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THE ELLIPTIC CURVE E,,(F,[e1, e2, e3])
A. CHILLALI'* AND S. ABDELALIM?

ABSTRACT. In this paper, we study the elliptic curve E, j over ring Fy,[eq, ea, e3],
where e;e; = e; and e;e; = 0 if § # j. We characterize the invertible elements
of F,le1, e2, e3], and we determine the relation between E, ,(Fy[e1, ez, e3]) and
E,»(Fp). Finally we show that Card(E, (Fple1, e2,e3])) > (Card(E, ,(Fp)) —
3)3 + Card(E, (Fp)).

1. INTRODUCTION

Let p be a prime number, we consider the ring IF,[eq, es, €3] = {ag + areq +
ases + ases/agp, a1, a2, a3 € Fy, e;e; = e; and e;e; = 0 if @ # j}, Fpler, ea, €3]
is vector space over F, with basis (1,e1,es,e3). Let X, Y € Fple1, es, e3] with
X =xp+T161 + 2260 + 363 and Y = yo+ y1€1 + Yoo + yse3, we have: X +Y =
To+ Yo + <$1 + y1)€1 + (LUQ + y2)€2 + (.Tg + y3)€3 and XY = to 4+ tie1 +loe0 4 t3es
ToYo if 2=0

Proposition 1.1. If X € F,[eq, e, €3] with X = xo+x161+ 2260+ 1363, then X is
invertible in Fyle1, es, e3] if and only if vy € Fy, and x; # —xq for all i € {1,2,3}.

Proof. Let X € Fyley, e2, e3], such that X = zg + z1e; + x9es + x3€3 is invertible
then there exist Y € F,leq, eq, €3] such that Y = yo + yie1 + yoe2 + yzes and
XY = to +t1€1 +t262 +t3€3. We have: t() = ToYo = 1 and tl = ZoY; +x1y0 —|—$1y1 =
0, forall1<i<3so, yo=mx5"€ [F,. Assumes that z; = —z for all i € {1,2, 3}.
Then t; = xoy; — xoYo — ToY; = —xoyo = —1 = 0 which is absurd,we result that
rg € F, and z; # —xg for alll < < 3. Let xp € F; such that xq # —z; for all
1 <4 < 3, then (zo + 7;) € Fy. And let Y = yo + y1e1 + y2e2 + yzes such that

-1 . .
) oz if 1=0 .
Y = { (zo + 1) \wiy  Af i £0 We have XY = ty+tie; +taes+tses, then
o = ToYo
= xoxal
= 1

and for all 1 <17 < 3, we have:

Date: Received: Feb 28, 2015.

* Corresponding author.

2010 Mathematics Subject Classification. 14H52, 94A60, 11T71.

Key words and phrases. Finite Ring, Elliptic Curves, Chain Ring, Isomorphism.
49



50 A. CHILLALI, S. ABDELALIM

t; = ToYi + TiYo + T:Yi
= (w5 + 20)ys + TiYo
= (z; + xo)(— (w0 + x;) "' wiyo) + @iy
= —(Tiyo) + Tivo
= 0.

We deduce that X is invertible. O

2. THE ELLiPTIC CURVE E,;(F,[e1, €2, €3])

In this section we will study various propriety over the elliptic curve E, ,(F,[e1, €2, €3])
over the ring F,[eq, 2, e3]. We show that if [z : 1 : 2] € E,;(F,) then [ze; : 1 :
ze;] € Eqp(Fpler, ea, e3)) and Card(E, ,(Fyler, e, e3])) > (Card(E,,(F,)) — 3)% +
Card(Eq(F,)). Let a,b € F, we denote in [1], [2], [3] and [0]:

E.(F,) ={[x:y: 2] € P*(F,)/y*z = 2° + axz® + bz*}
E.o(Fyler, ea,e3)) = {[X : Y : Z] € P*(Fpler, e, e3))/Y?Z = X* +aXZ* + bZ%}.

Theorem 2.1. Let p a prime number. The following properties are equivalent:

(1) ([z:y: 2] [x1 9, 21]) € (Eap(Fy))?

(2) ([we; =y - ze), [wre; -y« z1€5]) € (Eapy(Fpler, ea, e5]))? with i,j € {1,2,3}
and i # j.

(3) [we; + xiej 1y 1 ze; + 2z165] € Eap)(Fpler, ez, e3]) with i, € {1,2,3} and
i# 7.
Proof. (1) < (2)

([x 2y : 2], [x1 ¢ y,21]) € (Eap(Fp))? if only if 2¢y? = 2 + azz® 4+ b2* and
21y? = 23 + ax 2? + bz3. Tt is clear that:

(re;)> = 23
(zed)y® = zy’e
avei(ze;)? = axz’e;
b(ze;)? = b2le;.

So, we have: zy?e; = 23¢;+axzie;+bz23¢; if only if (ze;)y* = (we;)? +a(zve;)(ze;)* +
b(ze;)? ie, [we; : y: ze;] € E,p(Fpler, e, €3]).

(2) < (3) Let ([we; : y : zei],[x1ej : y : z1€4]) € (Eap(Fpler, €2, €3]))? with
i,7 € {1,2,3} and i # j. We have:

(we; + x164)3 = (ze;)® + 3(ze;)*z1e; + 3(ei(x1€4)? + (21€5)3
= ($€i)3 + ($1€j)3
(262' + 216]')3 = (Z@i)3 + 3(261)21’1€j + 3(€i<216j)2 + (Zlej)3

= zei)?’ + (zlej)3

a(xe; + mie;)(ze; + 21€5)? = alwe; + x16;)((2€;)? + 2(z€;)(21€5)? + (21€5)?)
= a(ze; + x1e;)((z€;)* + (21€)?)
= aze;)(ze:)? + a(x1e;)(21€5)%)

then
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(ze:)y? = (we;)3 + a(we;)(ze;)? + b(ze;)3
(2165)y” = (v165)° + a(z1e5)(21€)? + b(z1€5)°
(ze)y” + (z1e5)y* = (2e;)’ + (21€5)° + a(ze;)(2€:)? + a(wie;)(21€5)* + b(2e:)® + b(21€5)°
(ze; + z1€5)y? = (ze; + x1€;)® + a(ze; + x1€;)(z€; + z1€;)* + b(ze; + z1€5)3
S0, [re; +x1e; 1y 1 ze; + z1€5] € Eqp(Fpler, ea, €3)). O

Lemma 2.2. Let m be a homomorphism from Fyle, es, e3] to F,, defined by:
IFp[el, €9, 63] L) Fp
ag + aijey + ageg + ases — ap
T 1S a surjective homomorphism of rings.

Proof. Let X,Y be two elements of the ring [F,[e1, e2, 3] such that X = x¢ +
Tri1€1 + To9eq + T3€3 and Y = Yo + Y161 + Y262 + Yses. We have:

X+Y = T+ Yo + (z1 +y1)er + (w2 +y2)ez + (3 + y3)es
and XY = zoyo+ (Toy1 + 1Yo + T1y1)er + (Toyz2 + Tayo + Tay2)ez + (Toys + T3Yo + T3Ys)es
then
T(X+Y) = Zo + Yo
= m(X)+n(Y)
and 7w(XY) = ToYo
= 7w(X)7(Y)
We deduce that 7 is an homomorphism. Let a € F,, then a € F,[eq, e2, e3] and
m(a) = a. We result that 7 is surjective homomorphism. O

Corollary 2.3. If b= t? with t € F, then [0 : t : &;] € Eou(F,[e1, 2, e3]) for all
ie€{1,2,3}.

Proposition 2.4. Let [0:1: ze;],[0:1: z1e;] € Eyp(Fpler, ea, e3)).
Ifi#jthen [0:1:ze]+[0:1: 2] =1[0:1:2ze; + 1€ else

[0:1: ze]+[0: 11 2e5] = [a® (22214227 )e; : 1+(—a—9b)2%27e;  (143bz21) (2421 )ey].
Proof. By using the explicit formulas of W. Bosma and H. Lenstra (see [%], [/]

and [5]). O
Proposition 2.5. If [X : Y : Z] € E,,(F,[e1, e2,€3]) then [7(X) : n(Y) : w(2)] €
E,5(F,).

Proof. Let [X :Y : Z] € E,4(F,le1, 2, €3]) then Y2Z = X3 + aZ%X + bZ3,

We have:

m(Y?Z) = (X + 7(aZ?X) + w(bZ?)
| (m(Y))*n(Z) = (7(X))* + 7 (a)(m(Z))*m(X) + 7 (b)(7(Z))".
We deduce that [7(X) : 7(Y) : 7(Z2)] € Eup(F)p). O

Theorem 2.6. Let a and b two elements of the ring F, then
Card(E,,(F,ler, ea,e3])) > (Card(Eq,(F,)) — 3)* + Card(E, ,(F,)).
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Proof. We consider the set:
T = {lx:y:2] € PXF,)/y*z = 23 + azz? + bz® and y =0}
= {[z:0: 2] € P*(F,)/0 = 2® + axz?® + b2}
= {[zz71:0:1] € P*(F,)/0 = (xz7')® + azz"" + b}
= {[z:0:1] € P*(F,)/0 = 2* + ax + b}
then Card(T) is exactly the number of the solution of the equation 0 = 23 +
ax + b, therefore Card(T) < 3. We put

G - (BusF)\ T
= {[z:y: Z]E (F)/yz—x + arz? +bz% and y # 0}
= {[z:1:2] € P2(F,)/z = 2® + azz® + bz*}

— {1 e Pl 11 2] € Buy(F)

then Card(G) > Card(E,,(F,))—3. Now let a be a map from G to E, ,(F,[e1, ez, e3])
defined by:

GxGxG = Eq.p(Fyler, e, e3])
([w1 Lz, [wo s 1 s zo), (w3 s 1 23]) = [w1€1 + Toea + w3e3 1 10 2161 + 2969 + 23€3]
We have:
(z1e1 + o€ + m3e3)° = (2161)% + (12€2)° + (23€3)°
(z1€1 + 20€9 + 23€3)% = (2101)? + (22€2)% + (23€3)°
a(x1e1+Toeatw3es) (2161 +2ea+2363)° = a(x1e1)((z161)?)+a(waes)((2262)%)+a(zses)((z3es)?

Since [z; : 1: 2] € E,(F,) then z; = 23 + ax;2? + bz}, It is clear that

3ziel- = (xie;-)3 + a(:cie,-)(?ei)2 + b(2e4)3, Vi E {1,2,3}
i; zie; = ;(xiei)?’ + a;(xl ei)(zie))? +b Z(zzel)
— (@) + ol e (S e + (3 )

we deduce that [rieq + xoes + x3e3 1 11 2161 + 2060 + 23e3] € Eyp(F,[e1, €2, €3)).

« is injective. Indeed

Ea,b<IFp) - Ea,b(]Fp[eh €2, 63]):
a(G?) C Eqp(Fpler, e, €3))
and
a(G*Y N Eyy(F,) = {[0:1:0]}.

We result that Card(E,;(Fyler, e, e3])) > card(a(G?)) + Card(E,4(F,)) — 1.
Since « is injective then card(a(G?)) = Card(G)? > (card(E,,(F,)) — 3), we
deduce that Card(E,,(Fyle1, e, e3])) > (Card(E,,(F,)) — 3)% + Card(E,,(F,)).

0J
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3. CRYPTOGRAPHIC APPLICATIONS

In this section, we give hastily, some results in cryptography, other more prac-
tical applications, will be given in our future work. We deduce the following
results:

e The Cardinal of E,;(IF,[e1, ea, €3]) is bigger than that of E, ,(F,).
e The Discrete Logarithm Problem, [7], on the elliptic curve E, ;(F,[e1, €2, €3])
is equivalent to the one on E, ,(F,).

4. CONCLUSION

In this work, we have extended the results of elliptic curve over [F,[eq, e, €3],
and we deduce that the Discrete Logarithm Problem (DLP) on this elliptic curve
is equivalent to the one on £, ,(F,) but the Cardinal of this elliptic curve is bigger
than that of E, ,(F,).
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