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THE ELLIPTIC CURVE Ea,b(Fp[e1, e2, e3])

A. CHILLALI1∗ AND S. ABDELALIM2

Abstract. In this paper, we study the elliptic curve Ea,b over ring Fp[e1, e2, e3],
where eiei = ei and eiej = 0 if i 6= j. We characterize the invertible elements
of Fp[e1, e2, e3], and we determine the relation between Ea,b(Fp[e1, e2, e3]) and
Ea,b(Fp). Finally we show that Card(Ea,b(Fp[e1, e2, e3])) ≥ (Card(Ea,b(Fp))−
3)3 + Card(Ea,b(Fp)).

1. Introduction

Let p be a prime number, we consider the ring Fp[e1, e2, e3] = {a0 + a1e1 +
a2e2 + a3e3/a0, a1, a2, a3 ∈ Fp, eiei = ei and eiej = 0 if i 6= j}, Fp[e1, e2, e3]
is vector space over Fp with basis (1, e1, e2, e3). Let X, Y ∈ Fp[e1, e2, e3] with
X = x0 + x1e1 + x2e2 + x3e3 and Y = y0 + y1e1 + y2e2 + y3e3, we have: X + Y =
x0 + y0 + (x1 + y1)e1 + (x2 + y2)e2 + (x3 + y3)e3 and XY = t0 + t1e1 + t2e2 + t3e3

where ti =

{
x0y0 if i = 0
x0yi + xiy0 + xiyi if i 6= 0.

Proposition 1.1. If X ∈ Fp[e1, e2, e3] with X = x0+x1e1+x2e2+x3e3, then X is
invertible in Fp[e1, e2, e3] if and only if x0 ∈ F∗

p and xi 6= −x0 for all i ∈ {1, 2, 3}.

Proof. Let X ∈ Fp[e1, e2, e3], such that X = x0 + x1e1 + x2e2 + x3e3 is invertible
then there exist Y ∈ Fp[e1, e2, e3] such that Y = y0 + y1e1 + y2e2 + y3e3 and
XY = t0 + t1e1 + t2e2 + t3e3. We have: t0 = x0y0 = 1 and ti = x0yi+xiy0 +xiyi =
0, for all 1 ≤ i ≤ 3 so, y0 = x−1

0 ∈ Fp. Assumes that xi = −x0 for all i ∈ {1, 2, 3}.
Then ti = x0yi − x0y0 − x0yi = −x0y0 = −1 = 0 which is absurd,we result that
x0 ∈ F∗

p and xi 6= −x0 for all1 ≤ i ≤ 3. Let x0 ∈ F∗
p such that x0 6= −xi for all

1 ≤ i ≤ 3, then (x0 + xi) ∈ F∗
p. And let Y = y0 + y1e1 + y2e2 + y3e3 such that

yi =

{
x−1
0 if i = 0
−(x0 + xi)

−1xiy0 if i 6= 0
. We have XY = t0+t1e1+t2e2+t3e3, then

t0 = x0y0
= x0x

−1
0

= 1

and for all 1 ≤ i ≤ 3, we have:
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ti = x0yi + xiy0 + xiyi
= (xi + x0)yi + xiy0
= (xi + x0)(−(x0 + xi)

−1xiy0) + xiy0
= −(xiy0) + xiy0
= 0.

We deduce that X is invertible. �

2. The Elliptic Curve Ea,b(Fp[e1, e2, e3])

In this section we will study various propriety over the elliptic curve Ea,b(Fp[e1, e2, e3])
over the ring Fp[e1, e2, e3]. We show that if [x : 1 : z] ∈ Ea,b(Fp) then [xei : 1 :
zei] ∈ Ea,b(Fp[e1, e2, e3]) and Card(Ea,b(Fp[e1, e2, e3])) ≥ (Card(Ea,b(Fp))− 3)3 +
Card(Ea,b(Fp)). Let a, b ∈ Fp we denote in [1], [2], [3] and [6]:

Ea,b(Fp) = {[x : y : z] ∈ P 2(Fp)/y2z = x3 + axz2 + bz3}

Ea,b(Fp[e1, e2, e3]) = {[X : Y : Z] ∈ P 2(Fp[e1, e2, e3])/Y 2Z = X3 + aXZ2 + bZ3}.

Theorem 2.1. Let p a prime number. The following properties are equivalent:
(1) ([x : y : z], [x1 : y, z1]) ∈ (Ea,b(Fp))2
(2) ([xei : y : zei], [x1ej : y : z1ej]) ∈ (E(a,b)(Fp[e1, e2, e3]))2 with i, j ∈ {1, 2, 3}

and i 6= j.
(3) [xei + x1ej : y : zei + z1ej] ∈ E(a,b)(Fp[e1, e2, e3]) with i, j ∈ {1, 2, 3} and

i 6= j.

Proof. (1) ⇐⇒ (2)
([x : y : z], [x1 : y, z1]) ∈ (Ea,b(Fp))2 if only if zy2 = x3 + axz2 + bz3 and

z1y
2 = x31 + ax1z

2
1 + bz31 . It is clear that:

(xei)
3 = x3ei

(zei)y
2 = zy2ei

axei(zei)
2 = axz2ei

b(zei)
3 = bz3ei.

So, we have: zy2ei = x3ei+axz
2
1ei+bz

3ei if only if (zei)y
2 = (xei)

3+a(xei)(zei)
2+

b(zei)
3 i.e, [xei : y : zei] ∈ Ea,b(Fp[e1, e2, e3]).

(2) ⇐⇒ (3) Let ([xei : y : zei], [x1ej : y : z1ej]) ∈ (Ea,b(Fp[e1, e2, e3]))2 with
i, j ∈ {1, 2, 3} and i 6= j. We have:

(xei + x1ej)
3 = (xei)

3 + 3(xei)
2x1ej + 3(ei(x1ej)

2 + (x1ej)
3

= (xei)
3 + (x1ej)

3

(zei + z1ej)
3 = (zei)

3 + 3(zei)
2x1ej + 3(ei(z1ej)

2 + (z1ej)
3

= zei)
3 + (z1ej)

3

a(xei + x1ej)(zei + z1ej)
2 = a(xei + x1ej)((zei)

2 + 2(zei)(z1ej)
2 + (z1ej)

2)
= a(xei + x1ej)((zei)

2 + (z1ej)
2)

= a(xei)(zei)
2 + a(x1ej)(z1ej)

2)

then
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(zei)y
2 = (xei)

3 + a(xei)(zei)
2 + b(zei)

3

(z1ej)y
2 = (x1ej)

3 + a(x1ej)(z1ej)
2 + b(z1ej)

3

(zei)y
2 + (z1ej)y

2 = (xei)
3 + (x1ej)

3 + a(xei)(zei)
2 + a(x1ej)(z1ej)

2 + b(zei)
3 + b(z1ej)

3

(zei + z1ej)y
2 = (xei + x1ej)

3 + a(xei + x1ej)(zei + z1ej)
2 + b(zei + z1ej)

3

so, [xei + x1ej : y : zei + z1ej] ∈ Ea,b(Fp[e1, e2, e3]). �

Lemma 2.2. Let π be a homomorphism from Fp[e1, e2, e3] to Fp defined by:

Fp[e1, e2, e3]
π−→ Fp

a0 + a1e1 + a2e2 + a3e3 7→ a0
π is a surjective homomorphism of rings.

Proof. Let X, Y be two elements of the ring Fp[e1, e2, e3] such that X = x0 +
x1e1 + x2e2 + x3e3 and Y = y0 + y1e1 + y2e2 + y3e3. We have:

X + Y = x0 + y0 + (x1 + y1)e1 + (x2 + y2)e2 + (x3 + y3)e3
and XY = x0y0 + (x0y1 + x1y0 + x1y1)e1 + (x0y2 + x2y0 + x2y2)e2 + (x0y3 + x3y0 + x3y3)e3

then

π(X + Y ) = x0 + y0
= π(X) + π(Y )

and π(XY ) = x0y0
= π(X)π(Y )

We deduce that π is an homomorphism. Let a ∈ Fp then a ∈ Fp[e1, e2, e3] and
π(a) = a. We result that π is surjective homomorphism. �

Corollary 2.3. If b = t2 with t ∈ Fp then [0 : t : ei] ∈ Ea,b(Fp[e1, e2, e3]) for all
i ∈ {1, 2, 3}.

Proposition 2.4. Let [0 : 1 : zei], [0 : 1 : z1ej] ∈ Ea,b(Fp[e1, e2, e3]).
If i 6= j then [0 : 1 : zei] + [0 : 1 : z1ej] = [0 : 1 : zei + z1ej] else

[0 : 1 : zei]+[0 : 1 : z1ej] = [a2(z2z1+zz
2
1)ei : 1+(−a3−9b2)z2z21ei : (1+3bzz1)(z+z1)ei].

Proof. By using the explicit formulas of W. Bosma and H. Lenstra (see [8], [4]
and [5]). �

Proposition 2.5. If [X : Y : Z] ∈ Ea,b(Fp[e1, e2, e3]) then [π(X) : π(Y ) : π(Z)] ∈
Ea,b(Fp).

Proof. Let [X : Y : Z] ∈ Ea,b(Fp[e1, e2, e3]) then Y 2Z = X3 + aZ2X + bZ3.
We have:

π(Y 2Z) = π(X3) + π(aZ2X) + π(bZ3)

so,
(π(Y ))2π(Z) = (π(X))3 + π(a)(π(Z))2π(X) + π(b)(π(Z))3.

We deduce that [π(X) : π(Y ) : π(Z)] ∈ Ea,b(Fp). �

Theorem 2.6. Let a and b two elements of the ring Fp then

Card(Ea,b(Fp[e1, e2, e3])) ≥ (Card(Ea,b(Fp))− 3)3 + Card(Ea,b(Fp)).
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Proof. We consider the set:

T = {[x : y : z] ∈ P 2(Fp)/y2z = x3 + axz2 + bz3 and y = 0}
= {[x : 0 : z] ∈ P 2(Fp)/0 = x3 + axz2 + bz3}
= {[xz−1 : 0 : 1] ∈ P 2(Fp)/0 = (xz−1)3 + axz−1 + b}
= {[x : 0 : 1] ∈ P 2(Fp)/0 = x3 + ax+ b}

then Card(T ) is exactly the number of the solution of the equation 0 = x3 +
ax+ b, therefore Card(T ) ≤ 3. We put

G = (Ea,b(Fp)) \ T
= {[x : y : z] ∈ P 2(Fp)/y2z = x3 + axz2 + bz3 and y 6= 0}
= {[x : 1 : z] ∈ P 2(Fp)/z = x3 + axz3 + bz3}
= {[x : 1 : z] ∈ P 2(Fp)/[x : 1 : z] ∈ Ea,b(Fp)}

then Card(G) ≥ Card(Ea,b(Fp))−3.Now let α be a map fromG to Ea,b(Fp[e1, e2, e3])
defined by:

G×G×G α−→ Ea,b(Fp[e1, e2, e3])
([x1 : 1 : z1], [x2 : 1 : z2], [x3 : 1 : z3]) 7→ [x1e1 + x2e2 + x3e3 : 1 : z1e1 + z2e2 + z3e3]

We have:

(x1e1 + x2e2 + x3e3)
3 = (x1e1)

3 + (x2e2)
3 + (x3e3)

3

(z1e1 + z2e2 + z3e3)
2 = (z1e1)

2 + (z2e2)
2 + (z3e3)

2

a(x1e1+x2e2+x3e3)(z1e1+z2e2+z3e3)
2 = a(x1e1)((z1e1)

2)+a(x2e2)((z2e2)
2)+a(x3e3)((z3e3)

2

Since [xi : 1 : zi] ∈ Ea,b(Fp) then zi = x3i + axiz
2
i + bz3i . It is clear that

ziei = (xiei)
3 + a(xiei)(ziei)

2 + b(ziei)
3,∀i ∈ {1, 2, 3}

3∑
i=1

ziei =
3∑
i=1

(xiei)
3 + a

3∑
i=1

(xiei)(ziei)
2 + b

3∑
i=1

(ziei)
3

= (
3∑
i=1

(xiei))
3 + a(

3∑
i=1

(xiei))(
3∑
i=1

(ziei))
2 + b(

3∑
i=1

(ziei))
3

we deduce that [x1e1 + x2e2 + x3e3 : 1 : z1e1 + z2e2 + z3e3] ∈ Ea,b(Fp[e1, e2, e3]).

α is injective. Indeed

Ea,b(Fp) ⊂ Ea,b(Fp[e1, e2, e3]),

α(G3) ⊂ Ea,b(Fp[e1, e2, e3])
and

α(G3) ∩ Ea,b(Fp) = {[0 : 1 : 0]}.
We result that Card(Ea,b(Fp[e1, e2, e3])) ≥ card(α(G3)) + Card(Ea,b(Fp)) − 1.

Since α is injective then card(α(G3)) = Card(G)3 ≥ (card(Ea,b(Fp)) − 3)3, we
deduce that Card(Ea,b(Fp[e1, e2, e3])) ≥ (Card(Ea,b(Fp))− 3)3 + Card(Ea,b(Fp)).

�
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3. Cryptographic Applications

In this section, we give hastily, some results in cryptography, other more prac-
tical applications, will be given in our future work. We deduce the following
results:

• The Cardinal of Ea,b(Fp[e1, e2, e3]) is bigger than that of Ea,b(Fp).
• The Discrete Logarithm Problem, [7], on the elliptic curve Ea,b(Fp[e1, e2, e3])

is equivalent to the one on Ea,b(Fp).

4. Conclusion

In this work, we have extended the results of elliptic curve over Fp[e1, e2, e3],
and we deduce that the Discrete Logarithm Problem (DLP) on this elliptic curve
is equivalent to the one on Ea,b(Fp) but the Cardinal of this elliptic curve is bigger
than that of Ea,b(Fp).
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