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REPRESENTATIONS OF ALGEBRAS SATISFYING A TRAIN
IDENTITY OF DEGREE 2 AND EXPONENT 3

HAROUNA LALLOU!, SOULEYMANE SAVADOGO?* AND ANDRE CONSEIBO?

ABSTRACT. In this paper, we are interested in the study of representations of
the algebras A satisfying the equation (a®)? = w(a)®a®, Va € A. We give
a characterization of these representations. We also give the condition under
which the A-module is associative. When the Peirce component A1 = 0, we
give examples of sub A-modules. We show that the irreducible A-submodules
are not necessarily of dimension 1.

1. INTRODUCTION AND PRELIMINARIES

Let A be an algebra belonging to a class C of commutative algebra on a commu-
tative field K and M a space vector on K. According to Eilenberg [1] a linear
map i A — Endg(M) is a representation of A in the class C if the extension
S =A® M of M, with the multiplication given by

(a+m)(b+n) =ab+ u(a)(n) + pu(b)(m),va,b € A,m,n e M (1.1)

belongs to class C. We also say that M is an A-module and we denote the action
w(a)(m) by a-m. A representation is said to be irreducible if M # 0 and there
exists no proper subspace of M which is stable by u(a) for all a € A. In other
words, the A-module M does not admit its own submodules. Furthermore, a
representation is said to be of finite dimension r if dim(M) = r.

Let K be a commutative field and A be a non-necessarily associative commu-
tative K-algebra. A baric algebra is any non-necessarily associative commutative
K-algebra A such that there exists a non-zero morphism of algebras w from A to
K. For such an algebra, w is called the weight function.

In [2, 3, 6, 7] the authors studied the representations of certain classes of baric
algebras, namely Bernstein algebras, train algebras of rank 3, power associative
train algebras of rank 4. In [8, 9], authors studied evolution algebras satisfying
a train identity of degree 2 and exponent 3 and the structure of a train identity
of degree 2 and exponent 4. The objective of this paper is to study the represen-
tations of baric K-algebras satisfying a train identity of degree 2 and exponent
3. Let (A,w) be a baric K-algebra satisfying a train identity of degree 2 and
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exponent 3. Let M be a vector space over K and pp : A — Endg(M) be a
linear map. We say that p is a representation of A if the extension S = A ® M
of M with the multiplication (1.1), provided with the homomorphism @ defined
by W(a +m) = w(a) for all a € A and m € M, is a baric K-algebra satisfying an
identity train of degree 2 and exponent 3. In the first section, we give the char-
acterization of the representation of a baric K-algebra satisfying a train identity
of degree 2 and exponent 3. Then we show under certain conditions that the
irreducible associative modules are of dimension 1. Finally in the third section,
we give examples of sub-modules.

2. REPRESENTATIONS OF ALGEBRAS SATISFYING A TRAIN IDENTITY OF
DEGREE 2 AND EXPONENT 3

In this paper, K is an infinite commutative field with characteristics different
from 2 and 3. We say that a baric K-algebra (A,w) satisfies a train identity of
degree 2 and exponent 3 if (A, w) satisfies

(a®)* = w(a)®a®, Vac A. (2.1)

A baric K-algebra (A,w) satisfying a train identity of degree 2 and exponent
3 admits a unique weight function and has nonzero idempotents. If e is an
idempotent of A then the Peirce decomposition of A is A = Ke @ kerw where
kerw = A% @ Ao GBA_% and A; = {a; € Alea; = ia;} with ¢ € {%,0,—%}.
Moreover, in [I, theorem 3.4], the authors show that these subspaces A; satisfy
the following relations

AT C A BA L, AFC AL B A, A
2
AyAyC A ®A 1, AtA 1 C A © Ay, AA

1 gAl7
2 2

(2.2)

1 1

2 -3 =
Lemma 2.1. Let (A,w) be a K-algebra satisfying a train identity of degree 2 and
exponent 3, and p: A — Endg (M) a linear map. Then p is a representation of

A if and only if for any a € A,
2003 (Ha2 + 2417) = w(a)* (a2 + 2117), (2.3)
where i, := p(a) € End(M).

Proof. By definition, pu is a representation of A if and only if alla+m € A@ M
satisfies identity (2.1), i.e. ((a+m)?)? = @(a+m)3(a+m)?. By a direct calculation
it follows that (a+m)? = a®+p2(m)+2u2(m), ((a+m)®)? = a®a®+2p43 (pa2 (m)+
2u2(m)) and w(a+m)* = w(a)®. So ((a+m)*)? = w(a+m)*(a+m)? is equivalent

0 24109 (102 (m) + 2422 () = w(a) (1102 () + 2422(m)). 0
Example 2.2. Consider a real commutative algebra (A, w) with basis {e, e1, €2},
whose multiplication table is given by e? = e , ee; = %el, eey = —%627 e1ey = eq,

e2 =0,e3=0,and w: A — R given by w(e) = 1 and w(e;) = w(ez) = 0.

The algebra (A, w) is a baric R-algebra satisfying a train identity of degree 2 and
exponent 3 [1, theorem 6.1]. Let M be a R-vector space of dimension 3. For all
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a = ape + areg + ages € A, the linear map p: A — Endg(M) defined by

%OZO 0 (03]
pa=1 0 30 o], (2.4)
(6%) — Q9 0

is an irreducible 3-dimensional representation of A.

Proof. Let a = ape + ajeq + azes € A. We have w(a) = ay,

ay 0 2(ada; + aparas + 2a103)

2 = | 0 o} 2(cdar + apanaz +20103) |, (2.5)
0 0 0
sad 0 oo + 2000
gz = 0 %a% oy + 20100 |, (2.6)
—Qplla Qg 0
%a% + 20109 —2011009 Qory
212 = 20010ty %a% — 2100 Qo | . (2.7)
(6718 %) — Qo 0
It follows that
(2103 — w(a)*Inr) (a2 + 2u3) = 0 (2.8)

and therefore u is a 3-dimensional representation of A. We have

% 0 0 0 01 0O 0 O
pe=10 3 0|, ppey=1[{0 0 1] etppe, =10 0 0 (2.9)
0 0 O 000 1 -1 0
By setting M = (mq, mg, m3) it follows that
Me(ml) = %ml Heq (ml) =0 'ue2(m1) =m3
pe(me) = 3ma < pe, (m2) =0 et { fe,(m2) = —mz . (2.10)
fe(mz) =0 fley (M3) = My +my fles(M3) =0

Subspaces stable by p, are in particular stable by p.. As p. is diagonalizable, the
stable subspaces by . are exactly the subspaces generated by the eigenvectors of
e S0 (my), (ma), (m3), (my, ma), (M1, mg) and (ms, m3) are the only non-trivial
subspaces, stable by p.. None of these subspaces is stable under both p., and
e, And therefore p is an irreducible representation of dimension 3 of A. 0J

Lemma 2.3. Let (A,w) be a baric K-algebra satisfying a train identity of degree
2 and exponent 3, and p : A — Endg (M) be a representation of A. Then for all
a,b,c € A we have:

6/t1(aap) Ju(@; a)+44t5(aa,0) u(a, ) = 3w(J(a,a, b)), (a,a)+2w(J(a,a,a))],(a,b),
(2.11)
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6/vLJ(a,b,c) J,u<a7 CL) + 6;“J(a,a,b) J,u<a7 C) + 6,U/J(a,a,c) Ju(aa b) + 2/&](@,(1,@) Ju(ba C) -
30(J (@, b,0))J,(a, 0) + 3 (I (a, 4,5)).J, (0, )+
3w(J(a,a,c))du(a,b) +w(J(a,a,a))l,(b,c),
(2.12)
where J(a,b,c) = a(bc) + b(ca) + c(ab) is the Jacobian of a,b,c and J,(a,b) =
Hab + Halbt + [bila-
Proof. The identity (2.11) is obtained by a partial linearization of the iden-

tity (2.3) and the identity (2.12) is obtained by a partial linearization of the
identity (2.11). O

Proposition 2.4. Let (A,w) be a baric K-algebra satisfying a train identity of
degree 2 and exponent 3, e # 0 an idempotent of A and pu : A — Endg(M) a
representation of A. Then M = My & Mo®M_, where M; = {m; € M | pe(m;) =
im;} with i € {,0,—1}.

Proof. Let e be an idempotent of A. By replacing a by e in the identity (2.3)
we obtain 442 — p. = 0. Therefore, there is a single-rooted split polynomial
P(X) =4X% — X = 4X(X + 3)(X — 3) such that P(u.) = 0. It follows that
lte is diagonalizable and we have M = M% ® My ® M_% where M; = {m; €

M | pe(m;) = im;} with i € {3,0,—3}. O
Theorem 2.5. Let (A,w) be a baric K-algebra satisfying a train identity of de-

gree 2 and exponent 3, e # 0 an idempotent of A and p : A — Endx(M) a
representation of A. Then the action of A on M satisfies the following relations:

My =My, e Mo= {0} e My =,
Ao-M%gM%@M_%, AO-MOQM%@M07 AO'M_%QM%
A_%.M%QM%EBMo, A_%.MOQM%7 A—%'M_%EBQMé, (2.13)

A%.M%QM()EBM_%, A%'MOQM%GBM_%, A%‘M_%QM%@MO

Proof. As pis a representation of A then S = A® M equipped with @ is a baric K-
algebra satisfying a train identity of degree 2 and exponent 3. If e is an idempotent
of A then the Peirce decomposition of S relatively to e is S = Ke® S% D SoP S_%

where S; = {a+m € S|e(a+m) =i(a+m)} = A; & M; with i € {0,1, -1}

The multiplication table of the Peirce components of S gives us the action of A;

on M; for i,5 € {0,3, —3}. O
3. ASSOCIATIVE MODULES

Definition 3.1. Let A be a commutative K-algebra and u be a representation
of A. We say that the A-module M is associative if for all a,b € A and m € M
we have ab-m=a-(b-m)="0-(a-m).

Remark 3.2. Let (A,w) be a baric K-algebra satisfying a train identity of degree 2
and exponent 3, and p : A — Endg (M) be a representation of A. The A-module
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M is not in general associative. Since tmi =e-(e-m1) # e-mi = tm1 and
2 2 2 2

1 1

cm_1=e-(e-m_1)#Fe-m_1=—5m_1.

4773 ( *§> 7 —3 2773

In the proposition 3.4, we give a necessary and sufficient condition for M to be
an associative A-module.

Lemma 3.3. Let (A,w) be a baric K-algebra satisfying a train identity of degree
2 and exponent 3, and p: A — Endg (M) be a representation of A. If M = M,
then CL()bO Mo+ ag - (bg : m0> —|—b0 : (CLO : mo) = 0, a%b% Mo = 0 and a%bié Moy = O,
Yag, by € Ao, a%,b% € A%, b_% € A_%, and mo € M.

Proof. We assume that M = M,. Then the action of A on M, tells us
Ao'MogMo, A; -Monand A_l M(]:O (31)

Let ag, by € Ay, a, bl €A1 b_ 1 c A 1 , and mg € My. By setting a =e, b = ag
and ¢ = by in the 1dent1ty (2 12) we obtain J (@0, bo)(mo) € M, . Since My = {0},
it follows that agbg - mo + ag - (b - mo) + bo - (ag - my) = 0. Moreover by setting
a=e, bfal andcfbl on the one hand and a = e, bfcm and ¢ = b_ 1 on the

other hand i in the 1dent1ty (2.12) and taking into account the action of A on Mo,
we obtain a1bi -mg € My and aib_1 -mg € M. Since My = {0} it follows that
O

Ol

2
a;bl mo—Oand alb 1 -m():
2

Proposition 3.4. Let (A,w) be a baric K-algebra satisfying an identity train of
degree 2 and exponent 3 and p: A — Endg (M) a representation of A. Then M
is an associative A-module if and only if M = My and ag - (by - mg) = 0 for all
ao,bo € AO andmo e M.

Proof. We assume that M is an associative A-module, which means that ab-m =
a-(b-m)=">0-(a-m) Va,b € A, and m € M. The remark 3.2 tells us that
My = M_ 1 = {0} and therefore M = M,. According to lemma 3.3 we have
0= agbo -mgy + ag - (bo : mo) + bo : ((IO . mo) = 3&0 : (bg : mo). Since Ch(IT’(K) 7& 3
we have ag - (by - mg) = 0 for all ag, by € Ag and my € My. Conversely we assume
that M = M, and ag - (by - mg) = 0 for all ag,by € Ay and my € My. Let
a=ar+a +a_y and b = b1 + by + b_ 1 with ag, by € Ap; a, b1 € A1 and
a_i, b_% € A_% The identity (3 1) in the proof of lemma 3.3 glves a (b - mg)
a'(bo'mo) = Qg * (bo mg)—Oandb (CL mo)—b ((Io mo)—bo ( 0) = 0.
Taking into account the identity (3.1) in the proof of lemma 3.3, the inclusions
Ail - A%, A%AO - A% GBA*% and AféAO - A% lead to

2

A%y My = Ay Ag- My = Ay Ag - My = 0. (3.2)

The lemma 3.3 and the identity (3.2) lead to ab-mg = (a%bo + b%ag + a,%bo +
bféao + a—éb—§> “mo + (a%b% + a%b% + b%a%) -mo + agby - my = agbo - mo. Thus
a-(b-mg)=0b-(a-my) =ab-mg=0and M is an associative A-module. O
Definition 3.5. Let M be a not necessarily associative A-module and B be a

subspace of A. The annulator of B in M is the subspace of M denoted anny(B)
defined by anny (B) ={m € M | B-m = 0}.
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Remark 3.6. If M is an associative A-module, the annulator anny (B) is a sub A-
module of M. Indeed from B-(A-m) = A-(B-m) it comes that A-anny(B) C
anny (B). In the example 3.7 anny(Ap) is not reduced to {0} and is strictly
included in M.

Example 3.7. Consider a real commutative algebra A with basis {e, e, €2, €3},
whose multiplication table is given by e = e, ee; = —%el, eey = %62, €263 = €3
and the other products being zero. Let w : A — R given by w(e) =1, w(e;) =0,
w(ez) = 0 and w(ez) = 0. Then (A,w) is a baric R-algebra satisfying an identity
train of degree 2 and exponent 3. Now let M be a R-vector space of dimension 3.
For all a = ape+aye;+azes+azes € A, we have the linear map p: A — Endg(M)
by

(6% 0 —Qs3

=10 0 0 |. (3.3)

Qa3 0 —Qs3
Then p is a representation of A on the vector space M = (mq, mg, m3) defined by
eeM=e-M=ey-M =0, e3-m; =mqy+mg3, e3-my = 0 and e3-mg = —mq —ms
is an associative A-module. Moreover, anny({e3)) = (my + mg, ma).

Proof. The algebra (A,w) is a baric R-algebra satisfying a train identity of degree
2 and exponent 3. Indeed for all a = age+ aje; +ages+azes € A we have w(a) =
o, a2 = ade —aparer + (pan + 2asa3)es, a® = aje+ (s + 2apasas + 20002 ) es

and therefore a®a® = w(a)a®. Since pge = p? = 0 for all @ € A, we have

(213 — w(a)®Ins) (a2 + 242) = 0 and therefore u is a representation of A. We
1 0 -1

have fte = fte;, = e, =0 and pe, = [0 0 0 |, by setting M = (mq, mg, m3)
10 -1

it follows that e - M = e - M = ey - M =0, e3-m; = m; +mg, e3-mg = 0
and e3 - m3 = —my; — m3. We have M = M, and A = RSEBA%@AOEBA%
where A1 = (e2), Ag = (e3) and A= (e1). Since ez - (e3-m) = 0 then M is an
A-module is associative. By definition, annys({es)) = {m € M | (e3)-m = 0}. Let
m = A\imi+Aamo+A3msz € M, we have 0 = eg-m = Ajez-mq+Aoe3-mo+Azes-msz =
A1(my+mg) + As(—my —mg) = (A — A3)(my +mg) results in A; = A3. It follows
that anny({e3)) = (mq + mg, ma). O

Proposition 3.8. Let (A,w) be a baric K-algebra satisfying a train identity of
degree 2 and exponent 3, and p : A — Endk(M) be a representation of A such
that M is an associative A-module and anny(Ag) # {0}. Then M is an irre-
ducible A-module if and only if dim(M) = 1.

Proof. According to the remark 3.6 anny(Ap) is a sub A-module of M. If M
is an A-module irreducible then M = anny(Ao), A.M = {0} and therefore
dim(M) = 1. It is obvious that if dim(M) = 1, M is an irreducible A-module. [

4. EXAMPLES OF SUBMODULES

In this section we give under certain conditions examples of submodules on a
baric K-algebra satisfying a train identity of degree 2 and exponent 3.
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Lemma 4.1. Let (A,w) be a baric K-algebra satisfying a train identity of degree
2 and exponent 3, and u : A — Endg (M) be a representation of A. If A% =0

then J,(b,b)(m) € My for allb € A and m € M.
Proof. We assume that A% =0, then A = Ke® Ay ® A_.1. By putting a = e

2

in the identity(2.3) we obtain 2u.J,(e,e) = J,(e,e). So for all m € M, we have
J.(e,e)(m) e M%. In the identity(2.11), by setting a = e and b € A, we obtain
2ped,(e,b) = J,(e,b) since J(e,e,b) = 0. It follows that J,(e,b)(m) € M, for
all m € M. In the identity (2.12), by setting @ = e and ¢ = b € A, we obtain
241¢ (b, b) = Ju(b, ) since J(e,b,b) = 0. It follows that J,,(b,b)(m) € M, for all
m € M. UJ

Proposition 4.2. Let (A,w) be a baric K-algebra satisfying a train identity of
degree 2 and exponent 3, and p : A — Endg(M) be a representation of A. If
A% =0 and a; - (b; - m) = b; - (a; - m) for all a;,b; € A; where i € {0, —%} and
m e M, then Ly ={m &€ M|A;-m C M, ® M;} is a sub-A-module of M.

Proof. Let m € L;, a; € A; where i € {0,—3}, and b; € A; where j € {0, —3}.
According to the proof of lemma 4.1, we have J,(e,a;)(m) = ea;, -m+e - (a; -
m)—l—a,»-(e-m) =da;-m+e-(a-m)+a;-(e-m) e My C M & M. As

+m € My ® M; then e - (a; - m) € My & M;, we deduce that a; - (e -m) €
M1 o M;, ie e L; C L;. Also accordmg to the proof of lemma 4.1, we have
J(az,b)(m)—alb] m+a; - (bj-m)+b;-(a;,-m) € M.

If ¢ 7é J then a;b; € A: = {0}, it follows that Ju(a:bj)(m) = a; - (bj -m)+
bj - (a;-m) € Mi. As bj2- (a; -m) € M1 & M, since A; - My C M, & M,; and
A;-M,; C M1 Wie deduce from this that iLi (bj-m) € M @J\Z, ie. /21j-L,- C L;.

Ifj=14 then a; - (b; - m) =b; - (a; - m), it follows that J (@i, b)) (m) = ab; - m+
2a; - (b;-m) € M% Since a;b; € A1 o A, = A; we have alb -m li oM. It
follows that a; - (b; - m) € M, & M since char(K) # 2 . Thus A; - L C L; and
we deduce that L; is a sub A-module of M. O

The sub A-module L; is not reduced to {0}, since it contains M; where j €
{0, —%} In the example 4.3, we show that L; is strictly included in M.

Example 4.3. Let A be a baric real commutative algebra {e, e;, €5}, whose mul-
tiplication table is given by €% = e, eey = —%62 and the other products being
zero. Let w : A — R be given by w(e) = 1, w(e;) = 0 and w(ez) = 0. Then
(A,w) is a R- baric algebra satisfying a train identity of degree 2 and exponent
3 [, theorem 6.1]. Now let M be a R-vector space of dimension 3. For all
a = ape + aje; + azes € A, we define the linear map p : A — Endg(M) defined
by
g 00
fa=| 1 —iag 0. (4.1)
(6] 0 0
Then f is a representation of A. By setting M = (mq, mg, ms), the action of A
on M satisfies e-my = %ml, e-Mmg = —%mg, e-mg=0,e-my =mg, e1-my =0,
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er-mg =0, e-my =mg, ea-my =0 and ey - m3 = 0. Thus we Ly = (mqg, m3)
and L_, = (ma, mg3).

Proof. The map p is a representation of A. Indeed for all a = age+aye;+ases € A
we have w(a) = ay,

a0 0 1ad 0 0 ad 0 0
213 = | 0 —ap 0], 2ue = 0 —1ad 0],22=1 0 1aZ 0
0 0 0 — Q2 0 0 (6710 %) 0 0
(4.2)
and therefore
(21143 — (@)’ Inr) (a2 + 2p23) = 0. (4.3)
We have
% 0 O 000 000
pe=10 =2 0, pey =11 0 Of and pte, = (0 0 0 (4.4)
0 0 O 000 1 00

By setting M = (my, ma, mg), it just comes e.m; = %ml, emy = —%mg, e-ms = 0,

e1-mp =mo, e1-Mmyg=0,e-m3=0, es-mqy =mg, ea-my =0 and ey - mg = 0.
We have A = Re @ Ay & A_1 where 4y = (e1) and Ay = (e9), and M =
M% @MO D M_; where M% = <m1>, Mg = <m3>, M 1= <m2> For all ai,bi € Az

2

where i € {0, —3} and m € M, we have a;-(b;-m) = b;-(a;-m). By definition Ly =
{m e M| (e1).m C (my) & (ms)} and L= {m € M| (e2) -m C (mq1) & (ma)}.
Let m = A\ymi+Xoma+A3ms € M, we have e;-m = Ajer-mi+Age1-mao+Aze;-mg =
Aimg € (ma), €1 -m € (my) @ (mg) leads to A\; = 0 and therefore Ly = (mg, ms).
Similarly, we have ey - m = Ajeg - my + Agea - Mo + Azeg - mg = A\ymg € (mg3),
ex-m € (my) @ (my) implies that Ay = 0 and thus L= (mg, mg). O
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