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FOURIER TRANSFORM AND THE IDEAL OF GROUP
ALGEBRA ON THE NILPOTENT ENGEL-LIE GROUP

KAHAR EL-HUSSEIN

ABSTRACT. We study noncommutative Fourier transform on the nilpotent
Engel-Lie group G4 to solve some interesting problems of noncommutative
analysis. In fact the finest structure of G4 can be shown as a semi-direct prod-
uct of two real vector groups. This helps us to form our idea by constructing
a new larger group in order to define the Fourier transform and to obtain the
Plancherel formula on G4. Moreover we show that our methods lead us to con-
struct several existence theorems for the invariant differential operators on G4
and on G4 X R. Since the heat equation is invariant on G4 X R, so a fundametal
solution of this equation will be obtained. Finally we establish a theorem that
gives a classification of all left ideals of the noncommutative Banach algebra
Ll (G4) of G4.

1. INTRODUCTION AND RESULTS

1.1 Let G4 be the nilpotent Engel-Lie group consisting of all matrices of the
form

1 —T % Ty
0 1 —x1 X3 (11)
0 0 1z
0 0 0 1

where (11, z2, 73, 74) € RY. The group G4 contains the 3—dimensional real vector
group H that consists of all matrices of the form

1 00 Ty
010 xIs3
00 1 (1.2)
0 0 0 1
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as normal sub-group. Let G be the group consisting of all matrices of the form

1 —X 2—% 0
0 1 —I1 0
0 0 1 0

o 0 0 1

Then G4 can be identified with the group H x, G a semi-direct product of G by
H where

(1.3)

YX)(X) =X XX[! (1.4)
1 —T1 %% 0
0O 1 —x1 0
X, = 1 1.5
! 0 0 1 0 (1.5)
0 0 0 1
and
1 00 Ty
. 010 xs3
X = 00 1 2 (1.6)
00 0 1
In view of the group isomorphism ¥ : R — G defined by
1 —X1 % 0
0 1 —I1 0
= 1.7
¥(x1) 0 0 1 0 (1.7)
0 0 0 1

We can identify the group G with the real vector group R. So G4 can be
identified with the group K = R?® x, R(H ~ R?) a semi-direct product of R? by
R, via the group homomorphismp : R — Aut(R3), which is defined by

1 —X1 %
p(xy ) = 0 1 -—-m (1.8)
0O 0 1
and
1 —X % Ty
plxy J(xy, 23,09 ) = 0 1 —-m T3 (1.9)
0O O 1 T2

1
2
= (24— 2123 + 5951372, Ty — T1T2, T2)

for any (x4, 23, 2, 71) € RY. The multiplication of two elements X = (x4, x3, T2, 1)
and Y = (Y4, y3, Y2, 1) in Gy is given by

XY = ($4,l‘3,$2,1‘1)(y4,y3,yQ,yl) (1.10)

1
= (x4+ys—z1Yy3 + éx%y% T3+ Y3 — T1Y2, T2 + Y2, T1 + Y1)
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The inverse X ! of an element X in K is

X_l - (I‘4,I3,x27l'1)_1
1
= (—x4 — 1123 — ix%:@—, —T3 — T1Tg, —To9, —T7) (1.11)

1.2 If M is an unimodular Lie group, we denote by L'(M) the Banach al-
gebra that consists of all complex valued functions on the group M, which are
integrable with respect to the Haar measure of M and multiplication is defined
by convolution on M, and we denote by L*(M) its Hilbert space. Let Ube the
complexified universal enveloping algebra of the real Lie algebra g of G4; which is
canonically isomorphic to the algebra of all distributions on G4 supported by {0},
where 0 is the identity element of G4. For any u € U one can define a differential
operator P, on G4 as follows:

Puf(X) = ux f(X) —/f(YlX)u(Y)dY (1.12)

for any f € C*(G4) where dY = dysdysdysdy; is the Haar measure on G4 which
is the Lebesgue measure on R, Y = (y4,93,92,41), X = (24,23, 72, 71) and *
denotes the convolution product on G4. The mapping v — P, is an algebra
isomorphism of & onto the algebra of all invariant differential operators on Gj.
For more details see [7] and [13].

1.3 Let B = R?® x R be the commutative group of the direct product of R?
by R. We denote also by U the complexified enveloping algebra of the real Lie
algebra b of B. For every u € U, we can associate a differential operator @), on
B as follows

Quf () = wre J(X) = o) = [ SO0 =V yutv)ay (1.13)

B

for any f € C*(B), X € B,Y € B where %, signify the convolution product
on the real vector group B and dY = dysdysdysdy; is the Lebesgue measure on
B. The mapping u — (@), is an algebra isomorphism of ¢ onto the algebra of
all invariant differential operators on B, which are nothing but the algebra of
differential operator with constant coefficients on B. In this paper we will prove
the following results:

I- Plancherel Formula (Theorem 2.7).

II- Existence theorems for any Invariant differential operator on G4 (Theorems
3.2, 8.6 and 3.7).

IIT- An theorem for all left ideals of L*(G4) (Theorem 4.2 and Corollary 4.3).
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2. INVARIANT FUNCTIONS AND FOURIER TRANSFORM

Let L = R?® x R x R be the group with law:

XY $475173,1172,$1>t)(y4>y37927y1>3)

((ZE4, 3, 132)(,01(75)<y4, Ys, y2)))7 T1+ Yy, t+ S)
(4, 3, 22) (p1 (1) (Y4, Y3, 92)))s o1 + Y1t + )

(

(

=
1

(24 +ys —tys + §t2y2,x3 + Y3 — tys, T2 + Yo, 71 +y1,t +5) (2.1)

for all X = (x4, 23,79, 21,t) € L and Y = (y4,Ys, Y2, ¥1,S) € L. In this case the

group G4 can be identified with the closed subgroup R? x {0} x R of L and B
with the subgroup R? x R x {0} of L.

Definition 2.1. For every f € C™(Gy), one can define a function f € C*°(L)
as follows:

f(xlb X3,T2,T1, t) = f(p(xl)(xlb T3, 1'2), r1+ t) (22)
for all (1‘4,$3,$2,2B1,t) € L.

So every function (x4, x3, T2, 1) on G4 extends uniquely as an invariant func-

tion ¥ (x4, x3, T2, x1,t) on K.

Remark 2.2. The function fis invariant in the following sense:

Fp(8) (g, w3, 22), 21 — 5,6+ 5) = f(24, T3, T2, 71, ) (2.3)
for any (z4,x3,x2,21,t) € L and s € R.

Lemma 2.3. For every function F € C*°(L) invariant in the sense of formula
(2.3) and for every u € U, we have

U *F(.’L'4,x3,$2,.1'1,t> =U k¢ F(l’4,$3,$2,1‘1,t> (24)

for every (x4, x3,x9,21,t) € L, where * signifies the convolution product on Gy
with respect to the variables (x4, T3, o, 1) and x. signifies the commutative convo-
lution product on B with respect to the variables (x4, x3, T2, 21).

Proof. In fact we have

PUF(ZU4,$3,.CE2,.'L'1,t) =Uu* F($4,$3,3§'2,x1,t)

= /F (a5 y3, y2, ) (@, @3, T2, 21, 1) | w(ya, Y3, y2, ) dyadysdyzds
Gy

= /F [(P(S_l)(—yzb —Y3 — Y2, ) (T4, T3, T2)), 11, — S] u(Ya, Y3, Yo, $)dyadysdyzds
Gy

= /F (—ya, —y3 — y2,) + (24, T3, 22), 21 — 5, t] u(Ys, Y3, Y2, s)dysdysdysds
Gy
= U *, (I‘4,x3,$2,$1,t> - QUF(x47I3Jx27x17t) <25)

where P, and @), are the invariant differential operators on G4 and B respectively.
O
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As in [5], we will define the Fourier transform on G4. Therefor let S(G4) be the
Schwartz space of G4 which can be considered as the Schwartz space of S(R3xR)
and let §’'(G,4) be the space of all tempered distributions on G4. The action p of
the group R on R? defines a natural action p of the dual group (R)* of the group
R ((R)* ~ R) on (R*)* which is given by :

1 0 0
plar)= [ —; 10 (26)
% —X1 1
and
P(Il)( 14,63,62)
1 0 O &4
= —X1 1 0 53
% —z1 1 §a
= (547—56'154—1-53,%37%54—30153752) (2.7)

for any (£4,&3,&) € R® and 71 € R
Definition 2.4. If f € S(G4), one can define its Fourier transform of f by:

Ff (€)= / FOX) e X gx (2.8)
G4

for any & = (£4,&3,6,&) € R and X = (24, 23,79, 71) € R, where (£, X) =
ay + &35 + oo + &1 1.

It is clear that Ff € S(R*) and the mapping f — JFf is an isomorphism of
the topological vector space S(G4) onto S(R?).

Definition 2.5. If f € S(G4), we define the Fourier transform of its invariant 7
as follows

Ff(£0) = / F(X, e P 6X) e it 4X dtdp (2.9)
LxR
where (u,t) € R? and(u, t) = put.

Corollary 2.6. For every u € S(Gy), and f € S(G4), we have
Flux )(&,0) = F(H(E0)F )& (2.10)
for any &€ = (£4,83,62,&) € RY and pu € R.
Proof. By Lemma 2.3, we have
U ]7(.754, T3, To, T1,1) ='u *cf(m, T3, To, T1,1) (2.11)
So, we get

Flux f)(E,0) = F(u*. f)(E0) = F(f)(E0)F (1)) (2.12)
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Theorem 2.7. (Plancherel’s formula)
For any f € L*(Gy) N L*(Gy), we get

/ |f(SU4, T3, T2, $1)|2 dm4dl’3d$2dl’1
Gy

= [1Ff 6 600 desdssdeade (2.13)
R4

\
Proof. For each function f € C§°(Gy), define a functionf as

]vc(x4, x3, 9, 71) = f(p(x1) (24, 3, 22), 21) 7" (2.14)

Then, we have

f % £(0,0,0,0,0)

V
= / f [([L‘4, T3, T, ZL‘1>_1(0, 07 Oa 07 0)} f(xéla T3, T, xl)dl'4d$3d.f2dl'1
Gy
v
= /f [(p(xl_l)((_x47 —7I3, _I‘2) + (07 07 0))7 07 _xl)] f(.T4, X3, Ta, xl)dx4dx3dx2dx1
Gy
Vv
= /f [(P(xl_l)((_ﬂa —x3, —72) + (0,0,0)), —xl)} f(xq, 23, 22, 21 )dusdusdradry
Gy

— /‘\]/C [(p({lj’l_l)(—l‘4, —XI3, —1‘2)), —I’l)] f(l‘4, T3, To, J)l)d$4d$3dl'2d$1
Ga

= /f(9€47$37$2,171)f($4,$3,$2,$1)d$4d$3d962d$1
Gy

= /|f(904,$3,$2,$1)|2d$4d9€3d$2d$1 (2.15)
Gy
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We get the Plancherel’s formula on G4

I % £(0,0,0,0,0)

_ /J—"f*f (€. j)dédy /Ff*f(€u)d£du

:/; (€,0)F(f)(€)de = /]—" £)(&)de
- /|]:f(§4,§3>§2,§1)|2d€4d53d52d51
R4

= / ‘f(x4,$3,$2,x1)’2 dl'4d$3dl’2dl‘1

The Fourier transform can be extended to an isometry of L?*(G4) onto L?(R*). O

Corollary 2.8. In equation 2.15, replace the first f by g we obtain the Parseval
formula on G4

/f(:E4,:vg,xz,xl)g(m,xz,mz,xl)dmdmsdﬂszdm
Gy

/Ff(§4a§3a527fl))fg((€4>63752751)d€4d£3d§2d§1 (2.16)

3. TEMPERED FUNDAMENTAL SOLUTION.

If we consider the group G4 as a subgroup of L, then f € S(G4) where z; is
fixed, and if we consider B as a subgroup of L, then fv € S(B) where t is fixed.
Denote by Sg(L) the space of all functions ¢(x4, 3, 2, x1,t) € C*°(L) such that
d(x4, 3,29, 21,1) € S(G4) where x; is fixed, and ¢(xy, x3, 22, 21,t) € S(B) where
t is fixed. We equip Sg(L) with the natural topology defined by the seminorms:.

o — sup |Q (4, x3, T2, 1, 1) P(D) (x4, T3, T2, 1, 1)| t is fixed.

(w4,73,32,71)EB
(b — sup ’R(.Z'4,x3,.]]2,$1,t) S(D)¢($4,$3,1‘2,x1,t)‘ I is fixed.
(z4,23,22,t)EK
(3.1)
where P, ), R and S run over the family of all complex polynomial in four
variables. Let SL(L) be the subspace of all functions F' € Sg(L), which are
invariant in the sense of Remark 2.2, then we have the following result.

Proposition 3.1. Let u € U and Q),, be the invariant differential operator on the
group B which is associated to u, then we have
(1) The mapping f v+ f is a topological isomorphism of S(G4) onto SL(L).
(ii) The mapping F — Q.F is a topological isomorphism of SL(L) onto its
image, where @Q, acts on the variables (x4, x3,x2,21) € B.
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Proof. (i) In fact the map is continuous and the restriction mapping F' +— RF
on Gy is continuous from SE(L) into S(G4) that satisfies Ro ~= Ids(q,) and
~ ol = Idgr 1), where Ids(q,) (resp. [dSJI;(L)) is the identity mapping of S(Gy)
(resp. SL(L)) and G is considered as a subgroup of L.

To prove (ii) we refer to [15] and his famous result that is: Any invariant
differential operator on B is a topological isomorphism of S(B) onto its image.
From this result, we obtain that

Qu : Sp(L) = Sp(L) (3-2)

is a topological isomorphism and its restriction on SL(L) is a topological isomor-
phism of SL(L) onto its image. Hence the theorem is proved. O

In the following we will prove that every invariant differential operator on G4 =
R3x {0} x R has a tempered fundamental solution. As stated in the introduction,
we will consider the two invariant differential operators P, and @, the first on the
group G4 = R3 x {0} x R and the second on the abelien group B = R? x R x {0}.
Our main result is:

Theorem 3.2. Every nonzero invariant differential operator P, on G4 associated
to U 1is a topological isomorphism of SL(L) onto its image

Proof. By equation (2.4 we have for every u € U and F' € SL(L)
PuF<x47 T3, T2,T1, t)

= Uk F($4,$3,$27x17t)

= /F [(as Y3 Y2, 8) (w4, w3, w0, 21, 8) | u(2, ¢ 7, 8" ) dyadysdysds
Gy

= /F [o(s™) (=ya, —ys — y2, ) (4, T3, 2), 21, t — 8)| w(Ya, Y3, Yo, 8)dysdysdysds
Gy

- /F [<_y47 —Ys — y2)) + ([L’4, €3, IQ)?‘rl - S’t)] u(y47 Ys, Y2, S)dy4dy3dy2d3
Gy
= U* (.1'4, $3,$2,l‘1,t> = QuF($47 T3, $2,$1,t) (33)

This shows that:
PuF(iU4, $3,$2>$17t) = QuF(M, T3, 9172:371,15) (3'4)

for all (x4, 23,79, 71,t) € L, where x is the convolution product on G4 = R? x
{0} x R and . is the convolution product on the group B = R* x R x {0}. By
Proposition 3.1 the mapping F' — Q,F is a topological isomorphism of SL(L)
onto its image, then the mapping F' — P,F is a topological isomorphism of
SL(L) onto its image. Since

R(PUF)(ZE47 T3,To, X1, t) = PU(RF)(ZIJ4, T3, To9,T1, t) (35)

the following diagram is commutative:
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SL(L) — P,SL(L)

s [
S(Gy) -2 P,S(Gy)

Hence the mapping F' — P,F' is a topological isomorphism of S(G4) onto its
image. 0

Corollary 3.3. FEvery nonzero invariant differential operator on G4 has a tem-
pered fundamental solution.

Proof. The transpose ‘P, of P, is a continuous mapping of §'(G4) onto S'(Gy).
This means that for every tempered distribution 7" on G4 there is a tempered
distribution £ on G4 such that

PE=T (3.6)
0
Indeed the Dirac measure § belongs to S'(Gy).

Definition 3.4. For every f € D(L), one can define a function f € C*(L) as
follows:

f($4,$3,$2,$17t) - f(p(xl)(x47x37x2)70;xl +t)
1
= (1‘4 — tl‘g + §t2$27 Trs3 — tlL’Q, D) ,07 T+ t) (37)

for any (4,3, T9, 21,t) € L.

Remark 3.5. The function J/”\is invariant in the following sense:
f((p(S)(l'4,$3,l’2)), r1—s,t+s)= f(az4, T3, Lo, T1,1) (3.8)
for any (z4,x3,x2,21,t) € L and s € R.

Theorem 3.6. For every u € U, one can find a distribution T" € D'(G4) such
that
uxT =8 (3.9)

where d¢, s the Dirac measure on G4 at the identity element of G4 and * denotes
the convolution product on Gj.

Proof. Let P; be the polynomial
\
¢ = Fu)(§+¢)

which is obtained by translation, where & = (&4, &3,&,&1) € R* and ¢ = (4, (3, (o, G1) €
C*. Let T be a distribution on L defined by

/ ]—"f£+(’)\
1) (€ +¢)

for any f € D(L), where € is a ball in C* with center 0, ® is the Hormander
function [12] and d¢ = d¢,d¢y d(zd¢y is the Lebesgue measure on C*. Now we can

(P, §)dCdEdA
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define a distribution 7' on L, which is invariant in the sense of equation (3.8), as

follows:
(7.5)={ / il f CHCNgp, gacagan  (3.10)
W(E+ Q)

By Hormander construction, and Lemma 2.3, we obtain for any v € U

<m,f> = <u*T,f>:<T,1\2*Cf>
_/ F(txe F)E+, V)
]—"uf—l—(

O(F, §)d¢dEdv

//f NE+COF@E+ Db eacean

F@)(E+0)
_ //f (€ + C.0)B(P,, €)dCde

— J((0,0,0,0,0) = (81, F) = (1. f) (3.11)
where dy, is the Dirac measure at the identity element of L. This gives
m(m,xg,mg,xl,t) = g;($4,$3,332,.’171,t).
Consequently, we have
ux T'(x4,x3,29,0,t) = g, (T4, 3, 2,0,1) (3.12)
Hence the theorem. OJ

Theorem 3.7. ([1]) Every invariant differential operator onG4 which is not iden-
tically 0 has a tempered fundamental solution.

Proof. For each complex number s with positive real part, we can define a distri-
bution 7% on L by:

(T%, f) = / “]—" (&, A)) } F(F)(E N dedNdpdo (3.13)
R5
for each f € S(L). By Atiyah’s theorems ([1]), the function s +— T has a mero-
morphic continuation in the whole complex plan, which is analytic at s = 0 and
its value at this point is the Dirac measure on the group L. Now we can define
another distribution, ’f;, as follows:

Fs) - ()

_ / U]—"(zvt)(f,)\)’2]sf(f)(§,)\)d§d)\du v (3.14)

R6

for any f € S(L) and s € C , with Re (s) > 0.
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Note that the distribution 7* is invariant in the sense of equation (3.8) , and
we have

<u */ﬂZTS, f>
= <u*ﬂ*cTs,J?>
% B
= <Ts,ﬂ*cqu*f>
v 2]* YooovA
= [{JFehien[] Fe i P vacir (3.15)
R6
where
v
U<x4,x3,$2,x1) = U,(—./L'47—.T37_.T27—I1)
v
u(,ﬁf4,x3,$2,xl) = ($4,$3,$27I1)_1
and
V \%
uke f(xg, 3,29, 21) = | f(r4—a,x3—b, x9—c,x1—7)u((a,b, c,r)dadbdedr (3.16)
R4

is the commutative convolution product on G4. We get:

(wiiwreg) = [ UH&)(&,A)]T?@)(& A)dédA

R6
hence
Wk, T = Tl (3.17)
In view of the invariance in equation (3.8), the restriction of the distributions

—

uxux*.T5 = T+ on the sub-group R? x {0} x R x {1} x R* ~ G, are nothing
but the distributions

wk Uk T = T (3.18)
The distribution 7% can be expanded around s = —1 in the form
T =Y aj(s+1) (3.19)
j=—5
where each «; is a distribution on G4. But uxux.T* = T*! can not have a pole
at s = —1 (since T ° = §¢,) and so we must have:
uxu*x.a; = 0 for j<O0
uxUk. g = g, (3.20)

Hence the theorem. O
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4. IDEALS OF GROUP ALGEBRA L!(Gy)

In the following we will establish a classification of all left ideals in the Banach
algebra L'(G5).

P s

Proposition 4.1. (i) The mapping I' from L'(G4)|p to L'(G4)|q, defined by
Flp (24, 3,22,71,0) — T(Flp )(24,23,22,0,71)
= F|G4($4,$3,I2,O,$1) (41)

s a topological isomorphism.
(i1) For every u € L'(G4) and F € L'(G,), we obtain

T(u %o F|p) (24, 23, 22,0,21) = u % F|g, (24, 23, 29,0, 77) (4.2)

where

(U *e ﬁ|B)(I4’ X3, T2, T1, 0)
= /ﬁ [I4 — Y4, T3 — Y3, T2 — Y2, 1 — ylvo] U(?J5;y4ay3a?/2;y1)
B
dysdyadysdyzdy, (4.3)

Proof. Tt is enough to see

F(“ *e ﬁ|B)($4a T3, T2, 07 131)

= /F (T4 — Ya, T3 — Y3, T2 — Y2, —Y1, 1] w(Ys, Y4, Y3, Y2, Y1)
B

dysdysdysdysdy;

= /F (o1 (=) (x4 — ya, 23 — Y3, 22 — y2)), 21 — y1)] (Y5, Ya, Y3, Y2, Y1)
Gy
dysdyadysdyady,
= u * Flg, (25,24, 73,0,22,0,71) (4.4)

for every F € L'(G4). So it is easy to show that

—~——— e~

[': LY Gy)|p — LY GYy)|a, (4.5)

is an topological isomorphism, and we obtain
ﬁ’Gz; (1'4, €3, 22,1, 0) — Fil(ﬁ’Gzl >($47 €3, T2, 07 .1'1)
= F|B (1'4,1‘3,I2,l'1,0) (46)
O

Now if I is a subset of L'(Gy), we denote by I its image by the mapping ~.
Let J = I |g. Our main result is:
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Theorem 4.2. Let I be a subset of L'(Gy), then the following conditions are
equivalent.

(i) J = I | is an ideal in the Banach algebra L'(B).

(ii) I is a left ideal in the Banach algebra L*(Gy).

Proof. (i) implies (ii) Let I be a subset of the algebra L'(B) such that J = I|z
is an ideal in L'(B), then we have:

U *, I |B(z4, 23, 22,21,0) C I |B(24, 3, T2, 21,0) (4.7)
for any u € L'(B) and (x4, 73,72, 71) € B, where
U *¢ IN |B($4, x3,T2,0, $1)
f ﬂB [$4 — Y4, T3 — Y3, T2 — Yo, 0,21 — y1]U(ys, Ya, Y3, Y2, y1)
— B (4.8)
dysdysdysdyzdy,, f€ 1
It shows that
U *, fN ‘B(xlb X3, T2, Oa 1’1) € T ‘B($4, €3, T2, 07 ml) (49)
for any ]76 I. Then we get
F(u *c ﬂB)(xSa Xy, T3, T2, 07 X1, 0)
= u * f|G4(:C47 X3, T2, 07 xl) S F<I ’B)(‘T;47 X3, T2, 0,33'1)
= I |g,(24,23,22,0,21) = (24, 3, 22, 1) (4.10)
(i1) implies (7) If I is an ideal in L'(G,), then we get
u * 7 |G4 (.T4, X3, T2, 07 xl)

= ux1 (x4,23,29,77) C T|G4(x4,x3,$2,0,x1)
= ](.Z'4,ZE37172,1'1) (411)

where
U * 7 ‘G4<$47 T3, T2, 07 1'1)

{ [ Flpi(=y1) (x4 — yas 23 — y3, T2 — y2)), 21 — Y1) }
g G4
(Y4, Y3, Yo, Y1) dysdysdysdyady,

u * Flg, (24, 23, 9,0, 1)
= u * F(xy4,23,29,71) (4.12)
This leads us
T~ (ux F |g,) (24, T3, T3, 21, 0)
= ux, f|B(x4,x3,x2,x1,0) eI (ux T|G4)($4,$3,$2707$1)

= u*f|3(x4,x3,x2,$1,0) (413)
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Corollary 4.3. Let I be a subset of the Banach algebra L'(G4) and I its image
by the mapping ~ such that J = I|g is an ideal in L*(B), then the following
conditions are verified:

(i) J is a mazimal ideal in the algebra L'(B) if and only if I is a left ideal
closed in the algebra L'(G,).

(ii) J is a closed ideal in the algebra L*(B) if and only if I is a left prime ideal
in the algebra L'(Gy).

(ii1) J is a mazimal ideal in the algebra L*(B) if and only if I is a left mazimal
ideal in the algebra L'(Gy).

(iv) J is a dense ideal in the algebra L'(B) if and only if I is a left dense ideal
in the algebra L'(Gy).

5. CONCLUSION

The noncommutative Fourier transform does exist, and is being used, in the
representation theory of non-abelian compact groups. But still, from the Fourier
analysis point of view, it is not really satisfactory. In this paper we show how
the classical Fourier transform on R"™ can be defined on the nilpotent Engel-Lie
group (4, which is noncommutative and non-compact, to obtain the Plancherel
formula and two interesting results.

The first one is the solvability of the Lewy and Mizohata operators, see [3] and
[10].

The second is the solvability of the following heat equation on the Lie group
G4 x R direct product of G4 and the real vector group R

0 0 0 720 0
( 2 + . 4 1 2 —
0, Ory Oxs 2014 ot
U. Boscain, in [2], wrote that there is no general solution. Since equation (5.1)

is among the elements of the enveloping algebra U of the group G4 x R, so we
obtain the existence of the fundamental solutions of this equation.

(5.1)
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