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SQUARE-FULL NUMBERS MULTIPLE OF A CERTAIN SET
OF PRIMES AND HYBRID NUMBERS

RAFAEL JAKIMCZUK! *

ABSTRACT. Let h > 1 be an arbitrary but fixed positive integer. Let us
consider the s distinct primes qi, . .., gs. Let By,...q. () be the number of h-full
numbers not exceeding x multiple of ¢ - - - g5 and let Ay, ...q, (z) be the number
of h-full numbers not exceeding x relatively prime to g1 ---gs. In this note
we obtain asymptotic formulas for Ay, ...q, () and Bg,...q, (). Then we apply
the results obtained in the study of hybrid A-full numbers. That is, the h-full
numbers of the form ¢"Q, where ¢ > 1 is square-free, Q > 1 is a (h + 1)-full
number, and ¢, @ are relatively prime.

1. SQUARE-FULL NUMBERS MULTIPLE OF A CERTAIN SET OF PRIMES

A number is square-free if either it is the product of distinct primes or 1.
That is, its prime factorization is of the form ¢ - - - ¢, where the ¢; (i = 1,...,7)
(r > 1) are the distinct primes. Let Q(x) be the number of square-free numbers
not exceeding x. We have the following formula (see [2]),

Qlz) = %HO(J;%). (1.1)

Lemma 1.1. Let Qy,..q.(x) the number of square-free not exceeding x relatively
prime to the square-free qi - --q,. The following formula holds

6 qi---4r 1
(@) = — O(2"z3), > M). 1.2
Qqy-q, (1) 2 (q1+1)---(qr+1)x+ (2722) (x> M) (1.2)
Proof. See [5, Lemma 3]. O

Let A > 1 be an arbitrary but fixed positive integer. A number is h-full if all the
distinct primes in its prime factorization have multiplicity (or exponent) greater
than or equal to h. That is, the number ¢;* - - - ¢’ is h-fullif s, > h (1 =1,...,r)
(r > 1). If h = 1we obtain all the positive integers. If h = 2 the numbers are
called square-full.

Let h > 1 be and let Ay (z) be the number of h-full numbers not exceeding x.
It was proved by Ivi¢ and Shiu (see [3, Chapter 14], or [1])

Ap(x) = Yorth 4 YaT T 4 -+ Yuo a7 + Ay(2), (1.3)
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SQUARE-FULL NUMBERS AND HYBRID NUMBERS 137

where Ap(z) = O (z*) for p small.

We need the weaker lemma.

Lemma 1.2. The following asymptotic formula holds

Ap(z) = fyo’hx% +0 (xﬁ> : (1.4)
where
6 6 1 p—ph
’Vo,hI—Ch:—H<1+ T )IH 1+ ! - (1.5)
mn (p+1)(pr—1)) p? (pz - 1)

Note that if h =1 then we obtain the trivial formula Ay(z) = x + o(x).

Proof. Equation (1.4) is a weak consequence of (1.3). For equation (1.5) see the
reference [6] . The lemma is proved. O

Lemma 1.3. Let h > 1 an arbitrary but fized integer. The following series

com)erges.
P
il
g Qr

where the sum runs over all (h + 1)-full numbers ().

Proof. Let a, be the n-th (h 4+ 1)-full number and let A, (z) be the number
of (h + 1)-full numbers not exceeding x. We have (see Lemma 1.2) Ay q(z) ~
Yo "Vw. Therefore if x = a, we obtain n = Api1(an) ~ Yo "Van, that is,

h+1 . . . . .
a, ~ Y. Now, the lemma follows by the Comparison Criterion since the series
“o,h
S — converges. The lemma is proved. O
n h

Theorem 1.4. Let h > 1 an arbitrary but fixed integer. Let r > 1 an arbitrary
but fized integer. Let us consider the r distinct primes qi,...,q.. Let Ay ..q ()
be the number of h-full numbers not exceeding x relatively prime to ¢, ---q.. The
following asymptotic formula holds

1
" q; <qih - 1)
Aql"‘QT(aj) — H T T 707hx% + O <27’x2}?(hh-:rll) +6>
=1 g (qf - 1) +q/

T o 17%

= (H L) sopat +0 (e > M), (16)
i=1¢—¢q "+1

where € > 0 can be arbitrarily small.

Proof. Let us consider the h-full numbers of the form ¢", where ¢ is a square-free
number. The number of these h-full numbers relatively prime to ¢; - - - ¢, is (see
Lemma 1.1)

6 ag
2 (q+1)--- (g +1

)xflb +o(x%> . (1.7)
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Let us consider a (h + 1)-full number @ = p{* ---p¢*, where p; (i = 1,...,t) are
the distinct primes in the prime factorization of Q and a; > h+1 (i =1,...,t)
are the exponents. We suppose that ) is relatively prime to ¢;---¢q.. We, for
sake of simplicity, put Q1 = p;---p, and Q2 = (p1+1) -+ (ps+1). Let us consider
the h-full numbers of the form ¢"Q, where @ relatively prime to ¢ - - - ¢, is fixed
and ) and ¢ are relatively prime. The number of these A-full numbers relatively
prime to ¢; - - - g, is (see Lemma 1.1).

6 IR Qi an 1
p(ql+1)"'(qr+1)@a+0<x>. (1.8)

Let € > 0 be. There exist M, depending of €, such that (see Lemma 1.3)

Q>M

where the sum run over all (h + 1)-full numbers @ > M relatively prime to

q
Equations (1.7), (1.8) and (1.9) give

_6 e Qi Ll ;
Aqlqu(m)_7T2<Q1+1)"'(qr+l) <1+ Z Q2Q}z>x —i—O(I )

Q<M
6 ag, Q1 o,
! F(x)‘w2<ql+1>---<qr+1> (”%@mz)x
6 1
7T2(<11+ qr+1 Z%@"T +o(at)
+ F(a), (1.10)

where (see (1.10) and (1.9))

(1.11)

o
AN
o
g
—
S| SI=
IA
g
| 5
AN
g
==
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Note that (see (1.10) and Lemma 1.2)

6 qag Qi1
g+ 1) (g + 1) (”Z@Qz)

Q
_ 6 q1---Gr H 1+ p (1)h+1+<1>h+2+
2@+ (gp+1) L p+1\\pr ph
DFGL 55 Gr
6 q1 qr 1
= — 1+
w2 (q+1)-- (¢ +1) H

- 11 i . (1.12)

Therefore, equations (1.9), (1.10), (1.11) and (1.12) give

Ay o a(a -1)
M - H 1 Y0,h < 367 (ZL‘ Z xe)'

1 1 1
rn i=1 ¢ <Qih - 1) +q

That is, since € > 0 can be arbitrarily small, we obtain the limit

Ayl (¢ o(ar 1)

llm 1 1 1 ’yo,h'
T—00 €Th i—1 G (qlh _ 1) + Qih

Let G}, be the set of h-full numbers and let G}, be the set of the h-full numbers
relatively prime to ¢ - - - q,.

Let fn(n) be the characteristic function of the h-full numbers and let f;(n) be
the characteristic function of the h-full numbers relatively prime to ¢, - - - ;.

Let s = o 4 it a complex number. It is well-known (see [3, Chapter 1]) that
the generating Dirichlet series for h-full numbers is

F(s)=)_

neGp

(1.13)

—hs

PO T (142 ) = <o) o)

where N(s) is an absolutely convergent Dirichlet series for Re(s) = o > ;=5
The generating Dirichlet series for hA-full numbers relatively prime to ¢; ---q,

will be (see [3, Chapter 1])

F'(S)ZZ%ZH(H— p )

1—ps
neGy, PFq;

= IV = (H (1 - %)) C(hs)N'(s),

h .
P#q;j p"e j=1 J
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where N'(s) is an absolutely convergent Dirichlet series depending of ¢, ..., g,
for Re(s) =0 > h+r1 However there is a positive constant ¢ that does not depend
of ¢1,...,¢q such that |[N'(s)| < ¢. On the other hand we have

! 1
1— —
()

If we put oy = %+e and o1 = hLH + ¢ and apply Perron’s formula as in [5, Lemma
5] we obtain that

<2

Agyog () = cat + 0O (2%72;;1;;1)%) . (1.14)
Equations (1.13) and (1.14) give equation (1.6). The theorem is proved. O

Theorem 1.5. Let h > 1 an arbitrary but fized integer. Let v > 1 an arbitrary
but fized positive integer. Let us consider the r distinct primes qi,...,q.. Let
By, ..q.(x) be the number of h-full numbers not exceeding x multiple of ¢1 -+ q;.
The following asymptotic formula holds.

r

S =

q
1 1
i=1 G <Qih - 1) +aq

where € > 0 can be arbitrarily small.

By, (%) =

yojhx% + O, <x23(hh++11) +€) , (1.15)

Proof. Suppose that r = 1. Theorem 1.4 gives

1 2h+1 +e
Ag (z) = T = | vonz® + 0O (x2h7<h+1> ) (1.16)
ai (af 1) +df
and Lemma 1.2 gives
An(x) = Yopat + O (xizi?ﬁln*f) . (1.17)
Note that we have the equation
Ay, (z) = Ap(z) — By (z). (1.18)
If we put
B qr 1
By, (z) = - | vopzrr + W (1.19)

T T

0 (q{‘ - 1) +ar
and substitute equations (1.16), (1.17) and (1.19) into (1.18) we obtain that
W =0 (w’f(hhtrll)“). Therefore equation (1.15) is true for r = 1.

Now, we proceed by mathematical induction. Suppose that equation (1.15) is
true for s = 1,2,...,7 — 1 (r > 2). We shall prove that equation (1.15) is also
true for s = r.
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The number of h-full numbers not exceeding x multiple of some ¢; (i = 1,2, ...,7)
is (inclusion-exclusion principle)

Coyog () = Z By, () — Z By q; () + Z By ;.01 (%)

1<i<<r 1<i<y<<r 1<i<j<k<<r

+ +< 1)T+qu1 qr()

<

2h+1

I Yo, it + O <3c2h(h+1)+6) +W

1
" qi (qh - 1)
= |1- - | | vonet +0 (aTETT) W, (1.20)

==

4q; 1 W
B(Il"‘QT(x) = | | i T | YopTh + W (121)
i=1 Gi (qih - 1) +q

Now, we have the equation

gy () = Au() = Cyp g, (), (1.22)
where (Theorem 1.4)
! 4 <qf - 1) 2h41
Agog (@) = | [T —= - | vonat + O (2700 (1.23)
i=1 g (qzh - 1) +q}

Substituting equations (1.17), (1.20) and (1.23) into (1.22) we obtain that W =
2h+1

O <x 2h(h++1>+6>. Therefore equation (1.21) becomes equation (1.15). The theorem

is proved. 0

2. s-FULL HYBRID NUMBERS

Let s > 1 be an arbitrary but fixed positive integer. We denote ¢ > 1 a generic
square-free number and ¢ > 1 a generic (s + 1)-full number. Note that a s-full
number can be of the form ¢°®, of the form @ or of the form ¢°Q), where ¢ and
() are relatively prime. We shall call the s-full numbers of the form ¢*Q) s-full
hybrid numbers and, ¢° will be called the s-part and @ will be called the (s+ 1)-
full part. In particular, if s = 1 all the positive integers are of the form ¢, @
or q@) and consequently the 1-full hybrid numbers are of the form ¢(), where ¢
is a square-free, @) is a square-full and, ¢ and @ are relatively prime. This case,
namely s = 1, was studied extensively in [1].

Theorem 2.1. Let s > 1 an arbitrary but fived integer. The number of s-full
hybrid numbers ¢°Q) not exceedz'ng x will be denoted Hy(x). We have

- > 1= (G -Dat —|—O(x?11>. (2.1)

P Q<x
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Proof. We have

=Y 1+Hx)+ ) L

<z Q<Zlzx

Now, A,(z) = 5C, T+ O( s+1) (by Lemma 1.2), > . 1= S2540 <:U2L>

(by equation (1.1)) and > 5, 1 = Asi(x) = %Csﬂxﬁ +0 <xs+2> (by Lemma
1.2). The theorem is proved. O

Theorem 2.2. Let s > 1 an arbitrary but fized integer. The sum of the s-full
hybrid numbers ¢°Q) not exceeding x is

Y Q= 7r2 L o nettto (fﬂﬁ) . (2.2)

0z s+1

Proof. Apply Abel’s summation to equation (2.1). The theorem is proved. O

Theorem 2.3. Let s > 1 an arbitrary but fized mteger Let us consider the s-full
hybrid numbers ¢°Q. The sum of the quotients < o of the hybrid numbers ¢°Q) not
exceeding x s

(s+1)
Z Q i ‘*‘ﬁ +0 (1-1"‘22<Jsil§1 State > ’ (2'3)
q Q<x

where

6 Tt 1
As = FCS+1 ( 1 + H (1 + p p + S+1 >> . (24)

» p—p'TF +1p"

Proof. Let us consider the s-part ¢ = (q1---¢q,)°, where ¢; (i = 1,...,r) are
the distinct primes in the prime factorization of q. The number of s-full hybrid
numbers ¢*Q not exceeding z with the fixed s-part ¢° = (¢1---¢,)° will be the
number of solutions () to the inequality ¢°Q) < x, that is to the inequality () < ;—é

The number of solutions @ to this inequality (s-part ¢° fixed) is by Theorem 1.4

_1 2(s+1)+1

%—q o 2 AFD(sF2) T

s+1 H e + O 5(2(s+1)+1)+
i1 qz Z s+1 + 1 q q2(s+l)(5+2)

1 2(s+1)+1 +
T+l 26D (s+2) ¢
frd Cq Sl + O s(2(s+1)+1) Te ) (25)
qs+ q2<5+1)r+2)

where, by sake of simplicity, we put

1
s+1

s+1 | | &~ i < Cs—i—l
s+1
=1 Qz - qz + ]'




SQUARE-FULL NUMBERS AND HYBRID NUMBERS

143
1
and where £ > M, that is ¢ < £%. Note that 2" < ¢;...¢. = q. Therefore
q M
equation (2.5) gives
1 " STtz e
:L'S-Q—l €T 2(s s
2s Z Oq i +2s + Z 0 ( s(2(s+1)+1)+231+6) + F(x)
¢*Q<z q 1 q 1 q2GHD(E12)
q<ET q<25
M s

C 1 C 1 _2(s+ D41
( 2 +q—s Tstl E P +qs x5+ + 0 <x2<s+1)<s+2) +6>
: : S S
q s+1
q

1\/1%
+ F(x).

(2.6)
Let Asi1(z) be the number of (s + 1)-full numbers not exceeding = (see Lemma

1.2). We have Agiq(z) < cx#+1, where ¢ is a positive constant and z > 1.
Therefore (see (2.6))

1 1 o)
0< Fr) < E ﬁAs—l—l (%) < E —=C (£>
o

q2s qs
1
zs>q>2 >3
M M
1 1
< +1 E —_ .
< cxs q2s+si1 . (2 7)
1
> xS

1
M s

Abel’s summation gives

1
PN o = oll),

i 2.8
¢ et ( )
q> Ii
M s
Therefore, equations (2.6), (2.7) and (2.8) give
ququ B q s+1
1 2011
Agzs+1 + O <x2<s+1)<s+2) > , (2.9)
where A; = )

C
. Tqil and the sum runs on all square-free number ¢ > 1.
q S

Therefore A; can be written as an infinite product on the primes in the form
(2.4).

Finally, equation (2.9) and Abel’s summation give

ZQ_ qu_ As

1 2(s+1)+1 1
P 25 —2$1+m +0 (ZL'H_ 2(s+1) 5+2+6> ’
°Q<z q *Q<z 4 S+

that is, equation (2.3). The theorem is proved.
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Theorem 2.4. Let s > 1 an arbitrary but fived integer. Let us consider the s-full
hybrid numbers ¢°Q). The sum of the (s + 1)-full parts Q of the hybrid numbers
q°Q not exceeding x is

Z Q _ s 1+¢11 +0 <x1+2(;(45—.‘1.)1-§1 s+2+ > (3 > 2), (210)
*Q<zx
B 141 1+ +e
Sa-SiioEd) e en
qQ<z

where

Bs:%(JSH( 1+H<1+ p-p' e )) (s>1). (2.12)

» p—p T 410"

Proof. In this case we study the sum
Q<x

If s > 2 then the proof is the same as the proof of Theorem 2.3.
Suppose that s = 1. In this case equation (2.5) becomes

£
T2
+0|2"—
q12+e
and, since 2" < ¢y ... ¢, = ¢, equation (2.6) becomes
l

S 1o adhe X o5 e r

Cy

e |E~%
I

N|=

+e
@<z 1 <ots <ots q
= (X)X S|t eo (o)
143 145
q>x 13
+ F(a),

4
S

+

;s

where we have applied Abel’s summation to the divergent sum qu 1

Equation (2.7) becomes

1 1
q 2

>z 13

Abel’s summation gives

8
[SIE
Q
=M
8
bl
I
I
@
N
S
o
N—

The theorem is proved. O
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Theorem 2.5. Let s > 1 an arbitrary but fived integer. Let us consider the s-full
hybrid numbers ¢°Q). The sum of the s-parts q° of the hybrid numbers ¢°Q) not
exceeding x s

D, 1 1
Z ¢ = —1x1+3 +0 <x1+ﬂ) : (2.13)
*Q<x s+
where
6 1
D,=—[-1+]] 1+ -
T » (p+1)p (pH? — 1)

Proof. Let us consider the (s+ 1)-full part Q = ¢;* --- ¢, where ¢; (i =1,...,7)
are the distinct primes in the prime factorization of ). The number of s-full
hybrid numbers ¢°Q not exceeding = with the fixed (s+1)-full part Q = ¢i* - - - g%~
will be the number of solutions ¢ to the inequality ¢°Q) < =z, that is to the

,7;5

inequality ¢ < o
Q fixed) is by Lemma 1.1

6 . s =
- 2 o), (2.14)
T i=1 ql_'_ng Q2s

1
where ;l > M, that is ) < -%. Now, we have 2" < ¢ ---¢q, < Qﬁ. Therefore

. The number of solutions ¢ to this inequality ((s+ 1)-full part

equation (2.14) gives

QZ ZL‘% Qsil 1
> 3 W2 Z igio " 3 O(Q;SQW>+F($)

5

*Q<z Q<475 =1 Q<31s
Z 6 v1 1 ) 1 a1 6 v1 G 1 1
— —_— _ rs + O <x2s) — J— J— T's
2 , 1 E : 2 . 1
( 0 T i1 Qz+].Q1+s 0>, ™ paley Qz+1Q1+s
+ F(x). (2.15)

Now, we have (see (2.15))

Abel’s summation gives
1 1

v Y —— =o(1). (2.17)

1+1
Q>+% Qs

Therefore, equations (2.15), (2.16) and (2.17) give

Z 0 —st +O(x2s) (2.18)

P Q<zx
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where
,

D, = — (2.19)
zQ: m Gt Qs

and the sum runs on all (s + 1)-full number @ > 1.
Equation (2.18) and Abel’s summation give

P L ().
*Q<lz *Q<Z«zx
that is, equation (2.13).
Finally, equation (2.19) gives

1

: (HH(H—@;@;#)))

6 1
= P —1—|—H 1+
p

(p+ Dp (4 - 1)
The theorem is proved. O
We recall that (Theorem 2.1)

0 =

Hy(x) = % (Cs—1) zt 4o <xé> (2.20)

Let D, p(x) be the number of s-full hybrid numbers ¢°Q) not exceeding x such
that % < h, where 0 < h < 1 is an arbitrary but fixed real number. We have the
following theorem

Theorem 2.6. Let s > 1 an arbitrary but fixed integer. The following asymptotic
formulas hold

Dgp(z) = % (Cs—1) zs 4o <x%> (2.21)
Dy p(z) ~ Hy(2) (2.22)
Hy(z) — Dsp(x) =0 (x%> = o0 (Hs(x)) (2.23)

Therefore, almost all s-full hybrid number ¢°Q has its (s + 1)-full part Q wvery
small compared with its s-part q°, since h can be arbitrarily small.

Proof. Equations (2.22) and (2.23) are an immediate consequence of equations
(2.20) and (2.21). Therefore we shall prove equation (2.21). Let us consider the
convergent series (see Lemma 1.3)

1
1+
ZQ1+ QT+1)Q
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where the sum runs on all (s + 1)-full number @ = -+-q% and where ¢;
(1 =1,...,r) are the distinct primes in the prime factorlzatlon of Q. The sum of
this series is Cy (see Lemma 1.2), since

1 p = 1
Y e (5 (2 )

1=s+1

1
— 1;[ 1+ T (p% - 1) = C,. (2.24)

Let € > 0. By definition of D;j(z) and Hy(x) we have

6 1 1 6 1 1
Dyn(w) < Hy(w) = 5 (Co= Da* +o (:v) < = (Co—1)at +2at. (225)
Let us consider a fixed (s+ 1)-full part Q = ¢i* - - - ¢, where ¢; (i = 1,...,7) are
the distinct primes in its prime factorization. Let us consider the s-full hybrid
numbers ¢°Q) not exceeding z, that is ¢°Q) < x, that is

1
€T s

Q+
where @ = ¢ ---¢% is fixed. Inequality (2.26) implies that 1nequahty < h
holds for all hybrid ¢°Q) except by a finite number of cases. Since ¢ — oo if x — 00
and @ is fixed. Therefore the number of hybrid numbers ¢°(Q) not exceeding x

such that inequality % < h holds will be (see Lemma 1.1)

6 qi- gy xs 1
(g + 1) (e +1)QF +O< ) 227

We choose the number B such that

q=< (2.26)

1
— < E.
Z q1+1 q+1)Q

(2.28)

Now, equations (2.27), (2.28) and (2.24) give

6 G gy 1 . .
le) = (w_ ) R <qr+1@> oo (+)

= —(Cy—1)as —2ex. (2.29)
T
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Equations (2.25) and (2.29) give

Don(z) — S(C, — Das | | D, 6
T < [P e | <2
€Ts Ts ™

that is, equation (2.21), since € can be arbitrarily small. The theorem is proved.
]

Theorem 2.7. Let s > 1 an arbitrary but fixed integer. Let us consider the s-full
hybrid numbers ¢°Q). The sum of the quotients % of the hybrid numbers ¢°Q) not

exceeding x s

s Es
% == 1x1+% L0 (wi) (2.30)
¢°Q<x 5
where
6 1
E,=— |-1+]][t+ 1
4 p (p+ Dp* (p“? - 1)

Proof. The proof is the same as the proof of Theorem 2.5. In this case we study
the sum

> &
5
¢°Q<z @
The theorem is proved. O

Remark 2.8. Note that the sums > .o, ¢°Q, X<, ¢" and 3~ .o, & have the

same magnitude order zits (see Theorem 2.2, Theorem 2.5 and Theorem 2.7).
Note that the sums >_ .o, % and ) .o, @ have the same smaller magnitude
order z'te (see Theorem 2.3 and Theorem 2.4). Consequently, for example,
the sum of (s + 1)-full parts @ of the s-full hybrid numbers not exceeding z
(D_gr0<e @) 18 negligible compared with the sum of s-parts ¢* of the s-full hybrid
numbers not exceeding x (D #0<z q°). However, there is a surprising fact, if we

Q
) ¢*Q<z ¢°
of almost all s-full hybrid numbers is smaller than hD, ) < czrs, where ¢ can
be arbitrarily small (Theorem 2.6). However the order of the sum _ .., %

greater, namely pltET (Theorem 2.3). Therefore there is a negligible number

compare Theorem 2.3 with Theorem 2.6. The contribution to the sum
is

) (:cl) of s-full hybrid numbers ¢°Q) responsible of this greater magnitude order

and consequently where the quotient q% must be very big.
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