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ON ADEQUATE RINGS: THE BASIC PROPERTIES
MOHAMMED ZENNAYT *

ABSTRACT. In this paper, we investigate the transfer of notion of adequate
rings to direct product of rings and homomorphic image. Our aim is to give
new classes of commutative rings satisfying this property.

1. INTRODUCTION AND PRELIMINARIES

All rings in this paper are commutative with unity. We denote by U(R) the
set of unit of a ring R. And, if a,b € R, alb means a divides b, that is b = ac for
some c € R.

We know that an elementary divisor ring is a Hermite ring. Kaplansky showed
that for the class of adequate domains being a Hermite ring was equivalent to
being an elementary divisor ring. Gillman and Henriksen showed that this was
also true for rings with zero-divisors. See for instance [3, 6, 9, 11].

Now, we give the definition of adequare ring.

Definition 1.1. A ring A is said an adequate ring if for all « € A — {0} and
b € A, there exists two non-zero elements r, s of A such that :

a) a =rs.

b) rA+bA = A.

c)Vt e A—U(A) : t divides s implies tA + bA # A.

The notion of an adequate domain was originally defined by Helmer [6]. By
definition, every adequate domain is a Priifer domain. Also, every principal ideal
domain is adequate. An example of an adequate ring which is not a principal
ideal domain is furnished by the set of integral functions with coefficients in a
field F. Also, it is clear to see that a local ring is adequate. For instance, see

[0, 11].
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In this paper, we investigate the transfer of notion of adequate rings to direct
product of rings and homomorphic image. Our aim is to give new classes of com-
mutative rings satisfying this property.

2. MAIN RESULTS

Now, we investigate the transfer of the adequate property to finite direct prod-
ucts.

Theorem 2.1. Let (A;)i=1,..n be a family of commutative rings. Then szf A;
1s an adequate ring if and only if the following conditions hold:

1) A; is an adequate ring for each i =1,...,n.

2) For everyi=1,2,....,n and every p,q € A; — U(4;), pA; + qA; # A;.

Before proving this Theorem, we need the following Lemmas.

Lemma 2.2. Let (A;)i=1..n be a family of commutative rings. Then :

1) Let © = (21, %2, .., Tn), Y = (Y1, Y25 s Yn), and z = (21, 20, ..., 2n), € [[_] As.
Then, x + vy = z if and only if v; +y; = z; for everyt=1,2,...,n.

Also, xy = z if and only if z;y; = z; for every i =1,2,....n.

2) Let a = (ay,ag,...,a,) € [[=F A; and b = (b1, ba, ..., b,) € [['=+ As. Then, b
divides a if and only if b; divides a; for everyi=1,2,...,n.

Proof. Straightforward 0

Lemma 2.3. Let A be a principal ideal domain. Then A is local if and only if
pA+ qA # A for every p,q € A—U(A).

Proof. Straightforward O

Proof of Theorem 2.1
Assume that [[;_] A4; is an adequate ring.
Let k=1,2,...,n. Let a € Ay — {0} and b € Ay. Fori=1,2,...,n, set

u,=a andi=%

Set u = (uy,ug, ..., u,) and v = (v1,vy, ..., v,). Since w, = a # 0, then a # 0.
Using the fact [[_] A; is an adequate ring, u € [[.Z} A; — {0} and v € [[.Z} A;.

=1 .
So, there exist r = (11,72, ...,r,) and s = (81, S2, ..., $,) € [[,_] A; such that :

‘ ' u = TS'
r(ILzy A) + (T2 A) = TL=) A 4 ,
vr(ITiZy Ai) = U(ITiZ7 Ai) : ¢ divides s implies ¢(J[.Z7 Ai) +o([TiZ) Ai) # (T1

=n
i=1
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In fact of view u = rs, it follows that uy = risp and so a = rsy.

(Hl nA)+U(HZ nA) Hz 711*’4 So, (Hz 1T1AZ)+<H2 ?Uz i) = Hl nA
Therefore, (H; L(riA; + v A;) =112 Ai. We obtain 7, Ay 4+ v, Ay = Ay, Hence,
TkAk + bAk = Ak
Let t € Ay, — U(Ay) such that ¢ divides s,. Vi=1,2,...,n

w; =1 ifi#k
{ Wy = t ifi=k
Let w = (wy,wy, ... wn) Since wy =t € Ay — U(Ag), then by Lemma 2.2,
w = (wy, wa, ..., wn)eni?/l U= A).
Vi=1,2 ..n
If 4 7& k w; =1 implies w; divides s;
{ Ifi =k w; =wy =1 implies w; divides s; since wy, divides s,
By 2) of Lemma 2.2, it follows that w divides s
Using the fact [[.=0 A; is an adequate ring, w € [[=y A; — U([]=} A;) and
w divides s. So, w(Hl A+ o2 A # TIZ) Aie By 2) of Lemma 2.2,
wi(T128 A) + ol [1Z) Ai) # TI.Z0 Ai. Therefore, there exists j = 1,2,..,n
such that w;A; + v;A; # A;. Suppose that j # k. Then w;A; + v;A; =
w;A; + 14; = wjA; + Aj = A, a contradiction. And so, j = k implies
tAr + bAr = wiAr + viAr = wjA; + v;A; # A;. Thus, Ag is an adequate
ring.

Suppose that there exists a natural integer £ = 1,2,...,n and p,q € A, —
(U(Ay)) such that pAy, + gAr = Ag. For every i = 1,2,...,n, set

{ ai=b=1 ifi#k
Let a = = (ai,az,...,a,)(# 0) and b = (by,bs,...,b,) with n > 2. Using the fact
[1.=) A; is an adequate ring, a € [[ZF A; — {0} and b € [[Z] A;, there exists
r= (7“1,7’2, vy Tn) € [1.Z} A; such that:

P A+ BT 4) =154
vt e (TT20 A) — U(TIZ) Ad) td1v1dessnnphes tITZ) A) + o(TTZ A) # 120 A

For every 7 = 1,2, ...,n, set

ti=1eA, ifitk
Let t = (t1,t2,....,tn), tx = p & U(Ax). Since H " A; is an adequate ring, t €
(T A — (Hl " A;) and t divides s, then ¢(]].Z "A D02 A # TIZ) A
For every © = 1,2, ...,n, we have:
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t(ﬁ A;) + b(ﬁ A) = (4 ﬁAZ) + (b; l:HnAZ) by 2) of Lemma 2.2)
i=1 i=1 i=1 i=1
= ﬁ tiA; + biA;
i=1

=1

which is a contradiction. Hence, pA; + qA; # A; for every i = 1,2,...,n and
p,q € A; — U(4;), as desired.

Conversely, assume that 1) and 2) of Theorem 2.1 hold. Let a = (a1, ay, ..., an)

€ TIZ0 A — {0} and b = (b1, by, ..b,) € [[=f Ai. Let i = 1,...,n, such that

1=
a; # 0. There exists 7}, s\ € A; such that:

1) 71

a; =ris,
Vt € A; — U(A;) : t divides s} implies  tA; + b;A; # A;

For every 7 = 1,2, ...,n, we have:

ri=riand s; =s; ifa;#0
ri=1land s;=a; =0 ifa;=0andb; & U(A)
ri=a;=0and s; =1 ifa; =0andb; € U(4)

Set r = (ry,r9,...,7,) and s = (81, S2, ..., ). Then:

a; =risi =r;s; ifa; #0
ai:()zl.():n-si ifai:(]and blgU(Al)
a;=01=mr;s;and s;, =1 ifa; =0and b; € U(A;)

So a =rs and for every ¢ = 1,2, ...,n, we have:

Therefore,

r(JTA) +bo(JT4) = [](r:4) + [J(0:4:) ( by 2) of Lemma 2.2)
=1 i=1 i=1 i=1
= H(Tz‘Ai + b;A;) ( by 1) of Lemma 2.2)
=1
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Set t = (t1,tg, ..., tn)(€ (TT.=y Ai) — U([I.Z} Ai)). Since, t € U=} As), then
there exists k = 1,2,...,n such that t;, & U(Ay) and so ¢ divides s ( since t
divides s). Consequently, s, # 1 since by € U(A). Hence, two cases are possi-
ble :

Case 1: a; # 0.
Since tj, divides sy, then t; divides s} (since sy = s}). So, tpAr + bpAr # As.

Case 2: a;, =0 (and so by & U(Ay)).
Since ty, by € Ap—U(Ay), then t; Ap+bi A, # Ay. Thus, for all cases ty Ap+bi Ay #
Ay It follows that

t(H A;) + b(H A;) = H(tiAi) + H(biAi)
i=1 i=1 i=1 i=1
= ﬁ(tiAi + b; A;)
=1
= ﬁAz ( SincetkAk + bkAk 7é Ak)
i=1

Hence, [T=" A, is an adequate ring.
y 1li=1 4L

The following corollaries are consequence of Theorem 2.1.

Corollary 2.4. Let A be a ring and let n be a positive integer such that n > 2.
Then A™ is an adequate ring if and only if the following conditions hold:

1) A is an adequate ring.

2)Vp,qe A—U(A) : pA+qA # A.

Corollary 2.5. Let n be a positive integer such that n > 2, and let Ay, A,, ..., A,
be a principal ideal domains. Then [[,_} A; is an adequate ring if and only if A,
s a local ring for everyi=1,2,...,n.

Proof. Assume that [['_] A; is an adequate ring. Then by Theorem 2.1, for every
k=1,2,...n, and p,q € Ay — U(Ag), pAr + qAr # Ax. Since Ay, is a principal
ideal domain, then p,q € Ay — U(Ax) and so Ay is local by Lemma 2.3.

Conversely, assume that A; is a local ring for all i = 1,2, ...,n. Then by Corollary
2.6, [[,Z] A; is an adequate ring. O

Example 2.6. Let (Ai)iz1,...
i > 2. Then [[Z] A; is a non-local adequate ring.

» be a family of local commutative rings, where

The following example shows that the hypothesis "local” is necessary to obtain
the direct product of a principal ideal domain is an adequate ring.
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Example 2.7. Z" is not an adequate ring for every non negative integer n > 2.

Now, we investigate the transfer of notion of adequate ring to homomorphic
image which is our second main result. To prove it, we need the following Lemmas.

Lemma 2.8. Let A be a ring, B be a ring, f : A — B be a surjective ring
homomorphism. Then :

(1) Let a,b,c € A. Then, f(a) = f(b)f(c) if and only if a — bc € kerf.

(2)
(3) Let a € A. Then, f(a) € U(B) if and only if aA + kerf = A.

(4) Let I be an ideal of A. Then f(I) = B if and only if [ + kerf = A.

(5) Let a,b € A. Then, f(a)B+ f(b)B = B if and only if aA+ bA + kerf = A.

Proof. (1) Let a,b,c € A. Then:

fla) = f(b)f(c) fla) = f(be)
fla) = f(be) =

<~
=
< fla—bc)=0
& a—be € kerf

(2) Let a,b € A. Then:

fO)If@) < 3we B/fa)= fb)a

dee A: f(a) = f(b)f(c) since B=f(A)
Jee A:a—bc € kerf

Jee Aand Ju € kerf:a—bc=u
Jdee Aand Ju € kerf:a=bc+u

a € bA+ kerf

Aa C bA + ker f

(R

(3) Let a € A. Then, f(a) € U(B) & f(a)|f(1) & A = 1A C adA +
kerf ( by (2) above) < A = aA + kerf.
(4) Let I be an ideal of A. Then:
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f(l)y=B & lef(l)edacl: fla)=f(1)
& Jael:f(a)—f(1)=fla—1)=0
& dael:a—1€kerfe Juckerf:u=a—1
& dael:a—1€kerfe Juckerf:a—u=1
& dael: and v ekerf:a+ov=1
& lel+kerf
& I+kerf=A

(5) Let a,b € A. Then, f(a)B+ f(b)B = B < f(a)f(A) + f(b)(A) = B &
f(aA+bA) =B < aA+bA+ kerf (by (4) above).
0J

Lemma 2.9. Let A be a ring, B be a ring, f : A — B be a surjective ring
homomorphism. Then B is an adequate ring if and only if the following conditions
hold :

(1) a—rs € kerf.

(2) rA+bA+ kerf = A.

B)YVteA: sACtA+kerf# A= tA+bA+ kerf # A.

Proof. Assume that B is an adequate ring. Let a € A—kerf and let b € A. since
a & kerf, then f(a) # 0. Using the fact B is an adequate ring, f(a) € B — {0}
and let f(b) € B, then there exists u,v € B such that

fla) =uv
uB+ f(b)B=B
Vk € B—U(B): klv= kB + f(b)B # B.

Since u,v € B, then there exists r, s € A such that u = f(r) and v = f(s) since
B = f(A). Then:

(1) f(a) =uv = f(r)f(s) = a—rs € kerf (by (1) of Proposition 2.8).

(2) f(a)B+f(b)B = uB+vB = B. So, by (5) of Lemma 2.8, aA+bA+kerf = A.
(3) Let t € A such that sA C tA+kerf # A. Since tA+kerf # A, then by (3) of
Lemma 2.8, f(t) € B—U(B). By assumption, sA C tA+kerf # A, and so by (2)
of Proposition 2.8, f(t)|f(s). Therefore, f(t)|v. Since f(t) € B—U(B) and f(t)|v,
then f(t)B+ f(b)B # B. Consequently, by (5) of Lemma 2.8, t A+bA+kerf # A.

Conversely, assume that for every a € A—kerf and b € A, there exists r, s € A
such that (1), (2) and (3) hold. Let x € B — {0} and let y € B. Then Ja,bec A
such that x = f(a) and y = f(b) (since B = f(A)). We have f(a) =2 # 0 =
a & kerf = a € A— kerf. Since a € A — kerf and b € A, then there exists
r,s € A such that:

- (a—rs) € kerf.
-rA+bA + kerf = A.
-VteA:sACtA+kerf #A=tA+bA+ kerf # A.
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We have a — rs € kerf and so by (1) of Proposition 2.8, z = f(a) = f(r)f(s).
In fact of view, rA + bA + kerf = A, by (5) of Lemma 2.8, f(r)B + f(b)B = B.
Hence, f(r)B +yB = B.
- Let k € B — U(B) such that k|s. Since k € B = f(A), then there exists t € A
such that k£ = f(t). Using the fact f(t) = k ¢ U(B), then by (3) of Proposition
2.8, tA+ kerf # A. We have v|k = f(t)|f(s) and so sA C tA + kerf # A.
Hence, tA + bA + kerf # A. By (5) of Lemma 2.8, it follows that kB + yB =
f(t)B + f(b)B # B. Thus, B is an adequate ring.

O

Now, we are able to give our second main result.

Theorem 2.10. Let A be a principal ideal domain, B be a ring and f: A — B
be a surjective ring homomorphism. Then B is an adequate ring.

Proof. Assume that A is a principal ideal domain. Then, A is an adequate ring.
Let a € A—kerf and let b € A. Hence, there exists d € A such that bA+ kerf =
dA (since A is a principal ideal domain), where a € A — {0} (since a € A —kerf)
and d € A and so there exists r, s € A such that:

a=rs
rA+dA=A
Vie A-—U(A): tls = tA+dA # A.
Since a = rs, then a — rs = 0 € kerf. So, r and s verify the statements (1) of
Lemma 2.9 for each a,b € A. We also have rA+dA = A and sorA+bA+kerf = A
(since da = ba + ker f). Therefore, r and s verify statement (2) of Lemma 2.9.

Let t € A such that sA C tA+ kerf # A. Since A is a principal ideal domain,
then there exists k € A such that tA + kerf = kA and so:

kA=tA+kerf#A=k¢gUA) =kecA-U(A)
sACtA+kerf = sACkA=kls.

Since k € A — U(A) and k divides s, then kA + dA # A. It follows that tA +
bA+ kerf =tA+ kerf +bA+ kerf =kA+ dA # A and so r and s verify the
statement (3) of Lemma 2.9. Hence, B is an adequate ring, by Proposition 2.9
and this completes the proof of Theorem . |

As a consequence of Theorem 2, we obtain the following Corollary.

Corollary 2.11. Let A be a principal ideal domain. Then, A/aA is an adequate
ring for every a € A — U(A).

Example 2.12. Z/nZ is an adequate ring for every n € Z — U(Z).
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