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JORDAN HIGHER DERIVATIONS REVISITED
SHAFENG XU! AND ZHANKUI XIAQ?*

ABSTRACT. In this note, we consider the question of when a Jordan higher
derivation of an arbitrary ring degenerates to a higher derivation. Furthermore,
several applications to specific rings or algebras are presented.

1. INTRODUCTION

Let A be a ring (resp. algebra). An additive (resp. linear) mapping d : A — A
is called a derivation if it satisfies the Leibniz rule d(zy) = d(x)y + zd(y) for all
z,y € A. We say that an additive (resp. linear) mapping d : A — A is a Jordan
deriation if it satisfies d(z?) = d(x)x + xd(z) for all z € A. When we study
these operators, the standard problem is to find out whether a Jordan derivation
is necessarily a derivation. We refer the readers to [2] and the references therein
for more details.

Let N be the set of all non-negative integers and D = {d,, }en be a sequence
of additive (resp. linear) mappings on A with dy = id4 (the identity mapping of
A). If

dn(zy) = Z di(x)dn—i(y)

for all z,y € A and each non-negative integer n, then D = {d,},en is called a
higher derivation of A. Let K be a field and A = K]z, -+ ,2,]. The divided
power differential operators %a’i—z are basic examples of higher derivations of the
polynomial algebras. This interésting notion of high derivations was introduced
by Hasse and Schmidt in [0], and hence algebraists sometimes called them Hasse-
Schmidt derivations. It should be remarked that the first component d; of each
higher derivation is itself a derivation. Let D = {d,, },en be a sequence of additive
(resp. linear) mappings on A with dy = id4. Such sequence D is called a Jordan

higher derivations of A if
dn(2%) = " di(w)dy_i(x)
i=0
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for all z € A and each non-negative integer n. Obviously, any higher derivation
on A is a Jordan higher derivation. But the converse statements are not true in
general. Therefore, it is natural to consider the question of when a Jordan higher
derivation degenerates to a higher derivation.

The study of higher derivations are an active subject of research in both alge-

bra and operator theory (see [5, 6, 7, 10, 11, 12, 14,15, 16, 17, 22] and references
therein). Note that higher derivations, as natural generalizations of derivations,
are closely related to derivations. Heerema [8], Mirzavaziri [13] and Saymeh [15]

independently proved that each higher derivation of a torsion free ring A is a
combination of compositions of derivations, and hence one can characterize all
higher derivations on A in terms of the derivations on A. The second named au-
thor and Wei generalized this result to Jordan higher derivations [21]. Therefore,
for a torsion free ring (especially for algebras over a field of characteristic zero)
the study of Jordan higher derivations can turn into that of Jordan derivations.

On the other hand, we have known that there are several important rings
(only need 2-torsion free) on which each Jordan higher derivation degenerates to
a higher derivation. Such rings include full matrix rings over a commutative ring,
(semi-)prime rings [1], triangular algebras [20] and so on. Hence the purpose of
this paper is to find out some general criterions for an arbitrary ring such that
every Jordan higher derivation on it is indeed a higher derivation. Although
Jordan structures in associative rings have already been widely studied, there
still are some interesting results which are needed to be revisited (see also [2, 3]).

This article is organized as following. In Section 2 we study Jordan higher
derivations from the point of view of inner higher derivations. A connection be-
tween Jordan higher derivations and Jordan homomorphisms is shown in Section
3 as a direct generalization of one main result of Jacobson and Rickart [9]. Finally
we consider the relationship between Jordan higher derivations and Hochschild
2-cocycles in Section 4.

2. FroM INNER HIGHER DERIVATIONS

For some technical convenience we always assume that all algebras and rings
in this paper are 2-torsion free, i.e. 2x = 0 implying that x = 0.

Let A be an associative algebra with identity element 1. Let D = {d,, }en be
a sequence of linear mappings of A. If there exist two sequences {a, },eny and
{bn }nen in A satisfying the conditions ag = by = 1 and

z": aiby—i = Ono = z”: bitn—;
i=0

i=0
such that

dy(z) = Z a;zby_; (W)

for all x € A and each non-negative integer n, then it is easy to verify that
D = {d,, } nen is a higher derivation of A, where ¢, is the Kronecker sign. Higher
derivations of the form (#) are said to be inner higher derivations. It should
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be remarked that the main result of [19] shows the definition of inner higher
derivation here is equivalent to that in the sense of Roy and Sridharan [17].

Nowicki proved in [14] that if every derivation of A is inner, then every higher
derivation of A is inner (see also [19, Proposition 2.6]). Now we generalize this
result to the case of Jordan derivations.

Lemma 2.1. Let D = {d,}nen and D' = {d.,}en be two Jordan higher deriva-
tions of A. Ifd; = d; for alli =1,2,--- ,n—1, then d,,—d,, is a Jordan derivation
of A.

Proof. For any x € A, we have

dy (%) = d)(2%) = do(x)z + 2dy(z) + Y di(z

i+j=n
0<i,5<n

—d () — ad,(x) — Y di(x

i+j=n
0<i,j<n

=d,(x)z + xd,(z) — d,(z)x — zd, (z)
= (dn = ;) (@)z + 2(dy — d,)(2),
This shows d,, — d;, is a Jordan derivation of A. O

Theorem 2.2. If every Jordan derivation of A is inner, then every Jordan higher
deriwation of A is also inner.

Proof. Let D = {d,}nen be a Jordan higher derivation of A. Note that d; is a
Jordan derivation of A and hence is an inner derivation by the hypothesis. We
now assume that {d;}*_, is an inner higher derivation of order k with 0 < k <
n—1. It follows that there exist two sequences {a; }¥_, and {b;}%_; in A satisfying

the conditions ag = by = 1 and Zzﬂ p Gibj = 0po = Ziﬂ.:k b;a; such that
= Z aixbj
it+j=k

for all x € A and each integer 0 < k < n — 1. For any element a, € A, let us

define
n—1
b, = —a, — Z a;b,_;.
i=1
a;b;

It is clear that ), +jen @ibj = 0no = 0. Moreover, a direct calculation shows that
Ziﬂ.:n bia; = 6,0 = 0. Now we define

d (r) = Z a;xh;
i+j=n

for all x € A. Then {dy = idu,d, -+ ,d,_1,d.,} is an inner higher derivation of
order n. It follows from Lemma 2.1 that d,, — d!, is a Jordan derivation. By the
hypothesis, there exists an element a/, € A such that d,,(z) = d,,(z) + [a,, z] for
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all z € A. Therefore

dn(z) = d () + a,x — xa),

= (a, + a,)zx + z(by, — al,) + Z a;zh;

i+j=n

0<i,j<n
for all z € A. We can show that {dy = id4,d1, - ,d,_1,d,} is an inner higher
derivation of order n and the inductive procedures complete the proof. OJ

Now we apply the main theorem of this section to some special algebras. Let
R be a commutative ring with identity. We denote the set of all n x n upper
triangular matrices over R by 7T},(R). The block upper triangular matrix algebra

over R is denoted by B4(R). We refer the reader to [1] for precise definition.
Corollary 2.3. Every Jordan higher R-derivation of T,,(R) is inner.

Proof. It is well-known that every Jordan derivation of 7,,(R) is a derivation (see

[20, Corollary 2.6] for example) and hence is an inner derivation (see [19, Section
3]). Then the Theorem 2.2 makes every Jordan higher R-derivation to be an
inner higher derivation. 0

Similarly, we have
Corollary 2.4. Every Jordan higher R-derivation of BE(R) 1S inner.

Corollary 2.5. Every Jordan higher R-derivation of the full matriz algebra
M, (R) is inner.

One may ask whether every Jordan higher derivation of A is a higher derivation
provided that every Jordan derivation of A is a derivation? For the algebras over
a field of characteristic zero, or the torsion free rings, this question has a positive
answer [21]. However we do not know whether the statement holds or not for
arbitrary rings.

3. FroM JORDAN HOMOMORPHISMS

Let A and B be two rings with identity. Recall that an additive mapping
v : A — Bis a Jordan homomorphism, if
p(z?) = p(x)’
for all x € A. The basic examples of Jordan homomorphisms are homomor-
phisms, anti-homomorphisms and their sum. Since all rings are 2-torsion free,
there are

p(zy +yx) = p(z)p(y) + p(y)p(r) and @(zyz) = o(x)p(y)e(r)

forall z,y € A. It was already observed by Jacobson and Rickart that the problem
on Jordan derivations can be often reduced to the one on Jordan homomorphisms
[9]. In fact, by a similar procedure [9, Theorem 22| can be extended to the case
of Jordan higher derivations. We give out the proof here for completeness.
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Theorem 3.1. Let A be a ring with identity 1. If every Jordan homomorphism of
A is the sum of a homomorphism and an anti-homomorphism, then every Jordan
higher derivation of A is a higher derivation.

Proof. Let D = {d,,}nen be a Jordan higher derivation of A. We use a recursive
procedure to avoid some tedious computation. For any positive integer n, we can
assume di(zy) = ;. ;i di()d;(y) for all 2,y € A and any integer 1 <k <n-—1
by [9, Theorem 22].

For the positive integer n, let us define the mapping ¢ of A by

a di(a) dy(a) ... dnp-1(a) dp(a)
0 a di(a) ... dyaa) dy1(a)

pla) = | oo
0 0 0 a dy(a)
0 0 0 0 a

for all a € A. Then it is easy to check that ¢ is a Jordan homomorphism of
A. Denote the enveloping ring of ¢(A) by U and note that (1) is the iden-
tity element of . By the hypothesis, ¢ is the sum of a homomorphism ¢ and
an anti-homomorphism . We claim that ¢(1) and (1) are orthogonal central
idempotents of U. In fact, we only need to prove ¢(1) and (1) are central. Note
that homomorphisms and the negative of anti-homomorphisms are Lie homomor-
phisms. Therefore we have

[0(1), p(a)] = [6(1), ¥ (a)] = [p(1) = ¥ (1), ¢ (a)]
( P

(a)]

for all a € A. Hence ¢(1) and
p(a) = p(1)p(a)p(l)
= ¢(a)o(1) + p(a)y(1)

for all a € A. That means ¢(a) = ¢(a)p(1) is a homomorphism and ¢ (a) =
¢(a)(1) is an anti-homomorphism. Assume that

(1) are in the centre of Y. Furthermore

e 12 aiz ... QG1np+1

0 (& az3 ... QA2np41
¢(1) =10 0 (& N RO |

_0 0 O e

and

[ bz bis b1 nt1

0 f b23 b2 n+1
Y(1)=10 0 f b3 n+1

0 0 0 f
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It is clear that 1 = e+ f and e, f are orthogonal central idempotents of A. Using
the fact that ¢(a) = ¢(a)@(1) is a homomorphism, we obtain

—ab dl(ab) dQ(CLb) Ce dn_1<ab) dn(ab) € a2 aiz ... Ai1p+1
0 ab dl(ab) Ce dn_2<ab) dn_l(ab) 0 (& G23 ... QA2np+1
........................................... 0 0 (& cee A3py1| =
0 0 0 ab di(ab) | |
| 0 0 0 0 ab 0 0 0 e
(o di(a) do(a) 1 [b di(b) d, (b) 8 “22 313 Zl ntl
23 2,n+1
0 a dn,l(a) 0 b dnfl(b) 0 0 e U311
0 0 a 0 0 b RPN )

for all a,b € A. Considering the (1,n + 1)-th entry of the above product on both
side, we get

Zdi(ab)ai+1,n+l = Z <Z dk(a)di—k(b)> Qi 1,n4+1

i=0 \ k=0
for all a,b € A, where we write a,41,4+1 = e for convenience. By the induction
hypothesis, there is

d,(ab)e = Z di(a)d,_i(b)e (3.1)

for all a,b € A. Similarly, since ¥(a) = ¢(a)1(1) is an anti-homomorphism,

[ab di(ab) dy(ab) ... dn_1(ab) dn(ab) | [f bia bis ... bing

0 ab d1<(lb) dn_g(ab) dn_l(ab) 0 f b23 b2,n—|—1

........................................... O O f b3,7’b+1 -

0 0 0 ab di(ab) | .o

0 0 0 0 ab 0 0 0 f

b di0) o d®) ] o dl e ][ e
23 2,n+1

SRR O LI AR et

0 0 b 0 0 a 0 0o ;

for all a,b € A. Therefore

Zdi(ab)bz‘+1,n+1 => (Z dk(b)dz‘—k(a)> bit1m+1 (3:2)

i=0 \ k=0
for all a,b € A, where b,11,+1 = f. Note that abf = baf holds true for any
a,b € A and f is a central idempotent. Multiplying the equation (3.2) by f and
using the induction hypothesis, we obtain

dn(ab) f = Z di(a)dn—i(D) f (3.3)
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for all a,b € A. Combining the identities (3.1) and (3.3) with the fact 1 =
e + f yields that d,(ab) = > . ,di(a)d,—;(b). This completes the proof of the
theorem. ]

It should be remarked that the Theorem 3.1 can be proved by a similar but
much more complicated calculation instead of the induction. Let A be a ring
with identity element and M,,(A) be the full matrix ring over A with m > 2.
For any derivation d of A, we define d : M,,,(A) — M,,(A) by d((a;;)) = (d(as;)).
Then d is a derivation of M,,(.A).

Corollary 3.2. Fvery Jordan higher derivation D = {d, }nen of M,,(A) is of the
form

i+j+k=n
for all x € M,,(A) and any non-negative integer n, where { A, bnen and { By }nen
are two sequences of matrices in M,,(A) satisfying the conditions Ag = By = I
(the identity matriz) and

i Aiani = (5n0 = i BzAnfl
=0 =0

and {0, }nen s a higher derivation of A.

Proof. Since any Jordan homomorphism of M,,(.A) is the sum of a homomorphism
and an anti-homomorphism by [0, Theorem 7], then Theorem 3.1 deduces that
any Jordan higher derivation of M,,(.A) is in fact a higher derivation. Hence the
desired from of D = {d, },en follows from [! 1, Theorem 6.4]. O]

Note that Corollary 2.5 is a special case of Corollary 3.2.

4. FrRoM HocHSCHILD 2-COCYCLES

In this section, we will follow the steps of Bresar [2] to study Jordan higher
derivations from the Hochschild 2-cocycles. Let A be a ring. Recall that a
Hochschild 2-cocycle is a bi-additive mapping ( , ) : A x A — A satisfying

(ry,2) + (2, 9)z = (z,y2) + 2(y, 2)
for all z,y,z € A. Let us consider A as a Lie ring under the bracket operation
[z,y] = 2y — yz. Set A® = A and define the series of derived Lie ring by
A+ = [AM  AM)] for every n > 0. Given a subset S of A, we denote by R(S)
(resp. I(S)) the associative subring (resp. ideal) of A generated by S. Note that
T(A™H)) C R(A™M) for every n > 0 (see the last paragraph of [2, P.412]).

Lemma 4.1. ([2, Theorem 2.1]) If a skew-symmetric Hochschild 2-cocycle ( , )
of A satisfying

(zy,z) + (z,y)z =0
for all z,y € A, then (R(A®), A) = 0.

Note that the ring A is 2-torsion free. The following lemma is well-known (see
[1, Theorem 1.3 and Lemma 3.1}).
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Lemma 4.2. Let D = {d, }nen be a Jordan higher derivation of A. Then for all
x,y,z € A and each n € N, we have

(a) dn(xy + yx) = Zi+j:n ( 2( ) <y> + dz( ) ( ))7
(b) dn(zyz) =320 i e di(@)ds(y )dk(ﬂﬁ),
(c) dnlzyz +2yx) =3, 14y n( i(2)d;(y)di(2) + di(2)d;(y)dy. ().

The main theorem of this section is

Theorem 4.3. Let A be a ring such that R(A®) = A (in particular, if [(A®)) =
A)). Then Jordan higher derivation D = {d, }nen of A is a higher derivation.

Proof. Note that d; is a Jordan derivation of A and hence d; is a derivation
by [2, Corollary 3.2]. For any positive integer n, we assume that the relation
din(2y) = D54 jom di(2)d;(y) holds true for all 2,y € A and all m < n. Define an
bi-additive mapping (, ), : A x A — A by

(T, Y)n = dn(2y) — Z di(x)dj (y)

forall z,y € A. It is clear that (x, z), = 0 and hence (, ), is skew-symmetric. We
claim that (, ), is a Hochschild 2-cocycle. In light of the induction hypothesis,
we have

(xy, 2)n + (T, Y)n2 —(:v,yZ) — (Y, 2)n

W (zy2) Zd 2) + dn( xyz—Zd

i+j=n i+j=n
w(wyz) + Y di@)d;(yz) — adn(yz) + Y wdi(y)d;(2)
i+j=n i+j=n
=— Z d;(xy)d Z d;(x
i+j= i+j=n
(i<n)
+ Z di(z)d;(yz) + Z xd;(y
i+j=n i+j=n
(j<n)
> di@)di(y)di(2) = Y diw)d;(y)z
i+j+l=n i+j=n
(0<)
+ Y di(@)di(y)di(z) + Y adi(y)d;(z)
i+k+l=n i+j=n
(0<i)
- Y dilx ()= > 2di(y)di(z) — > di(z)d;(y)z — 2d,(y)z
i+j+l=n jHl=n i+j=n
(0<i,l) (0<i) (0<)
+ Z di()dx(y)di(2) + Z di(z)dy.(y)z + Z rdi(y)di(2) + zdn(y)2
i+k+l=n i+k=n k+l=n
(0<i,l) (0<i) (o<?)

=0
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for all x,y,z € A. On the other hand,
(29, 2)n + (2, 9)0r = du(zyz) — > di(zy)d;(z) + du(zy)z — Y di(x

i+j=n 1+j=n
= > di(@)d;(y)d(x) = Y di(wy)d;(z) — dy(zy)z
i+j+k=n i+j=n
(0<7)
+dp(xy)e — > di(w)d;(y)x
i+j=n
= > di@)d;(y)de(x) + > di(z)d;(y)x
i+j+k=n i+j=n
(0<k)
— Z d;(zy)d Z di(x
i+j=n i+j=n
(0<9)
=0

for all 2,5 € A. Lemma 4.1 implies that (R(A®), A), = 0. In particular,
(I(A®), A), = 0. Therefore (A, A), =0, i.e. dn(zy) =3, ,;_, di(x)d;(y) holds
true for all z,y € A. O

We recall that a ring A is called a semiprime ring if there is no nonzero nilpotent
ideal in A. This definition is equivalent to . Az = 0 implying = 0. An ideal
I of A is said to be essential if I NJ # 0 for every nonzero ideal J of A. In
semiprime ring A, I is an essential ideal if and only if I has trivial annihilator
(see [2, P.415]). Now we can give a new proof of one old result of [1].

Corollary 4.4. Let A be a 2-torsion free semiprime ring. Then every Jordan
higher derivation of A is a higher derivation.

Proof. Let D = {d,}nen be a Jordan higher derivation of A. It is well-known
that d; is a derivation (see [2, Corollary 3.8]). For any positive integer n, we
assume that the relation d,,,(zy) = >, ;_,, di(x)d;(y) holds true for all z,y € A
and all m < n. Define an bi-additive mapping ( , ), : 4 x A — A by

(@, Y)n = dn(zy) — Z di(z)d;(y)

i+j=n

for all ,y € A. Tt follows from the proof of Theorem 4.3 that (R(A®), A), = 0.
In particular, (1(A®), A), = 0. Furthermore I(A®)(A, A), = 0 by [2, Remark
2.2]. Write I = I(A®) for convenience. Let J = {a € A|la = 0} be the
annihilator of I. Then it is clear that ¢ = I @ J is an essential ideal since A is
semiprime. Note that the annihilator of € is zero. Hence we only need to prove
J(A,A), =

For any ¢ € Z(A), the centre of A, it is clear that d;(c) € Z(A) since every
derivation is a Lie derivation. Assume d,,(c) € Z(A) for any integer m < n. We
claim that d,,(c) € Z(A) for all ¢ € Z(A). In fact, every Jordan higher derivation
is a Lie triple higher derivation since [[z,y],2] = x o (y o z) — y o (x o z) where
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x oy :=xy+ yx. That means for any ¢ € Z(A),

0=du(llz,9],) = Y [[di(2),d;()], du(0)] = [[, 9], dn(0)]

i+j+k=n

for all z,y € A. Hence d,(c) € Z(A) by [2, Lemma 3.7].

Note that J C Z(A) by [2, Lemma 3.7]. Picking ¢ € J and = € A, we have
2d,,(cx) = dy(cx + x¢) =2 Y di(c)d;(x).

i+j=n

Therefore (J, A), = 0 and hence J(A, A), =0 by [2, Remark 2.2]. O

Corollary 4.5. Let A be a 2-torsion free semi-simple ring. Then every Jordan
higher derivation of A is a higher derivation.

to
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