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A NOTE ON (), x)- SLANT HANKEL OPERATORS ON L2(T)
SHESH KUMAR PANDEY!' AND ANAND PRAKASH MISHRA?

ABSTRACT. In the view of existing works on operators (namely, A\- Hankel and
A- Slant Hankel operators etc.) done by Avendano, Datt and Aggrawal, we take
up an operator equation uM>FX — XM,» = AX and solve it for A\, u € C. Its
solution yields an important class of slant Hankel operators, (namely, (X, u)-
slant Hankel operators). After that, we provide certain basic properties of
(A, n)- slant Hankel operator on L?(T) of unit circle T. Finally, we come up
with a results for (A, p)- slant Hankel operator, which is analogous to classical
Kronecker theorem for Hankel matrix.

1. INTRODUCTION AND PRELIMINARIES

In the paper, the set of all complex numbers is denoted by C and the symbols I
and T are given by the sets {z € C: |z| < 1} and {z € C: |z| = 1}, respectively.
An organized study of slant Toeplitz operators on L*(T) of unit circle was done
by M. C. Ho [15, 14], who not only analyzed several operator theoretic properties
of the slant Toeplitz operators on Lebesgue space of unit circle (like algebraic and
spectral properties etc) but also some C*-algebraic properties of slant Toeplitz
operators. The study of k'™-order slant Toeplitz operators on L?*(T) and the
compression of k"-order slant Toeplitz operators to the Hardy space was done
by Arora and Batra [!], which is an extension of slant Toeplitz operator. For
the fundamental results and definitions related to Toeplitz and Hankel operators,
one can see [3, 17, 18]. The work of Ho [15, 14] enlights academicians to consider
a similar kind of study for the Hankel operator and slant Hankel operators are
taken into consideration on L?*(T) in [2]. The theory of Hankel operators has
several applications and it is one of the most fascinating and interesting branch
in analysis. The study of finite matrices, whose elements are same along each
antidiaganals, are done by Hankel [13] in 1861 and such matrices are known as
Hankel matrices. A characterization of infinite Hankel matrices of finite rank
was first given by Kronecker in 1881. Several generalizations of Hankel operator
have been obtained with the passes of times using new techniques and ideas, like,
M:X — XM,» =0 (slant Hankel operators), U*X — XU = AX (A-Hankel opera-
tors) and pU*X — XU = AX (A, u)-Hankel operators (see [2, 6, 7, 8, 9, 10]), where
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M, and U are multiplication and shift operators respectively. The concept of es-
sentially (A, u)- Hankel operator was introduced and linked to A- Hankel operator
in [7]. The theory of Hankel operators has been extensively studied on Dirichlet,
Dirichlet type, Bergman and Hardy spaces on certain domains (namely,unit ball
in C or C" and symmetric domain etc.) [3, 1, 16, 20, 21].

The operator equations M;X = XM, and U*X = XU, characterize Hankel
operators on L*(T) and H?(T), respectively. Here, U(f)(2) = zf(z) for all f €
H?(T). The references [11, 17, 21] are useful for the basic concepts related to
Hankel operators. The work of Barria, Halmos, Sun [5, 19] and others motivate
mathematicians to consider different generalizations (see, [2, 3, 4, 6, &]). The
approach initiated by Avendano [3, 1| gave new insights to consider the operator
equation [8] AMX = XM, , for kK > 2 and A € C. Particularly, the value
A = 1 in preceding expression provides the characterization for the k*'-order
slant Hankel operators.

The Nehari’s theorem [17] states that a Hankel operator is an operator induced

by an essentially bounded function ¢ on T, which is written as Hy = PJMy,
where P and J are projection and flip operators respectively. More research is
not available in literature on the spectral properties of Hankel operators in the
form of function ¢. But Power [15] has obtained the essential spectrum of Hankel
operator Hy with inducing symbol ¢, where ¢ is essentially bounded piecewise
continuous function.
The space L?(T) represents the set of all functions f : T — C, which are Lebesgue
measurable with the condition that [ |f ]2 do is finite, where do is Lebesgue mea-
sure. Similarly, the space L>(T) denotes the set of all essentially bounded mea-
surable complex valued functions on T. In the form of Fourier series expansion,
the elements f € L*(T) and g € H?*(T) can be expressed as

F(2) = fur" with Y |fa]* < oo,

nez neL

and

9(2) = > g2 with Y [ga|* < o0,

TLGZ+ TLGZ+

where Z = {n : n is an integer} and Z, = {n : n is a non-negative integer}. It
is familiar fact that the inner product on the Hilbert spaces L*(T) and H?(T) is
given by

1 i 0 i0
<f79>:% i f(e")g(e?)do.

The orthonormal bases for the Hilbert spaces L?(T) and H?(T) are given by the
collections {e,, : m € Z} and {e,, : m € Z, }, respectively. The basis elements e,
are defined by e,,(z) = z™. The basis elements are usually written as z™ instead

of e,,. The Hardy space can also be thought of as a closed subspace of L*(T)
having all those functions f of L?(T) such that (f,e,) = 0, when n < 0 (see [12]).
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We know that the set of all functions f : D — C, which are analytic on disk

D, with the norm
271 %
I£11= (s, [ 1rePar) <,
0<r<1.Jo

is denoted by H?(D) and known as Hardy space. Here the normalized Lebesgue
measure on T is denoted by dt. The space H?(ID) is also a Hilbert space, which can
be identified with H?(T) via the radial limits of functions of H?(D). Therefore,
functions (elements of H?(T) ) with Fourier coefficients f,, = 0, whenever m < 0
are termed as analytic function in L*(T). An element g of L*(T) is said to be
co-analytic if g is analytic in L?*(T).

2. (A, p)- SLANT HANKEL OPERATOR

This section of the paper starts with a generalization of slant Hankel operators
via an operator equation with the insights given by Barria, Halmos, Sun and
Avendano [3, 4, 5, 19]. We begin our section by listing certain basic definitions
and results.

Definition 2.1 (Slant Hankel Operator). [I, 2] For an essentially bounded func-
tion ¢ on T, a slant Hankel operator on L*(T) is defined as Sy = WJM,,
where the operators J, My, and W on L?*(T) are given by J(f)(z) = f(2),

My(f)(2) = ¢(2)f(2), and

(") zz, if n is a multiple of 2
0, if n is not a multiple of 2,

respectively. Moreover, the operator equation M}X = X M,» characterizes the
slant Hankel operator on the space L*(T).

Definition 2.2 (- slant Hankel operator). [3] A non-zero solution of the operator
equation AM;X = XM, is known as A- slant Hankel operator on the Lebesgue
space of T. It is induced by an essentially bounded function ¢ on T and given
by Sga = DA\WJMy, where Dy(f(2)) = f(\z), which is in fact a composition
operator on the Lebesgue space. Here, W, J, and M, are same as defined above.

Now, we provide few results, which is essential to carry out further discussion
in this paper. We know that a functional Hilbert space is a Hilbert space H
consisting of functions f : Y — C, where Y is a non-empty set; the structure of
Hilbert space on H can be linked to non-empty set Y in the following elementary
ways. For € Y, define a functional ¢, : H — C such that ¢, (f) = f(z), which
is known as evaluation functional. Then it is essential that

(1) The functional 1), is linear for each x € Y that is, if f,g € Hand o, € K,
where K is a scalar field, then ¢, (af + 8g) = af(z) + fg(x) = a,(f) +
Pi.(g) for all x € Y.

(2) The functional v, is bounded for each z € Y, that is, for each x € Y we
have 7, > 0, with |, (f)] = |f(z)] < .|| f|| for all f € H.
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It is easy to visualize every Hilbert space as a functional Hilbert space in the
following way. Let H be a given Hilbert space, take Y = H. Let H be a set
of all functionals f on Y (= H), which are bounded as well as conjugate linear.
Then, there is a natural correspondence ® : H — H, given by O(f) = f and
f(h) = (f,h) forall h € X(= H), between H and H. Next, we list certain results,
which are essential for discussion. The following result provides an expression for

reproducing kernel in terms of an orthonormal basis of functional Hilbert space
H.

Theorem 2.3. [12] Let {e;} be an orthonormal basis for functional Hilbert space
H overY, then the function K on'Y XY is defined by

K,(2) =) ealr)e;(y).

Here, K(z,y) = K,(x) is known as reproducing kernel of H.

Utilizing the above discussion, we can define a function S, : D — C given by

Sw(z) = em(2)ep,(w) =Y 2™, (2.1)

which acts as a reproducing kernel for L?(T). The following result is due to
Avendano, which can be written as:

Proposition 2.4. [1] Let A € B(H?) with ||A|| < 1, where B(H?) is the Hilbert
space consisting of bounded linear operators on the Hardy space. Then an operator
X € B(H?) satisfies the operator equation AX = XU if and only if X is compact

and has the form X = > (A"¢) ®e,,, where ¢ € H*(D) and an orthonormal basis
n=0
for H*(D) is (e,).

Now, we are in a position to introduce an operator equation, which gives rise
another generalization of slant Hankel operator, namely (\, u)- slant Hankel op-
erator.

Let A, i be two fixed complex numbers, consider an operator equation

pMIX — XM, = AX, (2.2)

Here, we try to solve this operator equation completely, that is, we search for an
operator X on L?(T), which satisfies the operator equation (2.2) for a choice of
complex numbers A, u. The solution X € B(L?) of the operator equation (2.2)
is known as (A, u)- slant Hankel operator. One may consider other symmetric
form puM;X — AXM,» = X of operator equation appearing in (2.2). It is trivial
to observe that the operator equation pM;X — AXM,» = X has only trivial
solution for the case when A = p = 0. But, on the other hand, equation (2.2)
has non-trivial solution under the same condition A = p = 0. It confirms that
operator equation (2.2) has wider range of non-trivial solutions in compared to
uMZX — AX M, = X.

The particular choices to the scalars A and p give rise operator equations, which
characterize different other well-known generalizations of slant Hankel operator.
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(1) The pair (A, ) = (0, \) gives AM X — X M,» = 0, which characterizes \-
slant Hankel operator.
(2) The pair (A, u) = (A, 1) gives M X — XM,» = AX, which characterizes
another form A- slant Hankel operator.
(3) The pair (A, u) = (0,1) gives M X — X M,> = 0, which characterizes slant
Hankel operator.
Now, we take up an operator equation puM,2X — XM = AX and provide the
solution of this operator equation.

Theorem 2.5. The operator equation uM,X — XM; = XX has only trivial
solution for any choice of complex numbers A and .

Proof. The operator equation pM.2 X — X M} = AX can be re-written as (uM2 —
M)X = XM:. Let f € L?(T) is in the kernel of (uM,> — AI) and, let f can be

expressed as f(z) = > a,2™. Then, we get
meZ

(WMo = AI)f(2) = 0

(WM, — NI (Z amzm> = 0

meZ
E (2™ = E A, 2™,
meZ meZ

On replacing m by m — 2 on the left hand side of preceding expression we get,

Z 22" = Z Ay, 2"

MEZ meZ

On comparing the coefficients of 2™ in the above expression, we have
Ay, = U2 (2.3)

Now, we may consider different cases, namely,

Case I: When A = 0 but p # 0, then the equation (2.3) gives that a,,_o = 0 for
all m € Z. It implies a,, = 0 for all m € Z and hence f = 0.

Case II: When A # 0 but g = 0, then the equation (2.3) yields that a,, = 0 for
all m € Z, which gives f = 0.

Case III: When both A # 0 and p # 0, then iteratively, equation (2.3) reduces to
as, = cFag, for k € Z and ag1 = day, for | € Z, where ¢ = &£. Since f € L*(T)
therefore > |a,,|* < co. This implies that the series

meZ
Z|a2m’2 and Z|6L2m+1|2

meZ meZ

are convergent. It is possible only if ag = 0 and a; = 0, which yield that a,, =
for all m € Z. Thus, in the view of all above cases, we have ker(uM.2 — \I)
{0}. Now, by Theorem 2.1 of [!], we conclude that X = 0. In the case when
(A, 1) = (0,0), the operator equation uM_ 2 X — X M* = AX reduces to XM = 0.
It trivially gives that X = 0. 0J

0
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Now, we move towards our main aim and consider the operator equation
uM:X —XM,» = AX. As we know that for A = 0, the equation uM;X —XM,> =
AX provides p- slant Hankel operator for u € C, which is already discussed by
Datt and Aggarwal [3]. If we take A = 0 and p = 0 in the preceding operator
equation then we have only trivial solution. In the next result, we search for the
solution of operator equation

uM:X — XM = \X, (2.4)
when p = 0.

Theorem 2.6. If u = 0, then the operator equation (2.4) has only trivial solution
for any choice of complex number X.

Proof. Under the assumption, the operator equation (2.4) can be written as
XM, 4+ AX =0, that is,

X (M, + ) = 0. (2.5)

Since, we know that the spectrum of multiplication operator M,: is {z € C :
|z| = 1}. Therefore, for |A| # 1, the operator (M,2 + AI) is an invertible operator
and hence the equation (2.5) yields that X is the zero operator. In the case when
|A| = 1, equation (2.5) can be re-written as X = cX M2, where ¢ = —A. It gives
that X(2") = c¢X(2"72) for all n € Z. Iteratively, this provides relations in terms
of 1(= ep) and z(= e1), that is,

XM =c"X(1) and X =" X(2), for k € Z.

If possible assume that at least one of X (1) and X(z) is non-zero. Without
lose of generality, consider X (z) # 0, therefore there exist at least one non-zero
Fourier coefficient a;, of X (z) for some k € Z. If we take a sequence of elements
appearing in the k" row of the matrix of X. Then it does not converge to 0,
because this sequence contains a subsequence (namely, having elements appearing
at odd positions in the k™ row of the matrix of X), which does not converge to
0. It is a contradiction to the fact that the operator X is bounded. This implies
that both functions X (1) and X(z) are zero. Therefore, X (2") = 0, for n € Z
and hence X = 0. This completes the proof. O

Next, we investigate a result, which is analogous to Proposition 2.4, for the
Lebesgue space L?(T).

Lemma 2.7. Let A € B(L*(T)) with ||A|| <1 and ¢ € L>®°(T) such that ||}]|s <
1. Then the operator equation AX = XMy has only trivial solution.

Proof. The given operator equation can be written as X = AX My, which gives
that

X1 = [AX M|
< [AlIX Mg
< X
It means that || X|| =0 and X = 0. O

An immediate consequence of the preceding result is the following.
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Corollary 2.8. If |A|+ |u| < 1. Then the only solution of the operator equations
puMiX — XM,» = AX and pM, X — XM,» = A\X is the zero solution.

Proof. Let X be an operator on L?*(T), which is bounded and satisfies the operator
equation uM X —X M, = AX and uM, X —XM,» = AX, that is, (uM =) X =
XM, and (uM, — AN)X = X M,=. Since ||uM; — N || < |A\| + |p| < 1. Similarly,
|uM, — M| < 1. Therefore, in the view of preceding result, we can conclude that
X =0 is the only solution for both the equations. 0

It is easy to see that the zero operator satisfies both the operator equations
uM:X — XM,» = AX and puM,X — XM,» = AX for any choice of y and A\. In
the next result, we look for pairs (A, u) and (a, ) of complex numbers for which
a (A, p)- slant Hankel operator is also a («, 3)- slant Hankel operator.

Theorem 2.9. A (A p)- slant Hankel operator X is also a («, 5)- slant Hankel
operator if and only if X = 0.

Proof. Let X be an operator on L*(T), which is (\, ) as well as («,3) slant
Hankel operator. Then puM;X — XM,» = AX and SM;X — XM, = aX. On
subtracting the preceding expression, we get that M} X = ~vX, where d = p— 8
and v = A — a. It gives that (M} — 2I)X = 0. Now, we consider two cases.
Case: I When |y| # |d], that is, [\ — a] # |u — 5]. Then we consider three
subcases.

Subcase: (i) When v = 0 but 6 # 0, equation reduces to M*X = 0. It gives that
X=0.

Subcase: (ii) When v # 0 but § = 0. Then, it is obvious that X=0.

Subcase: (iii) When v # 0 but § # 0. Then, |}| # 1. Therefore, the operator
(M} — %) is invertible operator and hence X = 0.

Case: II When |y| = [0] # 0, that is, |\ — o] = |u — 8] # 0. In this case, the
equation 0M}X = vX can be re-written as X*M, = cX*, where c = (%) This
implies that X*(2") = ¢"X*(1) for all n € Z. By utilizing the technique used
in Theorem 2.6, we obtain X* = 0 and hence X = 0. The converse part of the
theorem is trivial. This completes the proof. ]

Now, we discuss the specific property (namely, closedness) of the collection
(X, ) — SHank(L?) of all (A, u)- slant Hankel operators on L?(T).

Theorem 2.10. The collection (X, ) —SHank(L?) is a linear subspace of B(L*(T)),
which is uniform closed subspace of B(L*(T)).

Proof. Let X; and X, be any two (A, u)- slant Hankel operator on L?*(T) and
Oé,ﬁ S C. Then, /LM:Xl — XlMZQ = )\Xl and MM;XQ — XQMZZ = )\XQ NOW,
consider the operator uM:(aX;+ Xs) — (aX; + fX3)M,2, which can be written
as
pM(aXy + BX) — (aXy + BX2) M.z

= OZ(ILLMZ*Xl — XlMZQ) + B(MMZ*XQ — X2M22>

= Oé)\Xl + 5)\X2

= /\(@Xl + /BXQ)
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It immediately gives that aX; + X5 is a (A, p)- slant Hankel operator and hence
the collection (A, u) — SHank(L?) is a subspace of B(L*(T)).

Now, let (X,,)m>0 is a sequence of (A, u)- slant Hankel operators on L*(T) con-
verging uniformly to an operator X. Then the operator norm || X,, — X| — 0.
Consider the norm

M X — XogMz — pMEX + XMz|| = ||[pM (X — X) — (Xpn — X) M,z ||
< [IME [ X — X 4 [ X — X[[[[ M2

Since the multiplication operator is a bounded operator and ||X,, — X| — 0.
Therefore, the above expression gives that ||(uM:X,, — X;,M,2) — (uM;X —
XM._2)|| — 0, that is (uM X, — X, M,2) — (uM;X —X M,2) in uniform topology
of B(L*(T)). It yields that A\X,, — puM:X — X M., but we know that \X,, —
AX in uniform topology of B(L?(T)). Therefore, by the uniqueness of limit, we
have M X — X M, = AX. This implies that X € (), u) —SHank(L?) and hence
the collection (\, ) — SHank(L?) is uniformly closed subspace of B(L?(T)). O

In the next result, we provide a unitary operator, which depicts the connection
amongst (A, u)- slant Hankel operators corresponding to different pairs (A, ) of
unimodular complex numbers.

Theorem 2.11. For a given X € (\, u)—SHank(L?), the operator D_1 XD

aBL Var
is (a, B)- slant Hankel operator, where o, 3, \ and p are unimodular complex

numbers and D, is a unitary diagonal operator given by Dy(e,) = a"e, for all
n € z.

Proof. With the help of definition of diagonal and multiplication operator, it
is easy to show that DiM}(e,) = nl — e, = aM*( ,Len) = aM;Di(e,) and
M.2D1(e,) = —=€pyo = @ —tzenio = a*’DiM.2(e,). Tt yields that aD;,M/;k =
aM: D1 and M.2D1 = a*D1 M., ’ '

Now consider the expression D_ L (MM *X — XM.2)D_1 . In the view of above

Var
relation, the expression can be ertten as
D (IU,M X — XMZQ)D i»\ = Dam (/LM X)D\/%_Dﬁ<XMz2)D\/%
- aA(,@M;D . XD —D_1 XD, M2).
aBNi Var apAi \/(T

Since X is a (A, p)- slant Hankel operator therefore uM X —XM,» = AX. Pre and
post-multiplication to the equation pM; X — X M,» = AX by operators D . and

D# respectively gives that a\(BMY —Y M,2) = Y, whereY =D _1 XD 1.

aBNi

=
Consequently, we obtain MY — Y M,» = aY. Thus the result follows. ﬁ

In the following result, it can be seen that the class (A, u) — SHank(L?) is
invariant under the composition of multiplication operator.

Theorem 2.12. Let X be a (A, j1)- slant Hankel operator and M be a multiplica-
tion operator on L*(T). Then, XM € (\, ) — SHank(L?).

Proof. Let X and M be a (A, )- slant Hankel operator and a multiplication oper-
ator on L*(T), repectively. We know that MyM, = MyM, and uM: X — X M,» =
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AX. Therefore, in the view of preceding relation, expression pM (X M)—(XM)M
can be written as

pMI(XM) = (XM)M,2 = (uM:X — XM.2)M
AX M.

Similarly, we obtain that uM*(MX)—(MX)M.> = M(uM:X —XM,2) = AMX.
These expressions trivially gives that XM and MX are (A, u)- slant Hankel
operators. [

Next, we try to deduce a spectral property of (A, u)- slant Hankel operator,
which utilizes following result.

Theorem 2.13. Every (A, p)- slant Hankel operator X is neither invertible nor
essentially invertible.

Proof. Let X € (A, ) — SHank(L?). If X = 0 then it is obvious that X is nei-
ther invertible nor essentially invertible. Now, assume that X # 0, it satisfies
XM,» = (uM; — N )X. It yields that M,» and (M} — M) are similar operators
if X is invertible, which is not true. Hence X can not be invertible.

Next assume that X is essentially invertible then the expression X M,» = (uM* —
M) X gives that the operators M,2 and (uM} — AI) are essentially similar op-
erators under the assumption that X is essentially invertible. Obviously, It is

not possible. Therefore X can not be essentially invertible. Hence the result
follows. OJ

An immediate consequence of preceding result is the following.

Corollary 2.14. For a (A, p)- slant Hankel operator X, the complex number 0 is
a common point in both spectrum o(X) and essential spectrum o.(X) of X.

It is trivial to observe that the adjoint of an operator X € (A, u) — SHank(L?)
is a (, B)- slant Hankel operator if it holds the condition X Mg, > + [Mz4z —
(@ — A)I]X = 0. The following result provides invariant subspaces ( given by
(A, p)- slant Hankel operator ) for multiplication operator with specific inducing
symbols.

Theorem 2.15. If X is a (A, pu)— slant Hankel operator. Then kernel ker X
of X and closure RanX of range of X are invariant subspaces of M,> and M}
respectively.

Proof. Let X be a (A, u)— slant Hankel operator. Then, it satisfies pM X —
XM, = AX, which can be written as (uM} — M) X = XM,2. Now let f € ker X,
then preceding expression gives X M,2(f) = (uM;—AI) X (f) = 0. It implies that
M.2(f) € ker X and hence M2 (ker X') C ker X.

For another part, let X satisfies uM;X — X M,» = AX. Taking adjoint on the
both side of the preceding equation, we get

AX M, — MEX* = AX*,
which can be re-written as iX*M, = (M?, + AI)X*. Using the same technique

as in the part first, we get M, (ker X*) C ker X*. Since we know that ker(X*)+ =
Ran X, therefore we conclude that RanX is an invariant subspace of M. O
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We now return to our main aim of investigation. In the following result, we
search for complex numbers A and p for which the equation pM;X — X M,» = A\ X
admits solution (mainly, non-trivial solution).

Theorem 2.16. The operator X is a non-zero solution of operator equation
pMiX — XM,> = AX if |u| # 0, and |N\| < 1+ |u|. Moreover, it has only
trivial solution for the following cases:

(1) |pl <1 and |A| > 1+ |ul|;

(2) || > 1 and |A] > 1+ |pl.

Proof. We know that for given p # 0, A € C and w € D, the complex number
pw — A € D if and only if [A| < 1+ |u|. Therefore, under the assumption |u| # 0,
and |A\| < 14 |y, it is always possible to choose a complex number w € D such
that the complex number pw — A is again in open unit disc D. Using the function
S., given by (2.1), define an operator X = S5 ® S /5=, which is of rank one
operator. As we know that T'(f @ h)S = (Tf) ® (S*h) for each f,h € L*(T).
Therefore, the expression uM;X — X M,2 reduces to

,uM:X — XM, = /LMZ*(S@ & Sm) - (Sg, ® S\/m)MZQ
= M55 ® S ) — (S0 @ MLS, fur=s)-

One can easily verify that M;S; = wS; and M%S; = w?S; for w € D. Utilizing
this fact, the preceding expression reduces to

MM;X — XM = ,UW(S@ X S\/m) - (,uw - /\)(S@ X S\/m)

It gives that X is a non-trivial solution of uM*X — X M,> = AX if |u] # 0, |\ <
1+ |p|. In particular, X is a non-zero operator satisfying uM* X — XM, = A\X
under the condition 0 < |u| < 1, |\ < 2|u|. Now, we consider the cases:

Case: 1 Let A,y be two complex numbers such that || < 1 and [A| > 14 |pul.
Define an operator T, : B(L*(T)) — B(L*(T)) by

T,(X) = pM:X — X M.,
for each X € B(L*(T)). From the preceding discussion, it is clear that each
complex number A satisfying |A\| < 2|u| is an eigen value of the operator 7,.
Therefore, the set {z € C: |A\| < 2|u|} is contained in spectrum o(7,) C {z € C:
Al <14 |p|} of T,. It implies that complex numbers satisfying |A| > 1 + |p] is
not in (7)) and hence pM;X — X M,> = AX has only trivial solution.
Case: 2 Let |u| > 1 and |A| > 1+ |u|. Again, for |u| > 1, define an operator
Ty« B(LX(T)) — B(LX(T)) defined as T0(Y) = MY — Y M.. for each Y €
B(L*(T)). Since ||T1|| < 1+, therefore
}

o(T1) C{zeC:|z| <1+

Under the assumption |A| > 1+ |u|, that is, |’\| > 1—1—‘ i the operator (T1 — —I)

is invertible. Hence, we conclude that uM;Y —Y M,» = A\Y again has only trivial
solution. 0J
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An immediate consequence of the Theorem 2.16 can be derived as follows.

Corollary 2.17. The equation pM;X — XM,> = AX has only trivial solution
under the condition |u| < 1, |A\| > 2 as well as |pu| > 1, |\ > 2]|u].

Proof. Let p € C be such that |u| < 1, then |A] > 2 gives |A] > 2 > 1+ |ul.
Similarly, for |p| > 1, the relation [A| > 2|u| gives that [A| > 2|u| > 1+ |yl
Thus, the complex numbers p and A satisfy the conditions of case (1) and case
(2) of the above theorem, which yields the trivial solution of considered operator
equation. ]

Using the same technique as in the preceding corollary, the following result can
be derived from the above theorem.

Corollary 2.18. The equation pM;X —XM,» = AX has only non-trivial solution
under the following condition.

(1) |p <1 and [A] < 2|p|
(2) |p| > 1 and || <2

Proof. Let p € C be such that |u| < 1, then |A| < 2|u| gives |A| < 2|u] < 1+ |ul.
Next, consider a complex number p such that |u| > 1, the relation [\ < 2
gives that |A\| < 2 < 1+ |u|. This shows that the complex numbers p and

A satisfy the condition of the Theorem 2.16. Therefore, the operator equation
uM>iX — XM,» = AX has non-trivial solution. [

Now, we discuss a result related to (A, u)- slant Hankel operator analogous to
classical Kronecker Theorem for Hankel operator, which says that “A matrix is
a Hankel matrix with finite rank if and only if it represents a Hankel operator
H,, whose inducing function is a rational function”. Here, we are relaxing the
boundedness condition on X satisfying uM;X — X M,» = A\ X.

Theorem 2.19. The matriz representation of (A, p)- slant Hankel operator X,
relative to orthonormal basis {e,} of the Lebesque space L*(T), is of finite rank
if and only if the functions Xeq and Xey are rational functions.

Proof. Assume that X € (A, u)—SHank(L?). Then uM;X — X M,: = AX, which
can be re-written as (uM} — AI)X = X M.2. Using it repeatedly, we have
X(egn) = XM;LQ (60)
(WM — AD)X M (eo)
= (UM = )X M (eo)

= (M = AL X (eo).
Similarly, we can obtain that X(egn+1) = XM%(er) = (uM; — A)"X(e1). It

implies that X can be determined by functions Xey = ¢y and Xe; = ¢; in
a unique way. Utilizing the above relation, the expression (X (egn),e,) can be
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written as

(Xeam)en) = (XM(eo), )
= (UM = A" X (eo), )
— (X(eo), (AM: — M)

_ i(?) N (X (eo), ME(e,))

k=

= 3 (1)

k=0

[e=]

k

The relations X (ea,) = (uMF — M )"X(eg) and X (egp11) = (M — M)" X (e1)
give that the odd and even columns of the matrix representation of X relative to
orthonormal basis are the co-ordinate vectors corresponding to (uM—AI)"X (e;)
and (uM>F — AI)"X (eg), respectively. Therefore, the rank of a matrix represen-
tation of X is m = N + M < oo if and only if there exists m + 1 constants
a,,0 <p <N and b,,0 <qg <M —1, not all zero such that

In a similar way, we obtain that (X (e2n41),€n) = > (7) (=)™ u (X (e1), entr).
k=0

M-1

Za,, PMZ = Ao+ > by(uM: — AI)*¢y = 0. (2.6)
p=0

A simple calculation gives that
N

N
Y D X ) (A [OVRB TR

i
o
i

o
B
Il

o

In the similar fashion, we get that

M-1 M—-1 q q
bo(HM; — M)"1 = ;bq <I<;

)ttt
M-1M-1 q
- () ntare. @y
k=0 q=k

Using the equations (2.7) and (2.8), we have

N M-1 N M-1
ap(UME = NPgo+ > bg(uMz = A)%6y = > M F¢o+ > e MF1(2.9)
p=0 q=0 k=0 k=0
N
where ¢, = Y a,(?) (=A)PFu* and e, = Z by (1) (=X)7*pk. With the help of
p=k

equations (2.6) and (2.9), we conclude that cp =e, =0forall 0 <p <N and
0<¢<M-—-1lifandonlyifa,=0b,=0foral 0 <p< Nand0<¢g< M —1.
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This implies that the set S = {(uMF—AI )P, (uMF—A)1¢; : 0 < p < Nand0 <
q < M — 1} is linearly independent then if the set Sy = { M Ppg, M ¢, : 0 < p <
N and 0 < ¢ < M — 1} is linearly independent and vice-versa.

A matrix having the vectors { M P¢o} and { M}, } as their columns is a Hankel
operator with inducing function (¢g + ¢1). As a consequence, we conclude that
the Hankel operator induced by (¢g + ¢1) is of finite rank operator then the rank
of X is finite and vice-versa. Using the classical theorem of Kronecker for Hankel
operator, we obtain that X (eg) = ¢ and X (e;) = ¢; are rational functions. [

3. CONCLUSION

Motivated by the solution of operator equation U*XU = A, proposed by Barria

and Halmos [5] and solved by Sun [19], Avendano; Datt and Aggarwal considered
certain generalizations of Hankel operator (namely, A- Hankel operator [3]; (A, p)-
Hankel operator [0, 7], A- Slant Hankel operator [3] respectively). Therefore, in

this paper, we have consider operator equation uM;X — XM,» = AX, which
is one of the important generalizations of Hankel operator. It can be seen as
an immediate generalization of A\- Slant Hankel operator. Here, we have solved
equation uM>FX — X M,» = AX and discussed basic properties of solution (known
as (A, p)- slant Hankel operator) of considered operator equation. Particular
values to the parameters A, ;x appearing in our study will give rise certain existing
famous results already obtained by mathematician working in this field. For
example, If we take A = 0, then our study reduces to the study of u-slant Hankel
operator and if we take A = 0 and p = 1, then it will provide results related to
slant Hankel operator.

Acknowledgement. The suggestions given by refree are gratefully acknowl-
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