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MATRIX PRODUCT CODES OVER F,

MOHAMED BOUYE!' AND MOHAMED SAID?

ABSTRACT. We will present in this paper the concept of matrix-product code
[C1,Co, -+, Cs]A where C1,Cy, - -+, Cy are linear codes and matrix A has full
rank. The purpose of this paper is to give some properties of these codes that
will be useful later, the two main points being the existence of a MacWilliams
identity (which is one reason the existence of the phenomenon of duality formal)
and the structure of the matrix-product code on Zx.

1. INTRODUCTION

In the coding theory an interesting and important approach is to construct a
new codes from known ones. In [1], Blackmore and all. introduced the notion of
matrix product codes over finite fields for generalize some construction known in
the coding theory. For example, the Plotkin’s well-known (u|u 4 v)-construction,
the ternary (u+v+w|2u+uv|u)-construction, the (a+z|b+x|a+b+x)-construction,
and the (u + v|u — v)-construction and etc. But the challenge problem is to
determine the parameters of the new codes (length, dimension, minimal Hamming
distance, ---, ) from the initial codes. To answer this question there are some
other articles focusing on the study of decoding and the construction of matrix
product codes ([3, 5]) have appeared.

2. MATRIX PrODUCT CODES

Definition 2.1. Let C},C%,---,C be linear codes of length m over F, and
A = (a;;) in M (F,) with s < [. A matrix product codes Cy associated to
Cy,Cy, -+ ,Cs and A is the linear code over F, of length m/l defined by :

Ca={QC] anmi, Y iy @iy -+ aux;)|z; € Ci}
2.1. Description of Cy. If

11 aiz2 - Ay

Q21 Q22 -+ Qg
A=

g1 QAg2  *°° Agl

Then :
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11 Ag1 -+ Qg

Q12 Ag2 -+ A2
Al =

ayp G - Qg

C:=[C1,Cy -, Cs] = {(x122 -+ - 5) € Myus(Fy)|2t € C;}
We define :
Ct:={X!|X € C} and A'C? := {ALY|Y € C'}
Take Z element of the A'C*, so Y € C': Z =AY, Y e C' < IX e C; X! =

Y
on the other hand X € C' < dx; : 2t € C; and X = (w129 -+ 1,) SO

S
apnx Az - Qs T Zi:l Q1T
S
Q2 Q2 -+ Qg2 i) Zi:l Ai2T;
Z = . . X . = .
S
ay Qg - Qg Ts Zi:1 ;1 T;

7t = (Zle aﬂa:i,Zle Aoy " " - ,ailxi) € CA, SO (AtCt)t = CA that means
CA=Cy

Example 2.2. Let ¢ = {000,111} and Cy = {000,011} two linear codes of
length m = 3 and s = 2 and consider the two matrix A = ( L ool ) and

0101
1010
B—(0110)

0 0 0 0 10 10
[0102] = {<$1{E2)|ZEI € CZ} = { 00 ; 0 1 ; 10 ; 1 1 }
0 0 01 10 11
Then the matrix product codes of C , Cy and A :
CA = [0102] A
0 0 0000
e | 00 |xA=0 0 0 0 | =(000,000,000,000) =
0 0 0000
0 0 0000
e | 01 | xA=|0 0 0 0 ] =(000,011,000,011) = ay
0 1 0000
10 10 0 1
° 1 0] xA=[1 0 0 1 | =(111,000,000,111) = a3
10 10 0 1
10 10 0 1
° 1 1| xA=[110 0 | =(111,011,000,100) = a4
11 1100

CA = {ala Qg, (3, 054}
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Cp = [C1C].B

00 0000

el 00| xB=[000 0 |=/(000000000,000) = a
00 0000
00 0000

el 01| xB=[0110 |=(000011011,000) = 3
0 1 0110
10 1010

el 10| xB=[1010|=/(111000,111,000) = S
10 1010
10 1010

e| 1 1 |xB=|110 0 |=(111,011,000,100) = 3
11 1100

[ ]

Cp = {a1, i1, B2, Bs}.

3. PARAMETERS OF MATRIX-PRODUCT CODE

Proposition 3.1. Let Gy, Gs, - -+ , G, be the generator matrix of the code Cy,Cy, - -+, Cy
respectively and A = (a;;) € M(F,, s x 1). Then the generator matrix G of the
matriz product code C' = [Cy,Cy, -+ ,Cs]A is given by :

a1G1 aGr -0 ayGhy
B a21Gy  aGy -+ ayGy
asle asQGs o asle
Proof. Let ¢ € C = [C1,Cy, -+, (5] A, the matrix-product code C' by definition
is the set of all matrix product ¢ = (¢, o, -+, ¢5)A where ¢; € C;, then:
aix aig - Qg
Q21 Q22 -+ Ayl
C:(Clcha"'7CS)A:(017627"'768) . . . .
g1 Qg2 - Agl

And the codewords can be viewed as vectors of length ml,

S

c= (Z a;1Cy, Z a;joCjy = Z CleCj) S F;nl (31)
j=1 j=1

j=1
or ¢; € Cy, then ¢; = (uy,ug, - ,u,).G1, ca = (v1,09,++ ,Vky).Gay o, €5 =
(hi,ha, -+, hy,).Gs. If we replaced all ¢; in (1) we have:

S S S
c= (Z ajl(u17u27"' ,Ukj)-Gj,Zajz(ul,sz" >uk]~)'Gj7"' 72@]'[(“17”27"' ,Ukj)-Gj)
j=1 j=1 J=1
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We can write this expression in matrix form:

a1Gy aGr -0 ayGh

anGy axGsy -+ ayGe
C:<u17u27"'7uk17vlav27'”7vk27”'7h17h27"'7hks)' : . . :

asle asQGs ot a'sle

Therefore, the generator matrix GG of the matrix product code C

anGr aGy - ayGy
_ anGe axpGsy -+ ayGy
asle asQGS te asle
]
Proposition 3.2. Let C; be a [m, k;, d;] linear codes over F,, i € {1,--- s} and

A = (a;;) € M(F,, s x1). Then the matriz product code C = [Cy,Cy, -+, C5]A is
a linear code over Fy, with length lm and dimension.

k<ki+kyt o +k (3.2)

If the matrix A has full rank the bound (2) is achieved, so the dimension of
the matrix product code C' = [C}, Cy, - -+ ,Cs]A is

k=Fk +ky+--+k (3.3)

Proof. Let A = (a;;) € M(F,,s x ) matrix with s < [ which has full rank.
Any codeword of C' is of the form ¢ = (¢y,¢q,--- ,¢5)A. Let us suppose that
(c1,¢0,++ ,e5) #10,0,-+- ,0] fori =1,2,--- s and ¢; € C;. Since A has full rank
and s < [, then rank of A is equal to s, then ¢ = (¢, o, -+ ,¢5)A # 10,0, ,0].
Therefore #C = (F#C1).(#Cy). - - (#Cy) = grrthatThs, O

Proposition 3.3. Let R; = (a;1, a4, -+ ,ay) denote the i- row of the matriz A
fori =12 --- s and denote by D; the minimum distance of the code Cg, code
generated by < Ry,--- ,R; > in Ffl. In [0] the following lower bound for the
minimum distance of the matrix product code C' is obtained

d(C) =d= min{dth ngQ, s ,ngs} (34)
where d; is the minimum distance of C;

Proof. Demonstration of this proposition is given in [(] O

Lemma 3.4. If Cy,Cy, -+ ,C, are nested codes C7 D Cy D --- D C the bound
in (4) is sharp [3]

Proof. The proof of this lemma is given in [3] O
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Example 3.5. If 1,y are two linear codes over Fy, with generator matrices

respectively G, Go and A = ( é }

C= [01,02].14 = {(Cl|01 + CQ) 1 € Cl,CQ S Cg}

). Then the matrix-product code

and the generator matrix GG of the matrix product code C' is G = ( G Gy )

0 Gy

Example 3.6. Consider the linear codes C7,Cs, C3 of length 3 over F3, with
generator matrices respectively:

1 11 111 1 11

Gi=|021],G= ,G3=(11 1)andA=| 0 2 1
0 21

00 1 0 01

Then the matrix-product code C' = [C}, Cy, C3]. A is given by its matrix generator

G G Gy
G = 0 2Gy Gy
0 0 Gjs

The parameters of these codes are [3,3,1],[3,2,2] and [3,1, 3], respectively,
and the codes are nested, the matrix-product code C' = [C}, Cy, C3].Ais a [9, 6, 3]
linear code.

As conclusion of this work, we aim to study the matrix-product code and
give some Bound on the parameters of the matrix-product code where the codes
Cq,---,Cy are linear and the matrix A has full rank.
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