,) be the

subpath of P; consisting of the first y = “F edges and for 0 < j < y, de-

fine R; := {b;;}1<i<x to be the j™ batch of data point indices. By construc-
tion, successive batches are dissimilar in the sense that for each 7 and 7, the data
points W (b; ;) and W (b; j4+1) are at a distance of at least A apart.

Alternately, we could simply set the vertices in Q; to be the indices of the it"
data batch. By definition, any two successive data points within a batch are at
least A apart. Moreover, because of the Eulerian path condition, if (u,v) is an
edge in P;, then the edge (u,v) is not present in any other P;. Therefore the
resulting batches of data are again dissimilar in the sense that if we feed data
points W, and W, successively in one batch, we would not repeat the same for
any other batch.
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