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MOTION PROPERTIES OF THE VARIABLE MASS SMALLEST
BODY IN CYCLIC KITE CONFIGURATION WITH KERR-LIKE
OBLATE HETEROGENEOUS PRIMARIES

ABDULLAH A. ANSARI' *, ANURAG JAIN? AND S. K. SAHDEV?

ABSTRACT. This paper presents the motion of the smallest body in the 5-
body problem where 4 bodies construct the cyclic kite configuration. Out of
five bodies, four bodies are situated at the vertices of a kite and the shapes
of these bodies are considered as oblate heterogeneous by the supposition that
these bodies are spinning around their own axes. It is also supposed that the
smallest fifth body is varying its mass, and its motion is affected by the coriolis
as well as centrifugal forces. We numerically illustrate the locations of fixed
points, their stability, the zero-velocity surfaces with projections and Poincaré
surfaces of section by the determined equations of motion.

1. INTRODUCTION

The restricted problem can have various types of configuration with various per-
turbations. These various types of configurations and various types of pertur-
bations in the restricted problems are studied by many researchers. Analysis of
restricted problems are made by many ways like assuming by number of bodies,
the configurations of the bodies, shapes of the bodies, the movement of the bodies
and the external forces working on these bodies etc. Therefore, this problem is
application based problem. And hence the study of this problem is directly used
by the space agencies in the world-wide.

This types of restricted problems are investigated by many scientists, some of

themareanOHOW:[ ]’[ ]7[ ]’[ ]7[}7[ ]7[ ]7[ ]7[ ]v[ ) ]7[ ]’[ ]7
[7], [21], [11].

In our universe all the celestial bodies varies their masses therefore we can not
study the motion properties by ordinary method hence we will use Jeans law and
Meshcherskii space transformations. By using above said transformations, various
researchers have investigated the mass variation effects as: [22], [30], [10, 8, 9],
[16], [5, ¢], [1].

The arrangement of the manuscript is as follows: The introduction of the
problem is presented in section 1. The description of the problem with equations
of motion are given in section 2. Section 3 represents the locations of fixed points
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while their stability states are given in section 4. Sections 5 performed the zero-
velocity surfaces with projections while PSS are illustrated in sections 6. The
paper completes with conclusion in section 7.

2. DESCRIPTION OF THE PROBLEM WITH EQUATIONS OF MOTION
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Ficure 1. Cyclic kite configuration with kerr-like oblate hetero-
geneous primaries

Let the masses of four oblate heterogeneous bodies be m; (i =1, 2, 3, 4), which
are rotating about their own axes with angular velocities a; respectively. These
bodies ( equal masses, equal heterogeneous parameters (p; 1) and equal angular
velocities) are situated at the vertices of a cyclic kite (the radius of circle is d).
The formation of kite is assumed to be in two parts: first part of the kite is
formed by mymsm, which is an equilateral triangle with side ¢, and second part
of the kite is formed by mimsoms which is an isosceles triangle with two equal
sides mymy = mams = d. In this way the cyclic kite configuration is obtained
with the relation ¢ = v/3d. Hence the coordinates of vertices of kite my, mo,

d v3d d v3d d 3d
my and my will be (d,0,0), (5, fT’O)’ B CLE 5’_%’0)
respectively (the complete view is given in figure (1)).

Under the gravitational forces of these four kerr-like primaries, the transition
from Newtonian to beyond Newtonian with transition parameter e € [0, 1] and
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the effects of the coriolis as well as centrifugal forces with parameters €; as well
as ey respectively, we will discuss here the motion properties of the smallest fifth
body which is varying its mass.

Using the procedure given by [3] and [18], one can write the potential between
two kerr-like oblate heterogeneous bodies moving in the same plane as

Gm;m; G(mjpil +mi,0j1) €1 M

Q,;, = - — ; Cos b Cosb;
j g 277, + ) (a; Cos0; + a; Cos0;)
2 s M
+€2WL—13WL] {m? + a}(3Cos*0; — 1) + a? (3Co0s*0; — 1)},

i, = 1,2, 3,4, provided i # 7,

(2.1)
where m; and m; are the masses of the bodies, r;; is the distance between
both bodies, G is the universal gravitational constant, p;; and p;; are the density
parameters of the heterogeneous bodies, € is the transition parameter, a; and
a; are the angular velocities of the bodies, 6; and 6, are the inclination of the
bodies with respect to the coordinate axes. Following the procedure used by
[3] and utilizing Eq. (2.1) by fixing the units as my + mg + mz + my = 1,
ay+ay+az3+a, =1, G=1andd =1. If m;y = my = m3 = my = p and
a; = ay = az = ay = a then p = 1/4 and a = 1/4, and also the heterogeneous

parameters p;1 = pj1 = h , one can write the mean motion v of the system as

1 1 13 5
2 ) Z(51 — — € — —(274+4 2, 2.2
veo= 8(5+ \/§)+8(5 +8V3)h Th 512( 7T+4V3)e (2.2)

One can determine the equations of motion for the variable mass smallest body
by utilizing the method used by [1] as

3} - n, . ow

a—2ve B + g(a—vﬂﬁ) =

. . m, - ow

0+ 2veaa + E(ﬁ—i‘yﬁlfﬂ) = W’ (23)
m ow
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with

V2 € 5 1 1 1 1 h(1 1 1 1
W = 2(a +5)+M<€1+E+€3+€4>+§<€_§+§+E+E)

3h~? [ 1 1 1 1
_ 27 (E + 65 +€5 +€5) —€pa (62 Cos¢1~|— Cosqbg
1 e (1  pa 1
+@ Cos ¢3 —|—€2 Cos¢4) —-3 {63 63 (3Cos o1 —1) + Z
L pa @ opa’ p°
€3 (BCOS o — 1) +€—3 +€—3(BCOS 3 —1) + A
1

+L(3COS ¢4—1)}
9 2
e% = (Oé—l)2+/82+’}/2, Eg: (@_%) +< _?> +727
1\? 3\ 1\? 3\
Go= <a+§> +<6—7> +9%, 4 = (a+§> +<B+7> ++2,
_ 3
o1 = tan_1<a€1), d)gztan_l(i_i),
2

(- (B
- ¢ 1 2 S 1 2 |
¢3 an (a‘i‘% ) ¢4 an Ck—l—%

We can not investigate this model by ordinary methods because of variable mass

of the infinitesimal body. Therefore, Jean’s law [19] and Meshcherskii space-time
transformations [21] will be used as:
m = moe " and (o, 8,7) = 6, % (z, y, 2), (2.4)

m
where 07 is a constant and 0, = —, where myg is the mass of smallest body at
mo
time t = 0. And also

_ 1 _ 1
a = (521/2 <IE+§(51$), d:521/2 (517"‘511"‘—15%%'),
571/2 i+ 01 1 +1(52
2 - 2 y 1y 4 ly 9 (25)

. 1
o= 5 <z'+151z> 5 = 5,1 (z+5lz+15f2).

2

. _ ) 1
g o= 5" (y+—f51y
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By Eqs. (2.3), (2.4) and (2.5), we obtain

T . OH
T —2ve = —
1y ax7
OH
J+2vetr = —, (2.6)
dy
. OH
Z = —
Dz’
with
1/262 2 2 (5% 2 3/2 1 1 1 1
H = —@+ ) +5@+9y+22) +pd” [ —+—+—+—
2 8 (ST R S )
h5§/2<1+1 1 1) 3h2252/2<1+1+1+1)
> \wtataETs 2 \g TEtETR
2 5;/2 B ua B pa®
- 4+ -(3C0s%0; — 1) + = +55-(3C0s? 6, — 1
5 (T‘I’+r:f< os” 0y )+r§’+r§( 08”0y — 1)
3 2 3 2
—I—'LL—S—I—%(?)COSZQ;;—1)+H—3+%(3005204—1))
E E T4 Ty

—euaéQ( Cost + = Cosﬁg—i- Cosﬁg—i- Cos<94>
7”1

2 3 4

2 2
3
r? = (x+ 52) +<y+\/7_\/$> + 22,

__\/_
6, = tan' | —L— 0y = tan~" [ 2
o) e (:c—-m:

— 3 /5 Y3./5
f; = tan~ (y \/_2>, 0, = tan~! (M)

T+ 50, T+ 50,
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The obtained Eq. (2.6) is the equations of motion for the variable mass smallest
body in the perturbed cyclic kite configuration with Kerr-like oblate heteroge-
neous primaries.

3. FIXED POINTS

The fixed points for this model can be obtained from Eq. (2.6) by putting
to the derivatives with respect to time t by zero. And hence 0 H/0x = 0 and
OH/0y = 0.

Now, we solve numerically the partial derivatives for various values of the
parameters used to perform the locations of the fixed points. These locations of
fixed points are presented in figures (2) in four cases (Case-1: Unperturbed case
(figure (2(a))), Case-2: perturbations due to coriolis, heterogeneous and beyond
newtonian are taken (figure (2(b))), Case-3: perturbations due to coriolis and
variable mass are taken (figure (2(c))) and Case-4: Complete perturbations are
taken (figure (2(d)))). Cases- 1, 3, 4 have only five fixed points while case-2
have four more fixed points i.e. nine fixed points exist in this case. From figures
(2(a)), (2(b)), (2(c)) and (2(d)), we observed that the fixed points L, and Lg
are symmetrical about ordinate while the fixed points L3 and L, are symmetrical
about abscissa.

4. STABILITY

Here we are going to examine the stability of the fixed points for which we
need to shift to the fixed points (o1, Yo1, z01) as

T = To1 + Toz,
Y = Yo + Yoz, (4.1)
Z = Zp1 + 202,

where (22, Yoz, z02) is the slight shift from the fixed points.
Hence the variational equations of the equations of motion (2.6) as:

i — 2verfor = HY,xo2 + Hy,yo2 + Hy ., Z02,
jor + 2verdoy = H), w0y + Hy,yo2 + H), 202, (4.2)
.2:02 = Hg:(; Toz + HgyyOQ + H,Sz 202-

where superscript zero denotes the value of the derivatives of H at fixed point.
The subscripts of H in Eq. (4.2) represent the derivatives with respect to respec-
tive variables.

The system (4.2) can be written in the phase space as
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F1GURE 2. Positions of fixed points in various cases

To2 = o3,
Yo2 = Yos,
202 = 203,

ios = Hy, oo + Hgyyoz + HJ, 22 + 2v €1 Yos,

; 0 0 0
Yos = Hy,xoa + Hy, Yoo + H,, 2020 — 2V €1 T3,

s 0 0 0
203 — qu}x02 + szyog + szZOQ.

We will use the Meshcherskii-space-time inverse transformations due to varia-
tions in mass. These are as follow:
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1 1
Toa = —F=—7To2, Tos = —F=— Lo3
Vo 02
1 1 (4.4)
Yoa = —F=Yo02, Yo5 — ——= Yo3, .
Vs Vs
1 1
204 = T=—=4R02;, R05 — T =— 203-
Vo 5
From Eqs. (4.3) and (4.4), one can write as
X = MX, (4.5)
where
1 ) 0 0 1 0 0
5 01
. 1
o4 0 3 6 0 0 1 0 To4
Yoa 1 Yoa
‘ ;04 M- 0 0 5(51 10 0 1 ox ;04
05 HY, HY, HY, -6 2ve O 0
Yos 2 . Yos
Z05 Hy, Hy, Hy), —2ve 5o 0 205
1
0 0 0
H,, sz H,, 0 0 5(51
(4.6)

Hence the characteristic equation of the matrix M as

AN Hs N° + Hy A + H3 N+ Ho N2+ Hy M+ Hy, (4.7)
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where,
H5 = - 3(51

15
H, = Z(Sf+4e§u2 — (Hyw + Hyy+ H..),

5}
H3: — 55%—86%51y2 + 251 (Hxx+Hyy+HZZ)’

1
Hy = {1560+ 96615702 — 2487 (Hew + Hyy + He) — 64602 I

+ 16(H,, Hyy + Hop Ho. + Hyy H.. — H? )}, (4.8)

1
Hy= 7o{=300 = 3261011 + 807 (Hyo + Hyy + H..) + 64ctv" 6, H..
— 166y (Hyo Hyy + Hyw H.. + Hyy H.. + H2)},
1
HO == @{5? + 166% 511 2 _45% (me + Hyy + HZZ)
— 64HZZ(E% V25% + H:cxHyy - Hiy)
+ 1663 (H,, Hyy + Hyo H. . + Hyy H,, — H?)}.

Using Eq. (4.7) and for the various values of the parameters used corresponding
to the fixed points, we obtained, all the roots which are either positive real parts
of the complex roots or at-least one root is positive real number (given in the
table 1). Hence these fixed points are unstable.

TABLE 1. Nature of fixed points in x — y—plane for ¢, = €5 = 1.2,
01=02,00=04,¢=01&h=0.1and z=0.

Fized Point Characteristic Roots Nature

I 0.0999999999 + 3.72674T66617 17, uble
0.0999999999 + 2.3170451564
— 3.5302702204
3.7302702204
0.1000000005 + 3.71303558660 7, <sopre
0.1000000045 = 2.3928627398 i
— 3.5732858094
3.7732858994
L. —0.7989426876 + 1.57395001877 17, csabie
0.0999999999 + 1.6258174939 i
0.9989426876 + 1.5739500187 i

Lo 3 4
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5. PROJECTIONS OF ZERO-VELOCITY SURFACES

Multiplying by & and g in first and second equations of Eq. (2.6) respectively
and integrating after adding both sides of these three equations of Eq. (2.6), we
obtain

t(OH
P+t 4+ = 2H—C’—2/ (%—t>dt, (5.1)
to

where C represents the energy constant.
If the left hand side of equation (5.1) is representing the velocity (v) of the
smallest body then it can also be rewritten as

Y VOH
2 = 2H—-C -2 i 2
. c /to(at>dt, (5.2)

For the possible motions, v? > 0 and hence

L rO0H
2H—O—2/(a—)dt > 0. (5.3)
Using the procedure of [22] and [1], the equation (5.3) can be obtained as
2H > C. (5.4)

Utilizing equation (5.4) with software Mathematica, we can plot the zero-
velocity surfaces with projections. For this firstly, we have to evaluate the value
of constant C corresponding to each fixed point and then we can illustrate the
surfaces. Here we have consider perturbed case (e = 1.2, §; = 0.2, 65 = 0.4, €
= 0.1 and h = 0.1). In this case, we found that the value of C corresponding
to fixed points L, 5 3 4 are same while corresponding to the fixed point Ls have
different value. And finally, we have plotted the zero-velocity surfaces with pro-
jections corresponding to the fixed points (Ly 2 3 4) and L; and given in figures
(3(a)) and (3(b)) respectively. Figure (3(a)) shows that smallest body can move
everywhere except near the fixed point L; while figure (3(b)) shows that it can
move everywhere without any restriction.

One can illustrate the zero-velocity surfaces with projections for other cases also.

6. POINCARE SURFACES OF SECTION

The Poincaré surfaces of section (PSS) is an important dynamical property
of the motion of the smallest body. To perform this, we have to evaluate the
positions (z,y) and velocities (&,y) for different time and initial values of the
motion of the smallest body in the phase space. Then we illustrate the figure
between (z,#) at y = 0, whenever the orbit intersects the plane for § > 0.
Here we have obtained the Poincaré surfaces of section for the various values of
the parameters used and given in figures (4(a)), (4(b)), (4(c)) and (4(d)). We
observed from here that there are no chaos. The Poincaré surfaces of sections in
two cases of figures (4(b)) and (4(d)) are symmetrical about abscissa while the
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1.0
(a) Corresponding to L1 2,3 4 (b) Corresponding to Ls

F1GURE 3. Projections of zero-velocity surfaces for e = 1.2, §; =
0.2,0o =0.4,¢e=0.1and h = 0.1

other two cases of figures (4(a)) and (4(c)) are nearly symmetrical about abscissa

7. CONCLUSION

In this problem, we have investigated the effects of various perturbations (oblate
heterogeneous shapes, spin about their own axes, coriolis force, variable mass and
centrifugal forces) on the motions of the smallest body in the cyclic kite configura-
tion. Numerical studies shows that there are five fixed points in the unperturbed
case and at most nine fixed points in the perturbed cases. We also observed that
the four fixed points are near by the primaries while one fixed point is near by the
origin. The examination of stability shown that the fixed points here are unsta-
ble. The quasi-Jacobi integral revealed the zero-velocity surfaces with projection.
In this figure shaded region shown the prohibited region while the white regions
are allowed regions for motion. The Poincare surfaces of section have no chaos
and the surfaces are symmetrical and nearly symmetrical. Finally we observed
that these perturbations have good enough impact on the motion of the smallest
body.

Acknowledgement: We are thankful to the International Center for Ad-
vanced Interdisciplinary Research (ICAIR), New Delhi, India.
We are also thankful to the anonymous editor and reviewer who have given us
opportunity to improve the paper.
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