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SLANT SUBMERSIONS FROM LORENTZIAN ALMOST
PARACONTACT MANIFOLDS

YILMAZ GÜNDÜZALP

Abstract. In this paper, we introduce slant submersions from Lorentzian
almost paracontact manifolds onto Riemannian manifolds. We give examples
and investigate the geometry of foliations which are arisen from the definition
of a Lorentzian submersion. We also find necessary and sufficient conditions
for a slant submersion to be totally geodesic.

1. Introduction

Let π be a C∞-submersion from a semi-Riemannian manifold(M, g) onto a semi-
Riemannian manifold (B, g′). Then according to the conditions on the map
π : (M, g)→ (B, g′) we have the following submersions:
semi-Riemannian submersion and Lorentzian submersion [7], Riemannian sub-
mersion ([8],[18]), slant submersion ([9],[19],[22]), almost Hermitian submersion
[24],almost contact submersion[6], paracontact submersion [10], paracontact para-
complex submersion [11], (para) quaternionic submersion ([15],[5]), anti-invariant
submersion [23], H-semi-invariant submersion [20], etc. As we know, Riemannian
submersions are related with physics and have their applications in the Yang-Mills
theory ([4],[25]), Kaluza-Klein theory ([3],[12]), supergravity and superstring the-
ories ([13],[14]), etc. On the other hand, the study of Lorentzian almost paracon-
tact manifolds was initiated by Matsumoto in 1989 [16]. Slant submanifolds of
Lorentzian almost paracontact manifolds were studied in [17].

In this paper, we define slant submersions of Lorentzian almost paracontact
manifolds. The paper is organized as follows: In section 2 we recall some notions
needed for this paper. In section 3 we give the definition of slant submersions
and provide examples. We also investigate the geometry of leaves of the distri-
butions. Finally we give necessary and sufficient conditions for such submersions
to be totally geodesic.
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2. Preliminaries

In this section, we are going to recall main definitions and properties of Lorentzian
almost paracontact manifolds and Lorentzian submersions.

Let M be an m−dimensional differentiable manifold equipped with a triple
(ϕ, ξ, η), where ϕ is a (1,1) tensor field, ξ a vector field, η is a 1-form on M such
that

η(ξ) = −1, (2.1)

ϕ2 = I + η ⊗ ξ, (2.2)

where I denotes the identity map of TpM and ⊗ is the tensor product. The
equations (2.1) and (2.2) imply that

η ◦ ϕ = 0, ϕξ = 0, rank(ϕ) = m− 1. (2.3)

Then M admits a Lorentzian metric g, such that, for all X, Y ∈ χ(M),

g(ϕX,ϕY ) = g(X, Y ) + η(X)η(Y ), (2.4)

and M is said to admit a Lorentzian almost paracontact structure (ϕ, ξ, η, g).
Then we get

g(X, ξ) = η(X), (2.5)

Φ(X, Y ) = g(X,ϕY ) = g(ϕX, Y ) = Φ(Y,X), (2.6)

where∇ is the Riemannian connection with respect to g. It is clear that Lorentzian
metric g makes ξ a timelike unit vector field, i.e, g(ξ, ξ) = −1. The manifold M
equipped with a Lorentzian almost paracontact structure (ϕ, ξ, η, g) is called a
Lorentzian almost paracontact manifold.
A Lorentzian almost paracontact manifold endowed with the structure (ϕ, ξ, η, g)
is called a Lorentzian paraSasakian manifold [16] if

(∇Xϕ)Y = η(Y )X + g(X, Y )ξ + 2η(X)η(Y )ξ. (2.7)

A Lorentzian almost paracontact manifold is called a Lorentzian paracosymplectic
manifold [21] if

∇ϕ = 0. (2.8)

Let M be a Lorentzian manifold and B a Riemannian manifold. A Lorentzian
submersion is defined to be a map π : M → B which is onto and satisfies the
following three axioms (S1), (S2), and (S3).
(S1) π∗p is onto for all p ∈M ;
(S2) The fibres π−1(b) are semi-Riemannian submanifolds of M for each b ∈ B.
(S3) π∗ preserves scalar products of horizontal vectors([1]).

The vectors tangent to fibres are called vertical and those normal to fibres are
called horizontal. We denote by V the vertical distribution, by H the horizontal
distribution and by v and h the vertical and horizontal projection. A horizontal
vector field X on M is said to be basic if X is π−related to a vector field X ′ on
B. It is clear that every vector field X ′ on B has a unique horizontal lift X to M
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and X is basic.
The fundamental equations of a submersion have been developed by O’Neill[18].
Though O’Neill is considering Rimannian submersions, he notes that the basic
equations are the same in the semi-Riemannian case.

We recall that the sections of V , respectively H, are called the vertical vector
fields, respectively horizontal vector fields. A Lorentzian submersion π : M → B
determines two (1, 2) tensor fields T and A on M, by the formulas:

T (E,F ) = TEF = h∇vEvF + v∇vEhF (2.9)

and
A(E,F ) = AEF = v∇hEhF + h∇hEvF (2.10)

for any E,F ∈ Γ(TM), where v and h are the vertical and horizontal projections
([7]). From (2.9) and (2.10), one can obtain

∇UX = TUX + h(∇UX); (2.11)

∇XU = v(∇XU) + AXU ; (2.12)

∇XY = AXY + h(∇XY ), (2.13)

for any X, Y ∈ Γ(H), U ∈ Γ(V). Moreover, if X is basic then h(∇UX) =
h(∇XU) = AXU.

We note that for U, V ∈ Γ(V), TUV coincides with the second fundamental
form of the immersion of the fibre submanifolds and for X, Y ∈ Γ(H), AXY =
1
2
v[X, Y ] reflecting the complete integrability of the horizontal distribution H. It

is known that A is alternating on the horizontal distribution: AXY = −AYX, for
X, Y ∈ Γ(H) and T is symmetric on the vertical distribution: TUV = TVU, for
U, V ∈ Γ(V).

We now recall the following result which will be useful for later.

Lemma 2.1. (see [7]). If π : M → B is a Lorentzian submersion and X, Y basic
vector fields on M, π−related to X ′ and Y ′ on B, then we have the following
properties

(1) h[X, Y ] is a basic vector field and π∗h[X, Y ] = [X ′, Y ′] ◦ π;
(2) h(∇XY ) is a basic vector field π−related to (∇′X′Y ′), where ∇ and ∇′ are

the Levi-Civita connection on M and B;
(3) [E,U ] ∈ Γ(kerπ∗), for any U ∈ Γ(kerπ∗) and for any basic vector field E.

Let (M, g) and (N, g′) be (semi)-Riemannian manifolds and π : M → N is a
smooth map. Then the second fundamental form of π is given by

(∇π∗)(X, Y ) = ∇π
Xπ∗Y − π∗(∇XY ) (2.14)

for X, Y ∈ Γ(TM), where we denote conveniently by ∇ the Levi-Civita connec-
tions of the metrics g and g′. Recall that π is said to be harmonic if trace(∇π∗) = 0
and π is called a totally geodesic map if (∇π∗)(X, Y ) = 0 for X, Y ∈ Γ(TM)[2].
It is known that the second fundamental form is symmetric.
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3. Slant Submersions

In this section, we define slant submersions from a Lorentzian almost para-
contact manifold onto a Riemannian manifold by using the definition of a slant
distribution given in [17]. We give examples, investigate the geometry of leaves
of distributions. We also obtain a necessary and sufficient condition for such sub-
mersions to be totally geodesic map.

Definition 3.1. Let π be a Lorentzian submersion from a Lorentzian almost
paracontact manifold (M1, g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2). If for
any non-zero vector X ∈ kerπ∗ − sp{ξp}; p ∈ M1, the angle θ(X) between ϕX
and the space (kerπ∗ − sp{ξp}) is a constant, i.e. it is independent of the choice
of the point p ∈M1 and choice of the tangent vector X in (kerπ∗− sp{ξp}), then
we say that π is a slant submersion. In this case, the angle θ is called the slant
angle of the slant submersion.

It is known that the distribution (kerπ∗) is integrable for a Lorentzian submer-
sion. In fact, its leaves are π−1(p), p ∈M1, i.e., fibers. Thus it follows from above
definition that the fibers of a slant submersion are slant submanifolds of M1, for
slant submanifolds, (see: [17]).

We note that the characteristic vector field ξ is a vertical vector field.

The Lorentzian almost paracontact structure (ϕ, g, ξ, η) is defined on R5 in the
following way:

ϕ(
∂

∂x1
) =

∂

∂x2
, ϕ(

∂

∂x2
) =

∂

∂x1
, ϕ(

∂

∂y1
) =

∂

∂y2
, ϕ(

∂

∂y2
) =

∂

∂y1
,

ϕ(ξ) = 0, ξ = − ∂

∂z
, η = dz.

If Z = ai(
∂
∂xi

) + bi(
∂
∂yi

) + v( ∂
∂z

) ∈ T (R5), then we have

g(Z,Z) =
2∑
i=1

a2i +
2∑
i=1

b2i − v2.

From this definition, it follows that

g(ϕZ, ϕZ) = g(Z,Z) + η2(Z), ϕξ = 0, η(ξ) = −1

for an arbitrary vector field Z. Thus (R5, ϕ, g, ξ, η) becomes a Lorentzian almost
paracontact manifold, where g and { ∂

∂xi
, ∂
∂yi
, ∂
∂z
} denote Lorentzian metric and

standard basis of T (R5), respectively.

We first give some examples of slant submersions.

Example 3.2. Every anti-invariant Lorentzian submersion from a Lorentzian
almost paracontact manifold onto a Riemannian manifold is a slant submersion
with θ = 90.
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Example 3.3. Consider the following submersion given by

π : R5 → R2

(x1, x2, y1, y2, z) → (
x1 − y1√

2
, y2).

Then π is a slant submersion with slant angle θ = 45.

Example 3.4. Define a map π : R5 → R2 by

π(x1, x2, y1, y2, z) = (x1 sinα− y1 cosα, y2),

where 0 < α < 90. Then the map π is a slant submersion with the slant angle
θ = α.

Example 3.5. Define a map π : R5 → R2 by

π(x1, x2, y1, y2, z) = (x1 cosα− y1 sinα, x2 sin β − y2 cos β).

Then the map π is a slant submersion with the slant angle θ with
cos θ = | sin(α + β)|.

Example 3.6. Define a map π : R5 → R2 by

π(x1, x2, y1, y2, z) = (x1 cosα + y1 sinα,−x2 cosα + y2 sinα),

where 0 < α < 90. Then the map π is a slant submersion with the slant angle
cos θ = | cos 2α|

Let π be a Lorentzian submersion from a Lorentzian almost paracontact man-
ifold M1 with the structure (g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2).
Then for X ∈ Γ(kerπ∗), we write

ϕX = φX + ωX, (3.1)

where φX and ωX are vertical and horizontal parts of ϕX. From (2.6) and (3.1),
one can easily see that

g1(X,φY ) = g1(φX, Y ), (3.2)

for any X, Y ∈ Γ(kerπ∗).

Also for Z ∈ Γ((kerπ∗)
⊥), we have

ϕZ = BZ + CZ, (3.3)

where BZ and CZ are vertical and horizontal component of ϕZ. From (2.6) and
(3.3), one can easily see that

g1(Z1, CZ2) = g1(CZ1, Z2), (3.4)

for any Z1, Z2 ∈ Γ((kerπ∗)
⊥).

Span{ξ} defines the timelike unit vector field distribution. If X ∈ kerπ∗ is a
spacelike vector field, which is orthogonal to ξ, then

g(ϕX,ϕX) = g(X,X) ≥ 0,
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so ϕX is also spacelike, the same is valid for φX. For spacelike vector fields
the Cauchy-Schawrz inequality, g(X, Y ) ≤ |X||Y |, is verified. Therefore the
Wirtinger angle, θ, is given by:

g(ϕX, φX)

|ϕX||φX|
= cos θ.

We define the covariant derivatives of φ and ω as follows

(∇Xφ)Y = ∇̂XφY − φ∇̂XY (3.5)

and

(∇Xω)Y = h∇XωY − ω∇̂XY (3.6)

for X, Y ∈ Γ(kerπ∗), where ∇̂XY = v∇XY. Then we easily have

Lemma 3.7. Let (M1, g1, ϕ, ξ, η) be a lorentzian almost paracontact manifold and
(M2, g2) a Riemannian manifold. Let π : M1 →M2 be a slant submersion. Then
we get

∇̂XφY + TXωY = φ∇̂XY +BTXY

TXφY + h∇XωY = ω∇̂XY + CTXY

for any X, Y ∈ Γ(kerπ∗).

Let π be a slant submersion from a Lorentzian almost paracontact manifold
(M1, g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2) with the slant angle θ ∈
(0, 90), then we say that ω is parallel with respect to the Levi-Civita connection
∇ on (kerπ∗) if its covariant derivative with respect to ∇ vanishes, i.e., we have

(∇Xω)Y = h∇XωY − ω∇̂XY = 0 (3.7)

for X, Y ∈ Γ(kerπ∗).

Invariant and anti-invariant submanifolds are particular classes of slant sub-
manifolds with slant angles θ = 0 and θ = 90, respectively. A slant submanifold
which is neither invariant nor anti-invariant submanifold is called a proper slant
submanifold([17]).

Theorem 3.8. Let π be a Lorentzian submersion from a Lorentzian almost para-
contact manifold (M1, g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2). Then π
is a proper slant submersion if and only if there exists a constant λ ∈ [0, 1] such
that

φ2X = λ(X + η(X)ξ)

for X ∈ Γ(kerπ∗). If π is a proper slant submersion, then λ = cos2 θ.

Proof. For any nonzero X ∈ Γ(kerπ∗), we can write

cos θ(X) =
‖φX‖
‖ϕX‖

, (3.8)

where θ(X) is the slant angle. By using (3.2), (3.8) and (2.2) we get
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g1(φ
2X,X) = g1(φX, φX)

= cos2 θ(X)g1(ϕX,ϕX)

= cos2 θ(X)g1(ϕ
2X,X)

= cos2 θ(X)g1(X + η(X)ξ,X) (3.9)

for all X ∈ Γ(kerπ∗). Since g1 is a Lorentzian metric, from (3.9) we have

φ2X = cos2 θ(X)(X + η(X)ξ), X ∈ Γ(kerπ∗). (3.10)

Let λ = cos2 θ. Then it is obvious that λ ∈ [0, 1] and φ2 = λ(I + η ⊗ ξ).

Conversely, let us assume that there exist a constant λ ∈ [0, 1] such that
φ2 = λ(I + η ⊗ ξ) is satisfied. From (3.1) and (3.2) we get

cos θ(X) =
g1(ϕX, φX)

‖ϕX‖‖φX‖

=
λg1(ϕX,ϕX)

‖ϕX‖‖φX‖
,

for all X ∈ Γ(kerπ∗). Thus we have

cosθ(X) =
λ‖ϕX‖
‖φX‖

.

Since cosθ(X) = ‖φX‖
‖ϕX‖ , then by using the last equation we obtain cos2θ(X) = λ,

which implies that θ(X) is a constant and π is a proper slant submersion. �

From Theorem 3.8, (3.1) and (2.4) we have the following result.

Corollary 3.9. Let π be a slant submersion from a Lorentzian almost paracontact
manifold (M1, g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2) with slant angle
θ ∈ (0, 90). Then, for any X, Y ∈ Γ(kerπ∗), we have

g1(φX, φY ) = cos2 θ(g1(X, Y ) + η(X)η(Y )) (3.11)

g1(ωX, ωY ) = sin2 θ(g1(X, Y ) + η(X)η(Y )). (3.12)

From (2.2), (3.1) and (3.3) we have the following result.

Corollary 3.10. Let π be a slant submersion from a Lorentzian almost para-
contact manifold (M1, g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2) with slant
angle θ ∈ (0, 90). Then, we have

φ2 +Bω = I + η ⊗ ξ (3.13)

ωφ+ Cω = 0. (3.14)

Proposition 3.11. Let π be a slant submersion from a Lorentzian almost para-
contact manifold onto a Riemannian manifold with the slant angle θ ∈ (0, 90). If
ω is parallel with respect to ∇ on (kerπ∗), then we have

TφXφX = cos2 θ(TXX + η(X)TXξ) (3.15)
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for X ∈ (kerπ∗).

Proof. If ω is parallel, then from Lemma 3.7 we have CTXY = TXφY for X, Y ∈
(kerπ∗). Interchanging the role of X and Y, we get CTYX = TY φX. Thus we
have

CTXY − CTYX = TXφY − TY φX
Since T is symmetric, we derive TXφY = TY φX. Then substituting Y by φX we
get TXφ

2X = TφXφX. Finally using Theorem 3.8 we obtain (3.15).

We now investigate the geometry of the leaves of the distributions (kerπ∗) and
(kerπ∗)

⊥. �

Theorem 3.12. Let π be a slant submersion from a Lorentzian almost para-
contact manifold (M1, g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2) with slant
angle θ ∈ (0, 90). Then the distribution (kerπ∗) defines a totally geodesic foliation
on M1 if and only if

−η(Y )g1(TXξ, Z) = g1(h∇XωφY, Z) + g1(h∇XωY,CZ) + g1(TXωY,BZ)

for X, Y ∈ Γ(kerπ∗) and Z ∈ Γ((kerπ∗)
⊥).

Proof. For X, Y ∈ Γ(kerπ∗) and Z ∈ Γ((kerπ∗)
⊥), from (2.4), (2.8) and (3.1) we

have

g1(∇XY, Z) = g1(∇XφY, ϕZ) + g1(∇XωY, ϕZ).

Using (2.8), (3.1) and (3.3) we get

g1(∇XY, Z) = g1(∇Xφ
2Y, Z) + g1(∇XωφY, Z)

+ g1(∇XωY,BZ) + g1(∇XωY,CZ).

Then from (2.9) and Theorem 3.8 we obtain

g1(∇XY, Z) = cos2 θg1(∇XY, Z) + η(Y )g1(TXξ, Z) + g1(h∇XωφY, Z)

+ g1(TXωY,BZ) + g1(h∇XωY,CZ).

Hence we have

sin2 θg1(∇XY, Z) = η(Y )g1(TXξ, Z) + g1(h∇XωφY, Z)

+ g1(TXωY,BZ) + g1(h∇XωY,CZ)

which proves assertion. �

Theorem 3.13. Let π be a slant submersion from a Lorentzian almost para-
contact manifold (M1, g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2) with slant
angle θ ∈ (0, 90). Then the distribution (kerπ∗)

⊥ defines a totally geodesic folia-
tion on M1 if and only if

φ(v∇XBY + AXCY ) +B(AXBY + h∇XCY ) = 0

for X, Y ∈ Γ((kerπ∗)
⊥).
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Proof. For X, Y ∈ Γ((kerπ∗)
⊥), from (2.2), (2.8),(2.12),(2.13),(3.1) and (3.3) we

get

∇XY = ϕ∇XϕY = ϕ(∇XBY +∇XCY )

= ϕ(AXBY + v∇XBY + AXCY + h∇XCY )

= BAXBY + CAXBY + φv∇XBY + ωv∇XBY + φAXCY + ωAXCY

+ Bh∇XCY + Ch∇XCY,

which proves the assertion. �

Finally we give necessary and sufficient conditions for a slant submersion with
slant angle θ ∈ (0, 90) to be totally geodesic. Recall that a differentiable map π
between (semi-) Riemannian manifolds (M1, g1) and (M2, g2) is called a totally
geodesic map if (∇π∗)(X, Y ) = 0 for all X, Y ∈ Γ(TM1).

Theorem 3.14. Let π be a slant submersion from a Lorentzian almost para-
contact manifold (M1, g1, ϕ, ξ, η) onto a Riemannian manifold (M2, g2) with slant
angle θ ∈ (0, 90). Then π is totally geodesic if and only if

− cos2 θη(Y )g1(TXξ, Z) = g1(h∇XωφY, Z) + g1(h∇XωY,CZ) + g1(TXωY,CZ)

and

g1(h∇Z1ωφX,Z2) = g1(AZ1BZ2 + h∇Z1CZ2, ωX)− cos2 θη(X)g1(AZ1ξ, Z2)

for Z,Z1, Z2 ∈ Γ((kerπ∗)
⊥) and X, Y ∈ Γ(kerπ∗).

Proof. First of all, since π is a Lorentzian submersion we have

(∇π∗)(Z1, Z2) = 0

for Z1, Z2 ∈ Γ((kerπ∗)
⊥).

For X, Y ∈ Γ(kerπ∗) and Z,Z1, Z2 ∈ Γ((kerπ∗)
⊥), from (2.4),(2.8),(3.1) and

(2.14) we have

g2((∇π∗)(X, Y ), π∗Z) = −g1(∇XϕφY, Z)− g1(∇XωY, ϕZ).

Using (3.1) and (3.3) we get

g2((∇π∗)(X, Y ), π∗Z) = −g1(∇Xφ
2Y, Z)− g1(∇XωφY, Z)

− g1(∇XωY,BZ)− g1(∇XωY,CZ).

Then Theorem 3.8 and (2.9) imply that

g2((∇π∗)(X, Y ), π∗Z) = − cos2 θg1(∇XY, Z)− cos2 θη(Y )g1(TXξ, Z)− g1(h∇XωφY, Z)

− g1(TXωY,BZ)− g1(h∇XωY,CZ).

Hence we obtain

sin2 θg2((∇π∗)(X, Y ), π∗Z) = − cos2 θη(Y )g1(TXξ, Z)− g1(h∇XωφY, Z)

− g1(TXωY,BZ)− g1(h∇XωY,CZ). (3.16)

Similarly, we get

sin2 θg2((∇π∗)(X,Z1), π∗Z2) = g1(AZ1BZ2 + h∇Z1CZ2, ωX)− cos2 θη(X)g1(AZ1ξ, Z2)

− g1(h∇Z1ωφX,Z2). (3.17)
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Then the proof follows from (3.16) and (3.17). �
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10. Y. Gündüzalp and B. S. ahin, Paracontact semi-Riemannian submersions, Turkish Journal

of Mathematics 37(1)(2013), 114-128.
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