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THE STRONGLY HOPFIAN ABELIAN GROUPS

S. ABDELALIM2, A. CHILLALI1∗ AND H. ESSANOUNI3

Abstract. Let A be an abelian group, A is said strongly hopfian if for all
f ∈ End(A) we have the chain Ker(f) ⊆ Ker(f2) ⊆ Ker(f3) ⊆ Ker(f4) ⊆
· · · is stationary. In this paper, we characterize strongly hopfian abelian group
in the class of torsion abelian group. After we show that the p-component of
strongly hopfian abelian group is strongly hopfian. But for the torsion part, we
construct strongly hopfian abelian group whose the torsion part is not strongly
hopfian.

1. Introduction

Let A be an abelian group. A is said strongly hopfian, if A satisfies the follow-
ing property:

(i) ∀f ∈ End(A), ∃n ∈ N∗ such that Ker(fn) ∩ f(A) = {0}.
(ii) For all f ∈ End(A), the chain Ker(f) ⊆ Ker(f 2) ⊆ Ker(f 3) ⊆ · · · is
stationary.
(iii) ∀f ∈ End(A) ∃n ∈ N∗ such that Ker(fn) = Ker(fn+1).

In [3] A. Hmaimou, A. Kaidi, E. Sanchez study the strongly Hopfian ( respec-
tively strongly co-hopfian ) modules in Certain Class of modules, and the authors
showed the equivalence between strongly hopfian and hopfian for a module in a
semi-simple ring. So the question is what are the properties of strongly hopfian
abelian groups ?
In this paper we will Characterize the strongly hopfian abelian groups in class of
torsion abelian groups and we will show that the p-component of strongly hopfian
abelian groups is also strongly hopfian but for the torsion portion we construct
strongly hopfian abelian group whose the torsion portion is not strongly hopfian.
For any abelian group we have:

Noetherian =⇒ strongly hopfian [3] =⇒ hopfian [4] =⇒ Generalize hopfian [2],

but the reverse implications are not always correct.

2. Strongly Hopfian Abelian Groups in the Category of Torsion
Abelian Groups

In this section, we will determine the structure of strongly hopfian torsion abelian
groups.
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Theorem 2.1. Let A a torsion group then the following properties are equivalents:
1- A is strongly hopfian.
2- There exists n0 ∈ N∗ such that for all prime number p, we have pnAp = 0 and

| Ap |≤ pnn with Ap is the p-component of A.

Proof. (i) =⇒ (ii) Let α ∈ End(A) defined by :

α : A = ⊕pAp −→ A∑
p
xp 7−→

∑
p
pxp

According on the assumption, ∃n1 ∈ N∗ such that Ker(αn1) = Ker(αn) for all n > n1.
Show that pn1Ap = 0. (a) Let x ∈ Ap, we pose o(x) = pn0 .Suppose that n0 > n1.
It is clearly that Ker(αn1) = Ker(αn0). We can write αn0(x) = pn0x = 0, then
x ∈ Ker(αn1) = Ker(αn0), ie, pn1x = αn1(x) = 0. So, pn1Ap = 0. By (17.2 page 88
[1]) Ap is direct sums of cyclic groups. Suppose that Ap = ⊕i∈Ip < xp,i > and show
that | Ip |< ∞, suppose the contrary, then Ap = ⊕i∈N∗ < xp,k > ⊕i∈I′p

< xp,i > who

o(xp,k) ≤ o(xp,k+1). By (27.5 page 118 [1]), we have A = Ap ⊕ A
′
. Let f ∈ End(A)

defined by:

f : A −→ A
n0∑
k=1

mkxp,k +
n
′∑

k=1

dkxp,ik + a
′ 7−→

n0−1∑
k=1

mk+1xp,k +
n
′∑

k=1

dkxp,ik + a
′

It’s clearly that Ker(f) =< xp,1 >, Ker(f2) =< xp,1 > ⊕ < xp,2 >,...,
Ker(fn) =< xp,1 > ⊕ < xp,2 > ⊕...⊕ < xp,n >, therefore the sequence Ker(fn) isn’t
stationary which is absurd, then Ip is finite. We pose Ap = ⊕np

k=1 < xp,k >.
We will show that the set {np/ p is prime number } is bounded. We pose αp the
endomorphism of Ap defined by:

αp : Ap −→ Ap
np∑
k=1

mkxp,k 7−→
np−1∑
k=1

mk+1xp,k

Since, A = ⊕pAp. We pose α = ⊕pαp, we can write: Ker(αn) = ⊕pKer(αn
p ) (1).

According on the assumption, ∃n′ ∈ N∗ such that Ker(αn
′
) = Ker(αn

′
+1) (2). Sup-

pose there exists a prime number p such np > n
′
, by (1) and (2) we have Ker(αn

′

p ) =

Ker(αn
′
+1

p ). It clearly that Ker(αn
′

p ) = ⊕n
′

k=1 < xp,k > and Ker(αn
′
+1

p ) = ⊕n
′
+1

k=1 <

xp,k > then Ker(αn
′

p ) 6= Ker(αn
′
+1

p ). We pose m0 = sup {np/ p prime number

} and n∗ = n1 + m0. By (a) we have pn
∗
Ap = 0 for all p prime number. Then

Ap = ⊕np

k=1 < xp, k >. Since O(xp,k) < pn
∗

and np ≤ n∗ then | Ap |≤ n∗pn
∗
.

(ii) =⇒ (i) By (ii), there exists n0 ∈ N∗ such that | Ap |< pn0 for all p prime num-
ber. We consider the restriction αp of α on Ap. It clearly that Ker(αn) = ⊕pKer(α

n
p ).

Now to show that: Ker(α2n0) = Ker(α2n0+1).
Assume the contrary, thenKer(αp) ⊂ Ker(α2

p) ⊂ Ker(α3
p)... ⊂ Ker(α2n0

p ) ⊂ Ker(α2n0+1
p )

we have: Ker(αk
p) ⊂ Ker(αk+1

p ) then the quotient group Ker(αk+1
p )/Ker(αk

p) is not

reduced to zero. Then | Ker(αk+1
p ) | ≥ p | Ker(αp) |. So, p2n0+1 ≤| Ker(α2n0+1

p ) |≤|
Ap |≤ pn0n0 ≤ p2n0 which is absurd. Finally, Ker(α2n0

p ) = Ker(α2n0+1
p ). �

Corollary 2.2. Any subgroup of strongly hopfian torsion abelian group is strongly
hopfian.
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Proposition 2.3. A direct factor of strongly hopfian abelian group is strongly hopfian.

Proof. Let B direct factor of strongly hopfian abelian group of A. We pose A = B⊕C
and α1 = α + idC where α ∈ End(B). It is clearly to see that α1 ∈ End(A) and
Ker(αn

1 ) = Ker(αn). According on the assumption ∃n ∈ N such that Ker(αn
1 ) =

Ker(αn+1
1 ) then Ker(αn) = Ker(αn+1). �

Proposition 2.4. The direct sum of two strongly hopfian torsion abelian groups is
strongly hopfian.

Proof. Let A and B two strongly hopfian torsion abelian groups then ∃n0, n1 ∈ N∗ such
that | Ap |< n0p

n0 , | Bp |< n1p
n1 (1) and T = A ⊕ B then Tp = Ap ⊕ Bp.We pose

n2 = n0 + n1, by (1) | Tp |=| Ap | × | Bp |< n0 × n1pn0+n1 < n2p
n2 and pn2Tp = 0

hence T is strongly hopfian. �

Proposition 2.5. Let A and B two strongly hopfian abelian groups with Hom(A,B) =
0 then A⊕B is strongly hopfian.

Proof. Let f ∈ End(A⊕B), p1 the projection from A⊕B to A and p2 the projection
from A⊕B to B, we consider f1 the restriction of f on A and f2 the restriction of p2f
on B then ∃n0 ∈ N∗ such that Ker(fn0

1 ) = Ker(fn0+1
1 ) and Ker(fn0

2 ) = Ker(fn0+1
2 )

(a)and since Hom(A,B) = 0 then fn2 = p2f
n/B (1). For to finish the proof, we

show that Ker(f2n0) = Ker(f4n0). Let x ∈ Ker(f4n0) then x = x1 + x2 with x1 ∈ A
and x2 ∈ B, then p2f

4n0(x2) = (p2f)4n0(x2) = (p2f)n0(x2) = p2f
n0(x2) which is

implies fn0(x2) ∈ A. And since fn0(x1) ∈ A because we have Hom(A,B) = 0 then

fn0(x1+x2) ∈ A. We note that X = fn0(x1+x2)(2), it is clearly to see that f3n0
1 (X) =

f4n0(x1 + x2) = f4n0(x) = 0 then by (a) we have X ∈ Ker(f3n0
1 ) = Ker(f3n0

1 ) and
since X = fn0(x) then f2n0(x) = fn0

1 (X) therefore x ∈ Ker(f2n0). �

Corollary 2.6. If A and B are two strongly hopfian abelian groups such that Hom(A,B) =
Hom(B,A) = 0 then A⊕B is strongly hopfian.

Proposition 2.7. Let A a strongly hopfian abelian group and p is a prime number then
the p-component of A is strongly hopfian.

Proof. We pose f = pid then fn = pnid. It is clearly to see that: Ker(fn) = A[pn].
According on the assumption ∃n0 ∈ N∗ such that Ker(fn0) = Ker(fn) for all n > n0.
Then A[pn] = A[pn0 ] ∀n > n0. We can deduce that A[pn0 ] where Ap is the p-component
of A which is bounded. By (27.4 page 118 [1]), Ap is a direct factor of A then Ap is
strongly hopfian. It follows from theorem 2.1 that p-component of A is finite. �

Remark 2.8. The p-component of a strongly hopfian abelian group is strongly hopfian.

3. Construction of a strongly hopfian abelian group whose the torsion
part is not strongly hopfian

In the previous section we saw that the p-component of a strongly hopfian abelian
group is strongly hopfian, so it is natural to ask the same question for the torsion part.
In this sense we will build a strongly abelian group whose the torsion portion is not
strongly hopfian.
Let G a group of products cyclic groups: G =

∏
k∈N < xk > where o(xk) = pkk, o(x0) =

p0 and P = {pk/k ∈ N} the set of all distinct primes. Considering the projection ϕk of∏
n≥0 < xn > on < xk >. For m ≥ 1, we define the element bm ∈

∏
n≥0 < xn > by:
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ϕn(bm) =

{
0 if m > n
ym,n if m ≤ n

and that the sequence (ym,n)m≤n satisfies the following condition: y0,n = xn ∀n ∈ N,
p0y1,n = y0,n ∀n ∈ N∗ and (p0...pm−1)

mym,n = ym−1,n for all n ≥ m (1) we have:

(p0...pk)k+1bk+1 = bk − yk,k (2)

then (p0...pk)k+1(p0...pk−1)
kbk+1 = bk−1 − yk−1,k−1 − yk−1,k

and then (p0...pk)k+1(p0...pk−1)
k...(p1p2)

2p0bk+1 = b0 − x0 − x1 − ...− xk
which is implies that: p

(k+2)(k+1)
2

0 p
(k+2)(k+1)

2
−1

1 ...p
(k+2)(k+1)

2
− (i+1)(i)

2
i ...p

(k+2)(k+1)
2

− (k+1)(k)
2

k bk+1 =
b0−x0−x1−...−xk (3). Let A the subgroup of

∏
k∈N < xk > generated by {xk/k ∈ N}

∪ {bn/n ∈ N} (D1). Show that A is Strongly hopfian. Let f ∈ End(A), we can write

f(b0) =
n0∑
k=0

mkxk + nkbk and we pose that:

Mk+1 = p
(k+2)(k+1)

2
0 p

(k+2)(k+1)
2

−1
1 ...p

(k+2)(k+1)
2

− (i+1)(i)
2

i ...p
(k+2)(k+1)

2
− (k+1)(k)

2
k , ∀k ∈ N∗(4).

By (3) we have f(Mb0) = (
n0∑
k=0

m
′
kxk)+Nb0 then f(p0p1p

2
2...p

n0
n0
Mb0) = p0p1p

2
2...p

n0
n0
Nb0.

If we pose M
′

= p0p1p
2
2...p

n0
n0
M and N

′
= p0p1p

2
2...p

n0
n0
N , it’s clear that f(M

′
b0) = N

′
b0

(5) and by (3) x0 + x1 + ... + xk + Mk+1bk+1 = b0. And thanks to (4) we deduct pkk
divides Mk+1, so we can write Mk+1 = pkkM

′
k+1 and by (3), (4), (5) and (6) we

have: f(M
′
b0) = f(M

′
(x0 + x1 + ... + xk + Mk+1bk+1)) = f(M

′
(x0 + x1 + ... + xk +

pkkM
′
k+1bk+1)) = f(M

′
x0 + M

′
x1 + ... + M

′
xk + pkkM

′
M
′
k+1bk+1) Then ϕkf(M

′
b0) =

ϕk(f(M
′
x0 + M

′
x1 + ... + M

′
xk)) + pkkϕkf(M

′
M
′
k+1b0) = f(M

′
xk) = N

′
xk ∀k ∈ N∗

(D2). We denote T the part of the torsion of G, show that T = ⊕n≥0 < xn >. Let

X ∈ T then ∃M ∈ N∗ such that MX = 0, then there exists k
′′ ∈ N∗ such that pk does

not divide M for all k > k
′′
(7). We Pose ϕ(X) = Xk then MXk = ϕ(MX) = 0 and

by (7) Xk = 0, therefore X ∈ ⊕n≥0 < xn >. We denote TA the part of the torsion of
A, clearly ⊕n≥0 < xn >⊂ TA ⊂ T ⊂ ⊕n≥0 < xn > thus TA = ⊕k≥0 < xk > (F0).

Show that Ker(f) ⊂ ⊕k≥0 < xk > . Let X ∈ Ker(f) then ∃M,N
′′ ∈ N∗ such that

MX = N
′′
b0. Suppose that N

′′
b0 6= 0 then ∃k∗ ∈ N such that pk is prime with (M ,

N
′′
, M

′
and N

′
) ∀k > k∗ (8) and thanks to bf (3) and (4), we have:

N
′′
b0 = N

′′
x0 + N

′′
x1 + ... + N

′′
xk + N

′′
Mk+1bk+1 = M

′
N
′′
x0 + M

′
N
′′
x1 + ... +

M
′
N
′′
xk +M

′
N ′′Mk+1bk+1 = M

′
N
′′
x0 +M

′
N
′′
x1 + ...+M

′
N
′′
xk +M

′
N ′′pkkM

′
k+1bk+1

So, 0 = ϕkf(MX) = ϕkf(M
′
N
′′
b0) = f(M

′
N
′′
xk) = N

′′
N
′
xk then pk divided N

′′
N
′

this is contradictory with (8) then N
′′
b0 = 0. So, Ker(f) ⊂ ⊕k≥0 < xk > . By (D2)

f(M
′
xk) = N

′
xk, ∀k ∈ N∗, then ∃k0 ∈ N∗ such that pk is primer with ( M

′
and N

′
)

for all k > k0 (F1).

Show that Ker(f) ⊂ ⊕k0
k≥0 < xk >. Let X ∈ Ker(f) then X ∈ ⊕k≥0 < xk > i.e,

0 = f(M
′
X) =

n0∑
k=1

f(M ′mkxk) =
n0∑
k=1

N ′mkxk. And since N
′
is primer with pk, ∀k > k0

thenKer(f) ⊂ ⊕k0
k≥0 < xk >. By recurrence we will show thatKer(fn) ⊂ ⊕k0

k≥0 < xk >

, ∀n > 0. Suppose that Ker(fn) ⊂ ⊕k0
k≥0 < xk > (9), let X ∈ Ker(fn+1) then f(X) ∈

Ker(fn) (10). By (9) f(X) ∈ ⊕k0
k≥0 < xk > then ∃M0 ∈ N∗ such that M0f(X) = 0

then f(M0X) = 0 and X ∈ TA. Finally we pose X =
k0∑
k=0

mkxk +
n0∑

k=k0+1

mkxk. By
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(D2) we have:

f(M
′
X) =

k0∑
k=0

mkf(M
′
xk) +

n0∑
k=k0+1

mkf(M
′
xk) =

k0∑
k=0

mkN
′
xk +

n0∑
k=k0+1

mkN
′
xk

And by (9) and (10), we have:
n0∑

k=k0+1

mkN
′
xk = 0. Such as N

′
is primer with

pk, for all k > k0, (voir (F1)), from where X =
k0∑
k=0

mkxk and therefore Ker(fn) ⊂

⊕k0
k≥0 < xk > and as | ⊕k0

k≥0 < xk >|<∞ then the next sequence Ker(f) ⊂ Ker(f2) ⊂
Ker(f2) ⊂ ...Ker(fn) ⊂ Ker(fn+1) ⊂ ... is stationary . This shows that A is strongly
hopfian. The tortion part TA of A is ⊕k≥0 < xk > with o(xk) = pk see(F0). By
(theorem2.1)TA is not strongly hopfian.

4. Conclusion

In this work, we have extended the results of strongly hopfian abelian group, we
characterize strongly hopfian abelian group in the class of torsion abelian group. We
construct strongly hopfian abelian group whose the torsion part is not strongly hopfian.
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