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ON NEW FORMS OF THE RECIPROCITY THEOREMS
D. D. SOMASHEKARA®*, K. NARASIMHA MURTHY?, S. L. SHALINI®

ABSTRACT. In his lost notebook, Ramanujan has stated a beautiful two variable
reciprocity theorem. In the recent past, three and four variable generalizations

of the reciprocity theorem of Ramanujan were established. In this paper we

establish new symmetric and elegant forms of all the three reciprocity theorems.

We also deduce therefrom some g-gamma, g-beta and eta function identities.

1. INTRODUCTION AND PRELIMINARIES

On page 40 of his lost notebook [11], Ramanujan has given the following beautiful
two variable reciprocity theorem.

plat) = plba) = ( - o ) LMD (1)

where

(=1 g t1)/2gnp—n
pla,b) = <1+%) Z( D q( b (1.2)

—aq)n
and a, b are complex numbers other than 0 and —¢™".
Throughout this paper, we assume |g| < 1 and employ the customary notations

n=0

(@) = (a: @)oo == [ (1 — aq™),
= (a; = (@) n is an integer
((Z)n T ( 7Q)n . (aqn)oov t g )

(a1, a9, ..., am)n = (a1)n(a2)n---(@m)n, n is an integer or oo.

Andrews [] was the first to establish (1.1) by employing his four-variable identity
and the well-known Jacobi’s triple product identity which is a special case of
(1.1). Somashekara and Fathima [15] used Ramanujan’s 11; summation formula
and Heine’s transformation formula to establish an equivalent version of (1.1).
Bhargava, Somashekara and Fathima [3] provided another proof of (1.1). Kim,
Somashekara and Fathima [12] gave a proof of (1.1) using only ¢-binomial theorem.
Guruprasad and Pradeep [10] also have devised a proof of (1.1) using g-binomial
theorem. Adiga and Anitha [!] established a proof of (1.1) by the method of
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analytic continuation. Berndt, Chan, Yeap and Yee [7] found three different
proofs of (1.1). Kang [l1] constructed a proof of (1.1) along the lines of
Venkatachaliengar’s proof of Ramanujan’s 11; summation formula. In [17],
Somashekara and Narasimha Murthy gave a proof of (1.1) using Abel’s lemma
and Jacobi’s triple product identity. Recently, Somashekara, Narasimha Murthy

and Shalini [19] have proved an equivalent form of the general identity of Andrews
[1] using the parameter augumentation method and employed the same to derive
(1.1). Further, Somashekara and Narasimha Murthy [18] have given a finite form
of (1.1). For more details one may refer the book by Andrews and Berndt [5].
Kang [11] has established the following three and four variable generalizations
of (1.1).
11 (c,aq/b,bg/a, q)s
b:e) — b.ac)=[=—= 1.
p3<a7 7C) p3( ) @; C) (b (I> (—C/CL, —C/b7 _aq,_bQ)oo7 ( 3)
where
1 00 (C)n(_1>nqn(n+l)/2anb—n
a,byc) =14+ — 1.4
ooy = (145) IR )
and |c| < |a] < 1 and |¢| < |b] < 1.
[)4(&, b; Cy d) - p4<b> a; ¢, d)
(1 1 (¢,d,cd/ab,aq/b,bg/a,q)s (1.5)
~\b  a/ (—c/a,—c/b,—d/a,—d/b, —aq, —bq)ss
where
pa(a,b;c,d)
1 o0 d.cd/ab 1 d 2n B (—1)" n(n+1)/2 np—n
— <1+_>Z(C7 ’C /a)n( +Cq /)( )q a (16)
b) —= (—aq)n(—c/b,—d/b), 11
and |c|, |d| < |al, |b] < 1.
To derive (1.3), Kang [11] has employed Ramanujan’s ;¢4 summation formula

and Jackson’s transformation of ¢ and 9 series. Later, Adiga and Guruprasad
[2] have given a proof of (1.3) using ¢g-binomial theorem and ¢-Gauss summation
formula. Somashekara and Mamta [10] have obtained (1.3) using (1.1) by
parameter augmentation method. One more proof of (1.3) was given by Zhang
[21]. Recently, in [19], Somashekara, Narasimha Murthy and Shalini have given
a proof of (1.3) and in [18], Somashekara and Narasimha Murthy have given a
finite form of (1.3).

Kang [I11] has established the four variable reciprocity theorem (1.5) by
employing Andrews generalization of ;¢ summation formula [/, Theorem 6],
Sear’s transformation for 3¢9 series and a limiting case of Watson’s transformation
for a terminating very well-poised g¢; series. Adiga and Guruprasad [3] have
derived (1.5) using an identity of Andrews [/, Theorem 1], Ramanujan’s 19
summation formula and Watson’s transformation. Recently, Somashekara,
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Narasimha Murthy and Shalini [19] have given a proof of (1.5) and in [18],
Somashekara and Narasimha Murthy have given a finite form of (1.5).

The main objective of this paper is to give new symmetric forms of the
reciprocity theorems along with a unified approach to their proofs and to
investigate their applications.

The paper is organised as follows. In section 2, we give some basic definitions
and notations and state some results which we use in the remainder of the paper.
In section 3, we state and prove the symmetric forms of the reciprocity theorems
and in section 4, we present a number of applications of the main results.

2. SOME STANDARD DEFINITIONS AND NOTATIONS

We recall some basic definitions and notations.

¢-Gamma function [20] is defined by
Ly(z) = ((q(‘Q)OO 1—-¢)'™" 0<qg<1. (2.1)

g-beta function [0] is defined by

B,(z, 1—qz n+y°°"z (2.2)
n:O
We also have [0]
Ly(2)Tq(y)
By(z,y) = L2127 2.3
The Dedekind eta function is defined by
77(7) — TiT/12 H(l _ 627rz'n7—)7 ]m(T) >0
n=1
= ¢"*!(¢; @)oc, where €™ =¢. (24)
A ¢-Shifted factorial identity [9, equation(I.17), p.352] is
(@)ntm = (@)m(ag™ ). (2.5)

g-binomial theorem [9, equation(I1.3), p.354] is given by

3 (@D _ (ELZZ)ZO. (2.6)

= (@)n

Heine’s transformation of o¢;-series [9, equation(I11.2), p.359] is

> (A, B)n pn _ (C/B, BZ)w x~ (ABZ/C, B), (C)n (2.7)

(C, Z)n (¢, BZ), B

n=0 4, m n=0
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Sear’s transformation of 3¢9 series [9, equation(I11.9), p.359] is
i (A,B,C), ( DE \"
2-(¢,D,E), \ABC
_ (EJA,DE/BC)s, Z (4.D/B,D/C), (E\"
~ (E,DE/ABC)., (¢, D, DE/BC), A ST

In [19], Somashekara, Narasimha Murthy and Shalini have established the following

identity which is equivalent to the general identity of Andrews [1] [5, Theorem(6.2.1),
p.114].
£~ (—aq, —bq —aq, —bq)oc = ( C/a Jni1 \ @

i

n=

3. MAIN RESULTS

In this section, we establish new symmetric forms of all the three reciprocity
theorems.

Theorem 3.1. If |a|,|b] <1 then

Ra,8) = fltva) = (5 - 3 ) B, (.)

where
fola,b) = 22 (‘7‘1) (b

Proof. In (2.6), set a = ag~™ and shift the inner index of summation n to n +m
to obtain

ne—m (Dntm (2)oo

Using the g-shifted factorial identity (2.5) in (3.2), we obtain

i (aq_m)n-i-mszrm . (a’zq_m)oo' (32)

- (@)n . (a2)oo(@2q™™ ) (@) m
2 (q

n=—m m+1)"Z - (2)co(ag™™)m2™
_ (a2)o(q/a2)m(@)m
T Ol 33
Letting m — oo in (3.3), we obtain
3 (a)n" = (a2,4/02 @) (3.4)

(2,q/a)

n=—oo
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The equation (3.4) can be written as

- w4 1 N (=gt g (az,q/az,q)s
@ = T @ ) T G 9

Putting B = q, C = ¢*/a, Z = ¢*/(axz) in (2.7) and then letting z — oo, we

obtain
X (_1\ryn(nt+1)/2 n © n
SR -9 0,0 o

n=0 n=

Using (3.6) in (3.5), we obtain

S (S0 i oo

Replacing a by —q/a and z by —bin (3.7), we obtain (3.1), after some simplifications.
This completes the proof. O

Theorem 3.2. If || < |a| <1 and |c| < |b] < 1, then

Aabie) — fabae) = (5 -4 ) ERMED (g

where

1 & (=q/a)n
b; - b)".
(a,b;c) az —b)

“—~ (—c/a) n+1

Proof. Setting A =q, B= —bq/d, C =c¢, D= —cq/a and E = —bq in (2.8), we
obtain

= (=bg/d o) (—d = (cd/ab,—q/a)n , ..,
nz% (_bQ)n(_C/a)n_H ( a ) 1+b Z C/(I d/a)n—H( b) . (39)

Substituting (3.9) in (2.9), we obtain

Z _ <C> d)OO Z (<_bQ/d)n (—d/a)”

n:0 —aqg, _bq a(_a'qa _bQ)OO n—0 _C/a)n-i-l

1 =, (cd/ab, —q/a), o
+<1+a) <1+b);(—6/a,—d/a)n+1( b)". (3.10)

Interchanging ¢ and d in (3.10) and then setting d = 0 in the resulting identity,
we obtain

—aq, —bq - _a(—&(c;)o—obq)oo i (_qu>n (%C)n

+ <1+a) <1+b)z—(—c/a)n+1( b)". (3.11)

n=

zMg
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Interchanging a and b in (3.11), we obtain

nio: aq,—bq :_b( a(qc,)ion) i(_zq> (%C)n

=0

T A

n=0

Subtracting (3.12) from (3.11), we obtain after some simplifications

n=0 ( C/a‘)n+1 b C/b n+1

- i [z;zﬂ(%bq)n(%)”—%; (), G o

Replacing a by ¢/b and b by ¢/a in (3.1) and then using the resulting identity
in (3.13), we obtain (3.8) after some simplifications. This completes the proof. [J

éi (—q/a)n Lo~ (=q/b)n oy

Theorem 3.3. If |c|, |d| < |a|, |b] <1, then

fa(a,b;¢,d) — fa(b,a;c,d)

(L1 (¢, aq/b,bg/a, c,d, cd/ab)s
= (a b> (—a,—b,—c/a,—c/b,—d/a, —d/b)s’ (3.14)

where

T T

Proof. Interchange a and b in (2.9) to obtain

= ¢ = — (¢, d)os = (—agq/d)y . n
Z e = e 2 et "
+ <1 + %) (1+a) 3 ((_Ci;g”’b’_;?b/)bjjl(—a)n. (3.15)

n

Subtract (3.15) from (3.10) to obtain

1 = (—q/a,cd/ab), B n_l . (—q/b,cd/ab), (—a)"
a = (—c/a,—d/a) n+1 b = (—c/b,—d/b)s1

s [ () S s ()]

Replacing a by ¢/b and b by ¢/a in (3.8) and using the resulting identity in (3.16),
we obtain (3.14) after some simplifications. This completes the proof. O
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4. ¢-GAMMA, ¢-BETA AND ETA FUNCTION IDENTITIES

In this section, we deduce some interesting g-gamma, g-beta and eta function
identities using symmetric forms of the reciprocity theorems.
Equation (3.1) can be written as

f: (31 =or- éfj () (ror = EHR=

Setting a = —¢® and b = —¢"™¥ in (4.1), we obtain

o0 o0

1=y ¥
—Ir— $TL —T X n Q7q 7q oo
@), " =y (d0), (¢ = % (4.2)
:0 (4%, 4" )0

n

Using (2.1) in (4.2), we obtain after some simplifications

FCI('T) _ (q$+y>00 - l—z—y nr Yy - 1—x TH+Yy\n
L,(1—y)Te(y)  (1—q)*(q)2 [Z (@), —a ;(q ) @) ] '

© [n=0

Similarly, setting a = —¢* and b = —¢** in (4.1) and then using (2.1) in the
resulting identity, we obtain after some simplifications

Ly(@)ly(3z) (=)™ | ¢ sy gne _ e -
T,(20)0,(1 — 2z) [Z (4 -7 (d ]

(@ | —

0
Setting @ = —¢® and b = —¢*™¥ in (4.1) and then using (2.1), we obtain after
some simplifications

Ly(a)l(1 = y)

e S =S ), |

n=0 n=0

Changing ¢ to ¢* and then setting @ = —q and b = ¢ in (4.1) and then using
(2.4), we obtain after some simplifications

(27 —124 2n1
i - /IQZ ”“HZ ]

Changing ¢ to ¢® and then setting @ = ¢ and b = —¢ in (4.1) and then using
(2.4), we obtain after some simplifications

n’(4r) ¢’

TS [Z( 1)™(¢: ¢*)nd" +Z ). 4q ]

n=0

Setting a = ¢'/? and b = ¢ and then changing ¢ to ¢? in (4.1) and then using
(2.4), we obtain after some simplifications

oo

D) _ e [22 ¢nad" =D (=1)"(—g; q2)nq2"“] :

n (2T n=0
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Changing ¢ to ¢® and then setting a = ¢ and b = —¢? in (4.1), we obtain after
some simplifications

=> (~¢:¢), ",

n=0
where
X(9) = (=4 ¢°)oos
which can be found in Ramanujan’s notebook [13, p.197].

Setting a = ¢'/3 and b = ¢** and then changing ¢ to ¢* in (4.1), we obtain
after some simplifications

[e.9] o0

D = |1 Pt = Y1) o™

Equation (3.8) can be written as

o _(=4/b)n —a n b~ (=g/a)n 0 (g,a9/bb/as )
—0 (—C/b)n+1( ) anzz(](—c/a)nH( b)" = (—a,—b,—c/a, _C/b)oo' (4.3)

Setting a = —¢*, b= —¢? and ¢ = q”y in (4.3), we obtain

n

00 — 1+z—y ,,y—x Tty
Z n:l:n_ yxz nyn_(q;q »q )y q )oo (44)

2
:0 n+1 n=0 qy n+1 (qr,qy>oo

3

Using (2.1) and (2.3) in (4.4), we obtain after some simplifications

Bg(l‘,y) = (1 _q)2EQ)OO(_qZ+y)OO [i (q y n xn_ y $i _ n yn]

(@'Y, ¢V ") o =0 (¢*)n +1 0 (¢¥)n+1

Similarly, setting a = —¢*, b = —¢¥, ¢ = ¢** in (4.3), using (2.1) and (2.3), we
obtain after some simplifications

(1= ) (g% ¢* Y, ¢" )
(Y, v, %) oo

- (qliy) y x - B n yn
: Lz;; (@7 )ny Z (4%) ]

n=0 n+1

BQ(za y) =

l—x

Setting a = —¢%, b = —¢'™®, ¢ = ¢** in (4.3) and then using (2.1), we obtain
after some simplifications

L2 (x)Tq(1 — 2)Ty(3z — 1)
[2(22)0,(1 — 27)

= q)2722 [Z (q?’iqj))ZH ¢ Z x+1 ”] '

n=0 n= 0 n
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Setting a = —¢%, b = —¢¥, ¢ = ¢**™ in (4.3) and then using (2.1), we obtain
after some simplifications

Ly(@)Ty(20)T(y) = “@ﬁi; o );‘Qifzy)“

S ey (e
X ! :
o (@) @
Setting a = —¢%, b = —¢**™, ¢ = ¢* in (4.3) and then using (2.1), we obtain

after some simplifications

Py(@)lg(2x) _ (1= )@, ¢" ¥)oo

Ly (32) (¢ 7Y, ¢")o0

(e g

2
n=0 n=0 (q x)n'H

Setting a = —¢%, b = —¢°™Y, ¢ = ¢** in (4.3) and then using (2.1), we obtain
after some simplifications

Ly(2) (@™ s
Ly(22)Lg(y)ly(1 —y) (9%
g g

Setting a = —¢*, b= —¢**, ¢ = ¢* in (4.3) and then using (2.1), we obtain after
some simplifications

FQ(x)FZ(2x> _ 2—3x - (ql 23: n wn T - - n 2mn
I'y(32)Ty(1 — ) =(1-9) LZO (¢*) n+1 1 Z q*) n+1 ] ‘

2zx—1

Setting a = —¢'™*, b= —¢*!, ¢ = ¢* in (4.3) and then using (2.1), we obtain
after some simplifications

L(-z) (-g¢"H1-g*™

Fq(3 — 3x) B (1 — g32)
" LZ:O (q)nﬂ (q ) 9 nZ:O (q3m—1)n+1 (q ) ]

Setting a = —¢%, b = —¢*™¥, ¢ = ¢"7* in (4.3) and then using (2.1), we obtain
after some simplifications

Ly(2)Tq(1 — y)Ty(1 — 2x) _ (1— Q)ler(Q)OO(qyix)oo
Iy(1—x) (qW 0"V )oo

y :c
n= q n+1 n=
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Changing ¢ to ¢® and then setting a = —¢q, b = ¢ = ¢* in (4.3) and then using
(2.4), we obtain after some simplifications

0 n2n

¢2(Q) =2 Z + qgn + Z 1 _ q2n+1 ’

n—=

where
o)=Y ¢” = (¢ ¢*) (0% ¢*) oo
T2 (—a2- 2
= (45 ¢*) oo (=% 4%
is one of the theta functions in Ramanujan’s notebook [13, p.197].

Changing ¢ to ¢ and then setting a = ¢, b = ¢ = —¢? in (4.3) and then using
(2.4), we obtain after some simplifications
n 2T 1 - —q, C]2 n 2n
( ) _ - Z ( ) q2 +1‘

P(Tn(A1) 252 (:¢})nn

Changing ¢ to ¢*> and then setting a = ¢, b = —q and ¢ = —¢* in (4.3) and then
using (2.4), we obtain after some simplifications

4 5/12 | o0
n4r) _q 44 n )n 7
() _ g[S (g a1 +Z |
n*(27) 2 | (=¢; ¢*)nt1 n:O ¢; n+1

Changing ¢ to ¢* and then setting a = ¢, b= —q and ¢ = ¢* in (4.3), we obtain
after some simplifications

?(Arn(r) ¢8| () (D", n
773(27—) - 2 [Z (q27 2 q +Z n+1 ]

n=0 q n+1 n= O

Changing ¢ to ¢* and then setting a = —¢*, b = ¢*> and ¢ = —¢* in (4.3) and
then using (2.4), we obtain after some simplifications

M _ q1/8(1 +9q) i (zq2§ q2)n—1q2n.

n(7) — (¢;0%)n+1

Equation (3.14) can be written as

(—q/b, cd/ab), o b=~ (—q/a,cd/ab), "
(—c/b, d/b)n+1 _EZ (—c/a, d/a)n+1(_b>

Mg

n=0 n=0

_ (¢, aq/b,b/a, c,d, cd/ab)s (4.5)

"~ (—a,—b,—c/a,—c/b,—d/a,—d/b)u '

Setting a = —¢**, b= —¢*, ¢ = ¢*® and d = ¢* in (4.5), we obtain
io: 1 2y’q:c+y n q2xn _ q2y—2x§: (ql_Qzan+y)n 2yn
— 31 2y qy il — (qx7q3y72x)n+l
1+22—-2y 2y—2z 3z 3y x4y
_ (a:q TG0 4 ) o (4.6)

(%%, q%,¢%, ¢V, > 29, ¢3~2%)
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Using (2.1) and (2.3) in (4.6), we obtain after some simplifications

By(w,y)B,(2x,2y) (1 — Q) (P72, Py2e | 2o )

B,(3z, 3y) T (g ey 2 gBetdy)
X - (q172ya q:r+y)n 2am . 2y 2x i 1 2:1:’ qury)n qun
e~ (@329, q¥) a1 g (q%, q3v=27) 44

Similarly, setting a = —¢%, b = —¢¥, ¢ = d = ¢*® in (4.5) and then using (2.1)
and (2.3), we obtain after some simplifications

(1 — ) (@™ (d* %, ¢°)5%
<q1—|-:1:—y7 qy—m’ q3z—y)oo<q23v)c2>o

— (@0 e e @
X g™ — ¢ " .
Lz:% (@ ¥)ha 2 (a*);

n=0 n+l

BQ(xa y) =

Setting a = —¢%, b= —¢"™¥™, ¢ =d = ¢"™ in (4.5) and then using (2.1) and
(2.3), we obtain after some simplifications

Bi(z,y)  (1—q)(¢* 2%

By(z,1=y)  (¢,¢" Vo

S (qyiqug)yil)n rn 1- (qlizvq?)yil)n 1—y+x\n
S oS O ]|

n=0 n=0 (qy ) n+1

Setting @ = —¢*, b = —¢*™®, ¢ = d = ¢"™ in (4.5) and then using (2.1), we
obtain after some simplifications

=(1—¢" )2 (1—¢)?

Fg(x)rq(l — )
B (z, y)l'q(22)Tg(1 — 22)Tg (1 4 2y)

G (qxv q1+2y)n n 1 2z - 737 1+2y 11—z
S a3 S .
n=0 n+l1 n=0

Setting a = —¢"', b = —¢**7!, ¢ = d = ¢*® in (4.5) and then using (2.1), we
obtain after some simplifications

Lz+1)  (-¢"HA-¢ 1 -q¢"")
[y(1 —2)Ty(22) (1-9)(9)

X[Z 3 x+) ) _qzz x+1 (q2w 1)]

n+1
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Setting a = —¢'™%*, b = —¢'™%, ¢ = d = ¢® in (4.5) and then using (2.1), we
obtain after some simplifications

L1 = 22)I2 (32 — )T (22 — 1)

=(1-9)’
[3(z)Tq (52 — 2)
= <qx,q5a:—2) 1 21: n T = 21} 53@ 2 1—x\n
[P ey 3 T ]|
n=0 n+l n=0 n

Setting a = —¢'/?, b = ¢'/?, ¢ = d = —q and then changing ¢ to ¢ in (4.5) and

then using (2.4), we obtain after some simplifications

Zig;l:; _ q:;/4 [Z (=g, — nqn+z "¢, —@* ¢*)n qn] '

—~ (¢4 )n+1 — —¢; 4% i1

Setting a = —¢'/?, b= ¢'/?, ¢ = d = ¢*/? and then changing ¢ to ¢? in (4.5) and
then using (2.4), we obtain after some simplifications

1 (1—g)? = (—q N @ (=1)"
o(q) 2 [Z(qq Q+Z QQ) q]'

n— n+1
Changing ¢ to ¢? and then setting a = —¢*, b = ¢*, ¢ =d = ¢® in (4.5) and then
using (2.4), we obtain after some simplifications

n+1

(' (1) 2°° % )n 1 (=)0 on
peny U Z ErD

n=

Changing ¢ to ¢* and then setting a = ¢, b = —¢?, ¢ = d = —¢* in (4.5) and
then using (2.4), we obtain after some simplifications

I/ O I ax (G I (G st ani
) (1+af 2, (¢ o

n?(T)n? (47 S q2)r

n=0

Changing ¢ to ¢ and then setting a = 1, b = ¢, ¢ = d = ¢* in (4.5) and then
using (2.4), we obtain after some simplifications

3/4

6 > o n

n°(r) g (=4 ¢%) n (="
= > +§

e Rl DY T L3 1—q2n+1 G Pt
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