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CHARACTERIZATION OF A HYPERBOLIC RICCI SOLITON
ON SEQUENTIAL WARPED PRODUCT MANIFOLD

S. PAHAN!* AND S. DUTTA?

ABSTRACT. The purpose of the paper is to analyze a hyperbolic Ricci soliton
on sequential warped product manifold. We investigate the necessary condi-
tion for a hyperbolic Ricci soliton on sequential warped product to become an
Einstein manifold when the potential vector field is admitted as a Killing or
a conformal vector field. We also arrive conditions under which a sequential
warped product becomes hyperbolic Ricci soliton. Later we characterize hyper-
bolic Ricci soliton on a sequential standard static space-time and a sequential
generalized Robertson-Walker space-time.

1. Introduction

Geometric flow is an important concept in the mathematical area of differential
geometry. The geometric flow is a type of geometric evolution equation, a partial
differential equation applied to a geometric entity such as a Riemannian metric.
In the early 1980s, R. Hamilton [10] introduced the notion of the Ricci flow
encouraged by Eells and Sampson’s project on harmonic map heat flow [9]. The
Ricci flow is an evolution equation on a smooth manifold M with Riemannian
metric g(t) given by

% (t) = —2Ric.
Ricci solitons appear as self-similar solutions to Hamiltons’s Ricci flow and often
arise as limits of dilations of singularities in the Ricci flow [10]. Ricci solitons
are natural generalizations of Einstein metrics. A Ricci soliton is defined on a
Riemannian manifold (M, g) by

1
Ric+ éfvg = \g

where £y g is the Lie derivative along the vector field V', Ric is the Ricci tensor
of (M, g) and X is a real constant. In [12], Kong and Liu introduced the notion
of hyperbolic Ricci flow which is a system of second degree non-linear partial
differential equations. The wave features of metrices and curvatures are described
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by this flow. Consider g;;(t) as a family of Riemannian metrics defined on the on
the manifold (M", gg). The hyperbolic Ricci flow is mathematically defined as

829ij
g~
with ¢g(0) = go, 6(:‘;? = h;;, where h;; is a symmetric 2-tensor field.

A self-similar solution g(t) of the hyperbolic Ricci flow on M™ becomes a hy-
perbolic Ricci soliton if there exists a 1-parameter family of diffeomorphisms
o(t) : M — M and a positive function o(t) such that

g(t) = o(t)o(t)"(g0), Vt € (a,b). (1.1)

Differentiating (1.1) twice we have,

—2Ric(g(t)) = o"()o(t)"(g0) + 20" (1)d(t)" (£vg0) + o (t)d(1) (£v (£vg0)), (1.2)
where Ric denotes the Ricci curvature on M, V indicates the time dependent
vector field and £ is the Lie derivative. The solution ¢(t) is shrinking, steady or
expanding at a time tq if o’ is negative, zero or positive, respectively.

Putting 0”(0) = —2u, 0(0) = 2 and ¢’(0) = X in the equation (1.2) we have

Ric(go) + ALvgo + (£v o £v)(g90) = 1go-

Omitting the subscript on g, a hyperbolic Ricci soliton structure is a Riemannian
manifold (M", g) if there exists a vector field V' on M such that

Ric+ Mevg+ Lv(£Lvg) = pg, (1.3)

for some real scalars ; and X\. The parameter u reflects the rate of change in the
solutions. A hyperbolic Ricci soliton (M, g, V, A, u) will be a gradient hyperbolic
structure if V= V f for the potential function f. A hyperbolic Ricci soliton
becomes a Ricci soliton if V' is a 2-killing vector field.

S. Azami constructed hyperbolic Ricci-Bourguignon flow in 2021 [5]. The hy-
perbolic Ricci-Bourguignon flow is defined on Riemannian manifold M"™ equipped
with the Riemannian metric g and a symmetric tensor A in the following equation

d%g

o

with ¢(0) = go, % = h, where R stands for the scalar curvature of the Riemannian
metric g and p € R.

A Riemannian manifold (M", g) is called a hyperbolic Ricci-Bourguignon soli-

ton structure if there exists a vector field V' on M and real scalars p, A such
that

= —2Ric+ 2pRyg,

Ric+ M tvg+ £Lv(£vg) = (u+ pR)g, (1.4)
where p € R.

The idea of warped products was initiated by O’Neill and Bishop to build
Riemannian manifolds with negative sectional curvature [6]. The study of warped
products provides some significant insights in differential geometry and in the area
of physics [1, 2, 13]. S. Shenawy established a current category of warped product
manifolds, specifically sequential warped products which can be considered as a
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generalization of singly warped products [17]. Let (M, g;) i = 1,2,3 be three
Riemannian manifolds with two smooth positive functions f : M; — (0,00) on
M and h : My x My — (0,00) on M; x Ms. Then the sequential warped product
manifold is the product manifold M = (M; x Ms) x M3 equipped with the metric
tensor g = (g1 @ f2g2) D h%gs, identified by (M; X M) x;, M3. The functions f
and h are mentioned as warping functions.

H. I. Yoldas studied various types of Ricci soliton endowed with various vector
fields [18, 19, 20]. In 2020, S. Pahan derived to characterize the relation between
the warping function and the squared norm of mean curvature of warped prod-
uct pseudo-slant submanifolds of generalized Sasakian space forms under some
certain conditions [16]. In 2023, M. Altunbas established Ricci solitons on tan-
gent bundles on tangent bundles with respect to the complete lift of a projective
semi-symmetric connection using vertical and complete lifts of torqued vector
fields[3].

Motivated by the above researches, the paper establishes the necessary con-
dition for a hyperbolic Ricci soliton on sequential warped product manifold to
become an Einstein manifold when we consider a potential vector field as a 2-
Killing or a conformal vector field, and discovers a hyperbolic Ricci soliton from
sequential warped product under certain given conditions. The paper goes on to
characterize hyperbolic Ricci solitons on sequential standard static space-times
and sequential generalized Robertson-Walker space-times.

2. Preliminaries

Now we contemplate the following propositions from [7, 17], which will be used
in the proof of the main results from this section.

Let M = (M, x  Ms) x5, M3 be a sequential warped product manifold furnished
with metric g = (g1 @ f2g2) ® h?g3 and let X;,Y;, Z; € x(M;).

Proposition 2.1. The Levi-Civita connection’s components on (M, g) are speci-
fied by :

1) ViYs = Vi, Y5,

2) VX1X2 = VX2X1 = Xl(lnf)X27

3) Vx,Ys = V4, Ys — fga( Xy, Ya)grad' f,

4) VX3X1 = VXng == Xl(lnh)Xg,

5) VX2X3 = VX3X2 = Xg(lnh)Xg,

6) Vx,Ys = V%,Ys — hgs(Xs, Ys)gradh,

where X;,Y;, Z; € x(M;).

Proposition 2.2. The Riemannian curvature’s non-zero components of (M, g)
are provided by :

Z) RZC(Xla}/i) = Ricl(Xthl) - L;H{(Xla}/l) - %Hh(X171/1)7

2) Ric(Xa, Ya) = Ric*(X,Y3) — [202(Xa, Ya) f* — B HM (X, V3),

3) Ric(X3,Ys) = Ric* (X3, Ys) — h?gs(Xs, Ys)h*,

4) Rie(X;,Y;) = 0, i # j.

where f* = 3¢+ (ny = DRI and b = 58 4 (m + np — DI
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Lemma 2.3. For a vector field £ € x(M), the following equation is satisfied by :

(Leg)(X)Y) = (L'491)(X1, Y1) + f(£26,92) (X2, Ya) + h*(£7,95) (X3, Y3)
+ 2f&(f)g2(X2, Y2) + 2h(& + &2)(h) g5 (X5, Y3). (2.1)
Corollary 2.4. Let (M = (My X M) xp, M3, g = (91 ® f?g2) © h?g3) be a n-
dimensional sequential warped product. Then,
1) (£2£29) (X1, Y1) = (£'2, £ 2,01) (X1, Y1),
2) (£Lz£29)(X2,Ya) = [2(£22,£22,02) (X2, Y2) 4221 (f2) (£ 2,92) (X2, Yo )+ Z1(Z1(f?)) 92(X2, Ya),

3) (£2£29)(X3,Ys) = B*(£37,£3 2,93) (X3, Ys) +2(Z14 Z2) (h*) (£ 7,93) (X3, Y3) +
(Zy 4 Z2)((Zy + Z2)(h?)) g3( X3, Y3),

4) (£2£29)(X1,Ya) = = (G (L£22,00) (Ye, Zo) + 21 () 9o (Y, Z2)),

5) (£2£29)(X1,Ys) = —(F) 0P (£22,93)(Ys, Zs) + (Z1 + Za)(h*) 9o (Y3, Z3)),

6) (£2£29)(Xs,Y5) =0,

for all vector fields X = X1+ Xo + X3, Y = Y1 + Yo + Y3, Z = Zy + Zo + Z3 on

M and Xi7 Y;', Zz S X(M,)

Proof. The proof of the above corollary is easily seen in [1]. O

3. Different vector fields on hyperbolic Ricci soliton with sequential
warped product

Here, we characterize applications of different vector fields on hyperbolic Ricci
soliton with sequential warped product. The following definitions will assist to
prove our main results.

Definition 3.1. A vector field £ on a Riemannian or pseudo Riemannian mani-
fold M is called a Killing vector field if it satisfies

Definition 3.2. On a (pseudo) Riemannian manifold M, a vector field ¢ is called
a 2-Killing vector field if it satisfies [11]

Definition 3.3. A vector field £ on a (pseudo) Riemannian manifold M is called
a conformal vector field [3] if

£eg = py, (3.3)
for a smooth function p € C*°(M). In particular, £ is called conformal Killing if
p=0.
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In 2024, Kaya and Ozgiir worked on hyperbolic Ricci solitons on sequential
warped product manifolds[! 1]. They explored that a hyperbolic Ricci soliton with
sequential warped product becomes an Einstein manifold if the potential field is
a Killing vector field and a conformal vector field. In this paper, on a hyperbolic
Ricci soliton with sequential warped product we will characterize the manifolds
My, My and Ms, separately when a potential vector field is to be considered as
a 2-Killing or a conformal vector field. Also, we will obtain a sequential warped
product manifold to be a hyperbolic Ricci soliton under certain conditions.

Theorem 3.4. Let (M, g,&, A\, 1) be a hyperbolic Ricci soliton with potential vec-
tor field of the form & = & + & + &3, where (M = (My x5 M) xp, M3, g =
(g1 ® f2g2) ® hg3) is a sequential warped product manifold.

(a) If HY = 0g and H" = 1)g then (M, g1,&1, N, 1) becomes a hyperbolic Ricci
soliton, where 1 = pu + %a + 52,

(b) If & is a conformal vector field on My with factor p, satisfying HY = og
and H" =g then (M, g1) is an Einstein manifold.

(c) If & is a 2-Killing vector field with H' = og and H" = g then (M, g1, h1,71)
is hi-almost Ricci soliton where hy = X and v1 = (u + %U + 52ah).

(d) If & is a 2-Killing vector field and H" = +g then (Ma, g, ho,7y2) is an ho-
almost Ricci soliton where hy = Mf* 4+ 26,(f?) and vo = pf? + f2f* + 224 —
2 f&(f) = &u&u(f?)-

(e) If & is a conformal vector field on My with factor py and H" = g then
(Ms, g2) is an Einstein manifold.

(f) If & is a 2-Killing vector field then (Ms,gs, hs,7y3) is an hg-almost Ricci
soliton where hy = Ah? 4+ 2(&; + &) (h?) and 3 = [uh? + h2h* — 2hA (& + &) (h) —
(&1 +&)((& + &)(h%))].

(9) If & is a conformal vector field on Ms with factor ps then (Ms,gs) is an
Einstein manifold.

Proof. Let us consider that (M, g,&, A, 1) is a hyperbolic Ricci soliton with the
structure of sequential warped product. For XY € x(M), the equation (1.3)
becomes

Ric(X,Y) + M £Leg)(X,)Y) + (£eo £e)g(X,Y) = pg(X,Y). (3.4)
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For vector fields X, Y if we take X = X1 4+ Xo+ X3, Y =Y, + Y5 4+ Y3 and using
proposition 2.2, lemma 2.3 and corollary 2.4 we observe

n n
72H{(X1,Y1) — fHWXl,Yl)
. . n
Ric* (X2, Ya) — f2ga(Xa, Vo) f* — th(Xg, Y5)
Ric*(X3,Y3) — h*g3(X3, Ys)h*
ML, g1) (X1, Y1) + f2(£26,02) (X, Ya) + h?(£36,93) (X3, Y3)

2f&1(f)g2(Xa, Ya) + 2R(&1 + &2)(h) g3 (X3, Y3)]
(£l £, 91) (X1, Y1)

Ricl(Xl, Yi) —

P (£%e, £%¢,95)(X3,Y3) + 2(& 4 &) (h*) (£7¢,95) (X3, Y3)
(& + &) (& + &)(h?))g3( X3, Ys)
= pgi(X1, Y1) + pf?92(Xo, Vo) + ph®gs (X3, Ys).

Let X = X, Y =Y]. Then, the equation (3.5) becomes

+ 4+ + ++++ o+

. n n
Ric'(X1,Y1) — fH{(Xl,m—fH’l(Xl,Yl)
+ AL 1) (X1, Y1) + (£ £16,91) (X1, Y1)
= pgi(X1,Y1). (3.6)

If we put H/ = 0g and H" = ¢ ¢ the above equation (3.6) can be rewritten as
Ric'(X1,Y1) + M£'qg1)(X1, Y1)

n
+ (L L% 9) (X0, V) = (p+ —

S

We consider & as a conformal vector field on M; with factor p; then we get
£l g1 = prgr. It follows that

o+ %w)gl(Xl, Yl)~ (3-7)

"5151 £1€1gl = (51(/01) + p?)gl'

If & is a 2-Killing vector field, £1¢, £'¢, 91 = 0.
From the above we can easily prove (a)-(c).

We assume that X = X5, Y = Y,. The equation (3.5) can be written as

. . N
Ric* (X2, Y2) = [Pga(X2,Ya) [ = 2 H" (X2, Vo)

AL (£2,02) (X2, Ya) + 2f61(f)g2(X2, Y2)]

/’Lf2g2(X27 YQ)

P26 £76,00) (Ko, Y2) + 26 (f)(£76,02) (X2, Y2) + &1(60(f7))92( X2, Vo)

(3.5)

S, £%6,92) (X0, Y2) 4 261 (f7) (£26,02) (X2, Ya) + £1(61(f%)) g2(Xa, Y2)

(3.8)
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If we put H" = +g the above equation (3.8) gives
RZ’CQ(X27}/2) - f292(X27}/2>f*
+ )‘[f2(£2§292)(X27 }/2) + 2f€1(f)92(X27 }/2)]
+ fH(£% £7%,02) (X, Ya) + 261 (f7) (£7,02) (X2, Y2) + &1(&1(f7)) 92(Xo, Ya)
= (1 + (X, Vo). (3.9)
The results (d) and (e) follow from the equations (3.8) and (3.9), respectively.
Let X = X3, Y = Y;. We attain from the equation (3.5)
Ric*(X3,Ys) — h%gs(Xs, Ya)h" + A[R*(£7¢,95) (X5, Y3) + 2h(&1 + &2)(h) g5(X3, Y3)]
+ WL £7%,95) (X5, Ys) + 2(&1 + &) (R7)(£7¢,93) (X5, Y3)
+ (& + )6+ &)(h7))gs(Xs, Ys) = ph®gs(Xs, Y3). (3.10)

The results (f) and (g) can be seen from the equation above. O

Theorem 3.5. Let M = (M x; My) xy, Ms be a sequential warped product man-
ifold endowed with metric g = (g1 ® f2g2) ® h?g3. Then (M, g,&, N\, 1) will be a
hyperbolic Ricci soliton where py = p+ “2¢ + 524 of

a) (My, g1,&1, A, 1) s a hyperbolic Ricci soliton with potential vector field of the
Jorm & =& + & + &,

b) & is conformal vector field on M; with factor p; fori = 2,3 satisfying HY = ¢g
and H" =g,

¢) My, M3 are Einstein manifolds i.e. Ric* = Togo and Ric® = 1393 where Ty, T3
are scalar functions,

d) (= "¢ — PP =1 — [ —nsht + f2p2 + 20(&1 f) + f2(&a(p2) + p2°) +
20261(f?) + & (& (f?)) and (1 — o— SR = 73— h* 4+ hZp3 +2h(§1 + &) (h) +
h?(&3(ps) + ps?) + 2p3(61 + &) (1) + (&1 + &) (61 + &) (7).

Proof. Since &; is conformal vector field on M; with factor p; for ¢+ = 2,3, we have
£3,92 = pagz and £7 g3 = psgs such that

£3,£8,90 = (&a(p2) + p2°) g, (3.11)
£3,£2.95 = (&(ps) + ps*)gs- (3.12)
Since (M, g1, &1, A1, pt) is a hyperbolic Ricci soliton, one has
Ric (X1,Y1) + Mg, ' g1(X1, V1) + £, £, 1 (X0, Y1) = pugi (X1, Y1), (3.13)
for any vector fields X, Y7 on Mj.

From lemma 2.3 we obtain
(£e9)(X,Y) = (£Leg)(X1, Y1) + [f2p2 4 26 ()] g2( X, Ya)
+  [Aps 4 2h(& + &) (h)]g3(X3, Y3) (3.14)
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and

(£eLeg)(X,Y) (£e' £e'g1)(X1, Y1) + f2(Ea(p2) + pa”)ga(Xa, Ya)
281(f%)p292(Xa, Ya) + & (61(f?)) g2( X, V)
&(61(f?))92(Xa, Ya) + B (&3(ps) + ps°)g3(Xs, Ys)
2(&1 + &) (%) psgs(Xs, Ys)

(& + &) (& + &)(h?))gs (X5, Ys) (3.15)

+ o+ 4+ +

Also we can see that

Rie(X,Y) + M£eg)(X,Y)+ (£eeg)(X.Y) = Ric (X1, Y1) — 26g:(X1, Vi) -

f
+ T2g2( X2, Y2) — f192( X2, Ya) — nzhtbga(Xo, Ya) + T395( X3, Ys)
— hrgs(Xs, Ys) 4+ ML, g1(X0, Y1) + [F2p2 + 2f (6(f))]g2( X, Y2)
[h2ps 4+ 2h(&1 + &) (h)]g3(X3, Y3) + (Le, ' £¢,'g1) (X1, Y1)

+ + +

h?(€3(p3) + ps*)g3(Xa, Ya) + 2(&1 + &) (h*) p3gs (X5, Y3)
+ (&4 &) (& +&)(h?)gs(Xs, V).
Using equations (3.11) — (3.15) we find from equation (3.16) that

2o — Sl (X0, 1)

Ric(X,Y) + MLeg)(X,Y) + (£eLeg)(X,Y) = [ - 7

+ [ = [T = nsh + 2o+ 2p(& () + 2 (&(p2)

+ p2°) + 20261 (f2) + &1(&2(F2))]g2( X2, Ya)

+ [r3 = B* 4+ B2ps + 2h(E1 + &) (h) + W (&(ps) + ps?)

+ 2p3(&1 +&)(h?)

+ (& +&)((E+&)(h?))]gs( X3, V). (3.17)
Using the condition (d), the equation (3.17) yields (M, g,&, A, p) is a hyperbolic
Ricci soliton where p = p; — % — 53, OJ

4. Hyperbolic Ricci solitons on Sequential Standard Static
Space-times

The following propositions, taken from [7, 17] will be effective to determine
the main results of the following section. Let (M;",¢;) and (My",g2) be two
Riemannian manifolds equipped with two smooth positive functions h : M; X
M, — (0,00) and f : M; — (0,00). Then M = (M; x5 M) xp I, is a
(n1 + n2 + 1)-dimensional product manifold endowed with the metric tensor
g = (g1 ® f%g2) ® h*(—dt?). This product manifold is called a standard static
space-time, where dt? is the Euclidean metric tensor on a connected and open
subinterval I of R.

Let M = (M x s Ms) x5, I be a sequential standard static space-time equipped
with metric g = (g1 ® f2g2) ® h*(—dt?) and also let X;,Y;, Z; € x(M;).

%@Dgl

F2(&(p2) + p2?)92(X2, Y2) + 261 (%) p2g2(Xa, Ya) + &1(61(f7))g2(Xo, V)

(X1, Y1)

(3.16)
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Proposition 4.1. The Levi-Civita connection’s components on (M, g) are speci-
fied by :

1) Vi Yi = Vi Vi,

2) VXlXQ = VX2X1 = Xl(lnf)X27

3) Vx,Ys = V3, Ys — fga( Xy, Ya)grad' f,

4) inat == v(?tXZ' == Xz(lnh)ﬁt 1= ]., 2,

5) V,0r = hgradh.

Proposition 4.2. The Riemannian curvature’s non-zero components of (M, g)
are provided by :

1) Ric(Xy, Y1) = Ric'(Xy, Y1) — 2 H{ (X1, Y1) — B H"(X1, 1),

2) Ric(X3,Ys) = Ric*(Xy,Ya) — f292(Xo, Ya) f# — 4 H" (X5, Y2),

3) Ric(0y, 0;) = hAh,

where f#* = fA'f + (ng — 1)|grad f|?.

Lemma 4.3. For a vector field Z € x(M;), the following equation is satisfied by :

(£20)(X,Y) = (flzlgl)(xl,yl)+f2(£22292><x2,y2>_zuv%j

+ 2fZ(f)g2(Xa,Y2) — 2uvh(Zy + Z3)(h), (4.1)

for all vector fields X = X1 4+ Xo + w0y, Y =Y1 + Yo +u0;, Z = Z1 + Zy + v0;
on M and X;,Y;, Z; € x(M;).

Corollary 4.4. Let M = (M x s M) X I be a sequential standard static space-
time endowed with the metric g = (g1 ® f2ga) ® h*(—dt*). Then

ot ot ot ot ot?

U6+ QD — (6 + &)(E + L)), (42

for all vector fields X = X1 4+ Xo+ w0, Y =Y + Yo +ud;, £ =& + & +yd; on
M and X;,Y;, & € x(M;).

(LeLeg) (Wi, ud) = —2h*y(w

Theorem 4.5. Let (M, g,&, N\, 1) be a hyperbolic Ricci soliton with potential vec-
tor field of the form & = & + & + yo,, where (M = (My Xy M) xp, 1,9 =
(g1 ® f2g2) ® h*(—dt?)) is a sequential standard static space-time.

(a) If H = og and H" = 1g, then (My, g1,&1, A, 1) is a hyperbolic Ricci soliton.

(b)If & is a conformal vector field on M, with factor p; with HY = og and
H" =g then (My, g1) is an Einstein manifold.

(c) If & is a Killing vector field with Hf = og and H" = g then (Mi,g))
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1s an Finstein manifold.

(d) If &, is a 2-Killing vector field with H' = og and H" = @bg then (M, g1, h1,71)
1s an hi-almost Ricci soliton where hy = \y and v, = p+ & 0 + h¢

(e) If & is a 2-Killing vector field and H" = 1g then (Ma, gz, ho,¥2) is an ho-
almost Ricci soliton where ho = Af24+2E(f?) and yo = pf?+ f#+hp—2XfE(f?)—
&(&(f?).

(f) If & is conformal vector field on Mo with factor ps and H" = 1) g then (Ms, g5)
will be an Einstein manifold.

(9)hAh — 2udw 2 — 20h(€) + &) (h) — 2Ry (w2 4 42208 |4y Oy | Ah2uw(€, +
E)I)G = (& +&)(E +&)(12) = —ph?.

Proof. We assume that (M, g,&, A\, 1) becomes a hyperbolic Ricci soliton with the
structure of sequential warped product manifold. For X,Y € y (M), the equation
(1.3) becomes

Ric(X,Y) + MLeg)(X,Y) + (£eo £e)g(X,Y) = pg(X,Y), (4.3)

where X = X1+ Xo4 w0, Y = Y1+ Yo+ udy, X;,Y;, & € x(M;), i = 1,2, 3. Using
proposition 4.2, lemma 4.3 and corollary 4.4 we observe

) n 1
chl(Xval) - %H{(Xla}/l) - EHh(XbY'l)

. |
+ RZCZ(X2;Y2)—92(X2,Y2)f —ﬁHh(XQ,Yé)

9,
£76,00)(Xa, Ya) = 2w

h) + ("5151 £1§191)(X1? Yi)

+ hAR+ MLY% 91) (X1, Y1) + 2

(
+ 2f&(f)g2(X2,Y2) — 2Rh(& + &)(

+ [ £2,02) (X2, Va) + 26(f7) (£76,92) (X2, V) + &1(6(F7)) 92(X2, Y2)

ou Jy Bw oy 0%y dy
B 2 . OUOY ow gy gy o 2y, OY
2h7y(w ot ot 815 ot w@tQ AR (&L &) (7w ot

— (L +8E)(&+&)(AY) = pgi (X1, Y1) 4 puf?ga(Xa, Ya) — ph®.

Putting X = X3, Y = Y] we have

. n 1
Ric'(X1,Y1) — fH{(Xl,m)—EHh(Xl,m

+ )‘K‘El&gl)(Xlale)+(£1§1£1§191)(X17YE)
= pg1 (X1, Y1) (4.5)

(4.4)
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Taking X = Xs, Y = Y5 we obtain
. 1
R/LC2<X27Y2) - 92(X27)/2)f# - EHh(X27}/2)

+ A L26,02) (X2, Y2) 4 2f61(f)g2(Xa, Ya) — 2h(&1 + &) (R)

+ (L2 £76,92)(Xo, Ya) + 260(f) (£26,00) (X2, YVa).

+ &G ()X, Ya) = 1f?92(Xs, Vo) (4.6)
Also from the equation (4.4) we derive that

WAh — 2w - 2A(&1 + &) (h)

ot
- 21@@;%% + u%—j%
b wl Y antuae + ) ()%
— (&t &)(& +&)(hY)) = —ph. (4.7)
The equations (4.5), (4.6) and (4.7) give the results (a)-(g). O

5. Hyperbolic Ricci Solitons on Sequential Generalized
Robertson-Walker Space-times

If M = (I x5 My) %y, My is a (ng + ns + 1)-dimensional product manifold fur-
nished with the metric tensor g = (—dt*® f2g) @ h?g3 with two smooth functions
h:Ix M;— (0,00) and f: I — (0,00) then this product manifold is a general-
ized Robertson-Walker space-time, where dt? is the Euclidean metric tensor on a
connected and open subinterval I of R. Let M = (I x s My) xj, M3 be a sequential
generalized Robertson-Walker space-time with metric g = (—dt?> @ f2g2) @ h?gs
and also let X;,Y; € x(M;).

Proposition 5.1. [7, 1 7] The Levi-Civita connection’s components on (M, g) are
specified by :

1) V0 =

2) V.0, = V@tX = 1x,,i=23,

3) Vx,Ys = V% foQ(XQa Y2)0,,

4) VX2X3 VX3X2 X2(lnh)X3 1= ]_,2,
5) Vx,Ys = V%, Y3 — hgs(X3, Ys)gradh.

Proposition 5.2. [7, 17] The Riemannian curvature’s non-zero components of
(M, g) are provided by
1) Ric(0y, 0y) = f”2 + mOh

( h o
2) R@C(X%Yé) RZC (XQa)/Q) f292(X27}/2)f0 - %Hh(X%}/?)f
3) Ric(X3,Y3) = Ric* (X3, Y3) — ¥ g3( X3, Ya),

§) Ric(XY;) = 0, i £

where f© = —ff + (ny — 1)f2 and h* = hAh + (n3 — 1)|gradhl?.
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Lemma 5.3. For a vector field & € x(M;), the following equation is stated by :

(£e)(XY) = —2uaTl 4 P(£00) (X, V2) + W (£2,05) (X3, Vo)
b2y (0¥ + M + B V) (5)

for all vector fields X = w0, + Xo+ X3, Y =u0, + Yo+ Y3, E =90, + & + &3 on
M and X;,Y;,& € x(M;).

Corollary 5.4. Let (M = (I x5 M) Xy, M3, g = (—dt* & f%g2) & h?g3) be a
sequential generalized Robertson-Walker space-time. Then (£¢£eg) (w0, udy) =
(B + Y + ),

for vector field & = y0; + & + & on M.

Theorem 5.5. Let (M, g,&, A\, 1) be a hyperbolic Ricci soliton with potential vec-
tor field of the form & = yoy + & + &3, where (M = (I Xy M) xp, M3, g
(—dt* & f%g2) ® h%g3) is a sequential generalized Robertson-Walker space-time.

(a) If & is a 2-Killing vector field and Hh Vg, then (M, ga, ha,7y2) is ho-
almost Ricci soliton, where hy = f2\+ 4 fw2L or and o = pf?— ff+(na—1)f*+

nahty — 2fwAZ — 2w(w(Z)? + fL Y + fwlh).

(b) If & is a conformal vector field on My with factor py and H" = g, then
(Ms, go) turns out to be an Einstein manifold.

(c) If & is a 2-Killing vector field, H" = g and My is an Einstein manifold,
then & is conformal vector field.

(d) If & is a 2-Killing vector field, then (Ms, gs, hs,73) is a hs-almost Ricci soli-
ton, where hy = Ah* + 4hw%% + 26, (h?) and 5 = ph® + b — 2hA (W2 + & (h)) —

2w(w($E)? + h%;‘g’;—l—hwgig) &2(&a(R?)).

(e) If & is a conformal vector field on My with factor ps, then (Ms, g3) becomes
an FEinstein manifold.

(f) If & is a 2-Killing vector field and Ms is an Einstein manifold, then &5 is
a conformal vector field.

Proof. Let (M, g,&, A\, 1) be a hyperbolic Ricci soliton with sequential generalized
Robertson-Walker space-time. Then, we have

Ric(X,Y) + ALEg(X,Y) + £Le(Leg(X,Y)) = pg(X,Y).

Using proposition 5.2, lemma 5.3 and corollary 5.4 the above equation can be
written as :
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. 02h _ . :
FI o P R (£~ (12 = )X, Ya) = HN (X, V)

0
+ Ric (X, Y3) — I g5( X, V) — A2uw =2 + Af2(Le,g2) (X, V) + AR (£e,°95) (X, Vi)

ot
Ow Oy ou Oy 0%y

+ QfW)\%fh(XQ,Yﬂ + 2h)\[w% + &(R)]g3(X3,Ys)

ot
PG L0 0) (X, Ya) + 2200 ) (£6200) (X0, V) + 20l ()2 4

2

AT ot
oh Ow Oh 0*h
+ 2wf(G )+ ho o s (X, Ya) + Eo(G(h?) gs (X, Vi)

= —puw + pf?ga(Xo, Ya) + ph®gs( X3, Ys).
The results (a)-(g) can be easily proved from the equation (5.2). O

Conclusion 5.6. The curvatures of manifolds and the heat character of the
metrics are related by Ricci flow whereas hyperbolic Ricci flow classifies the wave
features of the metrics and curvatures of manifolds. Hyperbolic Ricci flow pos-
sesses many attractive characteristics of both Ricci flow and the Einstein equa-
tion. In our characterization, we have reached the conclusion that hyperbolic
Ricci soliton and gradient hyperbolic Ricci soliton with sequential warped prod-
uct can be transformed into an Einstein manifold with potential vector field taken
as 2-Killing vector field and conformal vector field. The ideas from this paper
may be taken forward in constructing hyperbolic Ricci-Bourguignon soliton with
sequential warped product manifold.
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