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THE STRONGLY HOPFIAN ABELIAN GROUPS
S. ABDELALIM?, A. CHILLALI** AND H. ESSANOUNTI?

ABSTRACT. Let A be an abelian group, A is said strongly hopfian if for all
f € End(A) we have the chain Ker(f) C Ker(f?) C Ker(f3) C Ker(f*) C

- is stationary. In this paper, we characterize strongly hopfian abelian group
in the class of torsion abelian group. After we show that the p-component of
strongly hopfian abelian group is strongly hopfian. But for the torsion part, we
construct strongly hopfian abelian group whose the torsion part is not strongly
hopfian.

1. INTRODUCTION

Let A be an abelian group. A is said strongly hopfian, if A satisfies the follow-
ing property:

(i) Yf € End(A), In € N* such that Ker(f™) N f(A) = {0}.

(ii) For all f € End(A), the chain Ker(f) C Ker(f?) C Ker(f3) C --- is
stationary.
(iii) Vf € End(A) 3n € N* such that Ker(f™) = Ker(f™).

In [3] A. Hmaimou, A. Kaidi, E. Sanchez study the strongly Hopfian ( respec-

tively strongly co-hopfian ) modules in Certain Class of modules, and the authors
showed the equivalence between strongly hopfian and hopfian for a module in a
semi-simple ring. So the question is what are the properties of strongly hopfian
abelian groups ?
In this paper we will Characterize the strongly hopfian abelian groups in class of
torsion abelian groups and we will show that the p-component of strongly hopfian
abelian groups is also strongly hopfian but for the torsion portion we construct
strongly hopfian abelian group whose the torsion portion is not strongly hopfian.
For any abelian group we have:

Noetherian = strongly hopfian [3] = hopfian [!{] = Generalize hopfian [2],
but the reverse implications are not always correct.

2. STRONGLY HOPFIAN ABELIAN GROUPS IN THE CATEGORY OF TORSION
ABELIAN GROUPS

In this section, we will determine the structure of strongly hopfian torsion abelian
groups.
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Theorem 2.1. Let A a torsion group then the following properties are equivalents:
1- A is strongly hopfian.
2- There exists ng € N* such that for all prime number p, we have p"A, = 0 and
| A, |< p™n with A, is the p-component of A.
Proof. (i) = (ii) Let o € End(A) defined by :
a: A=@p4, — A
> Tp — 2 pTp
P P
According on the assumption, In; € N* such that Ker(a"') = Ker(a™) for all n > ny.
Show that p™ A, = 0. (a) Let x € A,, we pose o(z) = p"°.Suppose that ng > n;.
It is clearly that Ker(a™) = Ker(a™). We can write o™ (z) = p™x = 0, then
z € Ker(a™) = Ker(a™), ie, p"a = o™ (z) = 0. So, p"A, = 0. By (17.2 page 88
[1]) Ap is direct sums of cyclic groups. Suppose that A, = @®ier, < 7p; > and show
that | I, |< oo, suppose the contrary, then A, = @jen+ < Tpp > ©,cpr < xp; > Who

p

o(xpx) < o(zprt1). By (27.5 page 118 [1]), we have A = A, @ A'. Let f € End(A)
defined by:

I A — A
no n/ , no—1 n/ ,
> MpZpk+ Y dpZpi, a3 My 1Zpk + D dkTpi, +a
k=1 k=1 k=1 k=1

It’s clearly that Ker(f) =< xp1 >, Ker(f?) =<zp1 > ® < p2 >,...,
Ker(f") =<zp1 > ® < xp2 > &...& < xp, >, therefore the sequence Ker(f") isn’t
stationary which is absurd, then I, is finite. We pose A, = @Zi L < Tpp >
We will show that the set {n,/ p is prime number } is bounded. We pose «; the
endomorphism of A, defined by:

ap - Ap — Ap
np np—1
Z METpk Z MEg+1Tp k
k=1 k=1

Since, A = ®,Ap. We pose a = ©pap, we can write: Ker(a") = @pKer(ay) (1).

According on the assumption, 3n’ € N* such that Ker(oz"/) = Ker(oz"lﬂ) (2). Sup-
pose there exists a prime number p such n, >n’, by (1) and (2) we have K er(agl) =
Ker(ozg/*l). It clearly that Ker(ozg/) = @z/zl < xpp > and Ker(ozg/ﬂ) = @Z:{l <
Tp > then Ker(ag/) # Ker(a;},*l). We pose my = sup {n,/ p prime number
} and n* = ny + my. By (a) we have p»" A, = 0 for all p prime number. Then
A, =®", <ap,k >. Since O(z,)) < p" and n, < n* then | A, |[< n*p .

(ii) = (i) By (ii), there exists ng € N* such that | A, |< p"° for all p prime num-
ber. We consider the restriction ay, of v on A,. It clearly that Ker(a") = ©pKer(ay).

Now to show that: Ker(a?") = Ker(a?m0+l).
Assume the contrary, then Ker(oy,) C Ker(a) C Ker(a3)... C Ker(aZ") C Ker(a2th)

we have: Ker(ak) C Ker(af™) then the quotient group Ker(ahtt)/Ker(ak) is not
reduced to zero. Then | Ker(af™!) | > p | Ker(ay) |. So, p*™™ <| Ker(a2mt) <]
A, |< p"ong < p*™ which is absurd. Finally, Ker(a2") = Ker(a2"t!). O
Corollary 2.2. Any subgroup of strongly hopfian torsion abelian group is strongly
hopfian.
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Proposition 2.3. A direct factor of strongly hopfian abelian group is strongly hopfian.

Proof. Let B direct factor of strongly hopfian abelian group of A. We pose A= B & C
and a1 = a + idc where a@ € End(B). It is clearly to see that oy € End(A) and
Ker(al) = Ker(a™). According on the assumption 3n € N such that Ker(a}) =
Ker(a”™) then Ker(a™) = Ker(a™1). O

Proposition 2.4. The direct sum of two strongly hopfian torsion abelian groups is
strongly hopfian.

Proof. Let A and B two strongly hopfian torsion abelian groups then dng,ny € N* such
that | A, |< nop™, | By |< nip™ (1) and T' = A @ B then T}, = A, & B,.We pose
ne = ng +mn1, by (1) | T, |=| Ap | x | By |< no x nip™t™ < ngp™ and p™T, = 0
hence T is strongly hopfian. d

Proposition 2.5. Let A and B two strongly hopfian abelian groups with Hom(A, B) =
0 then A ® B is strongly hopfian.

Proof. Let f € End(A ® B), p1 the projection from A @ B to A and ps the projection
from A@® B to B, we consider f; the restriction of f on A and fs5 the restriction of ps f
on B then 3ng € N* such that Ker(f°) = Ker(f**!) and Ker(f)°) = Ker(fyoth)
(a)and since Hom(A, B) = 0 then f3 = paf™/B (1). For to finish the proof, we
show that Ker(f?") = Ker(f4). Let € Ker(f*") then z = x1 + x5 with 2; € A
and o € B, then pafi™0(x5) = (p2f)*0(x2) = (p2f)"(w2) = paf™(x2) which is
implies f™(x2) € A. And since f(z1) € A because we have Hom(A, B) = 0 then
fo(x)+x9) € A. We note that X = f™0 (1 +x9)(2), it is clearly to see that f"0(X) =
A0z + x3) = f40(z) = 0 then by (a) we have X € Ker(fi™) = Ker(f{™) and
since X = f(z) then f2"(z) = f'°(X) therefore x € Ker(f?™). O

Corollary 2.6. If A and B are two strongly hopfian abelian groups such that Hom(A, B) =
Hom(B,A) =0 then A® B is strongly hopfian.

Proposition 2.7. Let A a strongly hopfian abelian group and p is a prime number then
the p-component of A is strongly hopfian.

Proof. We pose f = pid then f™ = p™id. It is clearly to see that: Ker(f™) = A[p"].
According on the assumption Ing € N* such that Ker(f™) = Ker(f") for all n > ng.
Then A[p"] = A[p"°] Vn > ng. We can deduce that A[p™°] where A, is the p-component
of A which is bounded. By (27.4 page 118 [1]), A, is a direct factor of A then A, is
strongly hopfian. It follows from theorem 2.1 that p-component of A is finite. O

Remark 2.8. The p-component of a strongly hopfian abelian group is strongly hopfian.

3. CONSTRUCTION OF A STRONGLY HOPFIAN ABELIAN GROUP WHOSE THE TORSION
PART IS NOT STRONGLY HOPFIAN

In the previous section we saw that the p-component of a strongly hopfian abelian
group is strongly hopfian, so it is natural to ask the same question for the torsion part.
In this sense we will build a strongly abelian group whose the torsion portion is not
strongly hopfian.

Let G a group of products cyclic groups: G = [[,c < 2x > where o(xy) = p,’f:, o(xg) =
po and P = {px/k € N} the set of all distinct primes. Considering the projection ¢y, of
[L,>o <@n>on < x> For m > 1, we define the element by, € [[,,~, < zn > by:
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0 if m>n
#nlbm) = { Ymn 1f m<n
and that the sequence (Ym n)m<n satisfies the following condition: yo, = x, ¥n € N,
PoYin = Yoo VR € N* and (po...0m-1)""Ymn = Ym—1, for all n > m (1) we have:
(po---pr)* b1 = b — Yrk (2)
then (po...pk) 1 (Po---Pr—1)*brt1 = br—1 — Yo—1,6—1 — Yh—1k

and then (po...pr)*(po...pk—1)"...(p102)*Pobry1 = bo — To — 1 — ... — T},

(k42)(k+1)  (k+2)(k+1) 4 (k+2)(k+1) (i+1)(i) (k+2)(k+1) _ (k+1)(k)
which is implies that: p, * p; * D, wpy 2 bpy1
bo—xzo—x1—...—xp (3). Let A the subgroup of [Ten < 71 > generated by {zx/k € N}

U {bn/n E N} (Dy). Show that A is Strongly hopfian. Let f € End(A), we can write

f(bo) = E myx) + nebr and we pose that:
k=0

(k+2)(k+1)  (k+2)(k+1) 4 (k+2)(k+1)  (i+1)(4) (k+2)(k+1)  (k+1)(k) .
Mea=p, ® p; 2 p 2 > p, ° > Vk e N*(4).

no ,
By (3) we have f(Mbo) = ( Z myr)+Nbo then f(pop1p3...pno Mbo) = pop1p3...pnd Nbo.

If we pose M’ = = pop1p3.. p"OM and N' = = pop1p3.. PRON, it’s clear that f(M'by) = N'bg
(5) and by (3) zo + x1 + ... + & + Mgi1bg+1 = bp. And thanks to (4) we deduct p’,ﬁ
divides M1, so we can write My = pﬁM;H_l and by (3), (4), (5) and (6) we
have: f(M'by) = f(M (zo + 21 + .. + 2 + Mys1bpsr)) = f(M (zo + 21 + ... + x5, +
PEM, 1 bpi1)) = f(M zo+ M 2y + ... + M + p,’jM/M,; 1bet1) Then gy f(M by) =
or(f(M o+ Mz + ... + M zp)) + plopf (M My bo) = f(M'z}) = N'zy, ¥k € N*
(D2). We denote T the part of the torsion of G, show that T' = @®,>0 < x, >. Let
X € T then 3M € N* such that M X = 0, then there exists k” € N* such that pj does
not divide M for all k > k" (7). We Pose p(X) = X}, then M X}, = p(MX) =0 and
by (7) X = 0, therefore X € @®,>9 < x, >. We denote T4 the part of the torsion of
A, clearly Pn>0 < xp >C Ty C T_C DPn>0 < Tp > thus Ty = DPr>0 < Tfp > (FO)

Show that Ker(f) C ®r>0 < zx > . Let X € Ker(f) then 3M, N” € N* such that
MX = N"by. Suppose that N"b # 0 then Jk* € N such that py is prime with (M,
N", M and N') Vk > k* (8) and thanks to bf (3) and (4), we have:

N”b0 = N”xo + Nz + .+ N”xk + N”Mk+1bk+1 = M’N”xo + M’N”xl + .t
M'N’ SUk+MN Mk+1bk+1 MN .To—i-MN xl—f- +MN l‘k—f—MN” k+1bk+1
So, 0 = prf(MX) = (pkf(MN bo) = f(M N’ xk) = N"N'z, then pg d1V1ded NN’
this is contradictory with (8) then N"by = 0. So, Ker(f) C @0 < xx > . By (D2)
f(M’xk) = N'zy, Vk € N*, then ko € N* such that pj, is primer with ( M’ and N’)
for all & > ko (F1).

Show that Ker(f) C @ﬁgo <z >. Let X € Ker(f) then X € @>0 < zp > i,

0=f(MX)= % f(M'myay) = % N'myxi,. And since N’ is primer with py,, Vk > ko
k=1 k=1

then Ker(f) C EBz>0 < xp, >. By recurrence we will show that Ker(f") C EBZ‘;O < xR >

, Yn > 0. Suppose that Ker(f") C @k>0 <> (9), let X € Ker(f*!) then f(X) €
Ker(f”) (10). By (9) f(X) € @kzo < x> then My € N* such that Myf(X) =0

ko no
then f(MpX) = 0 and X € T4. Finally we pose X = > mpzr + Y. myxg. By
k=0 k=ko+1
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(D2) we have:
ko no
k=0 k=ko+1 k=ko+1
ng ’ /
And by (9) and (10), we have: Y. mpN z; = 0. Such as N is primer with
k=ko+1
ko
pk, for all k > kg, (voir (F1)), from where X = >  myzy and therefore Ker(f") C
k=0
@ﬁgo < x> and as | EB],:‘;O < 2} >|< oo then the next sequence Ker(f) C Ker(f?) C
Ker(f?) C ...Ker(f") C Ker(f"*) C ... is stationary . This shows that A is strongly
hopfian. The tortion part T4 of A is ®y>9 < xp > with o(zy) = pF see(Fy). By
(theorem2.1)T'4 is not strongly hopfian.

4. CONCLUSION

In this work, we have extended the results of strongly hopfian abelian group, we
characterize strongly hopfian abelian group in the class of torsion abelian group. We
construct strongly hopfian abelian group whose the torsion part is not strongly hopfian.
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