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EVOLUTION ALGEBRAS SATISFYING TRAIN IDENTITY OF
DEGREE 2 AND EXPONENT 3

JOSEPH TENKODOGO1, SOULEYMANE SAVADOGO 2, ANDRÉ CONSEIBO3∗ AND
ABDOULAYE DEMBEGA 4

Abstract. In this paper, we give the necessary and sufficient conditions for
an evolution algebra to satisfy a train identity of degree 2 and exponent 3.
We show that this class of algebras is a subclass of the Bernstein algebras of
order 2. Then, we study the relations existing between these algebras and the
Bernstein algebras as well as the power associative algebras. Moreover we give
a classification in dimension ≤ 4 of evolution algebras satisfying strictly a train
identity of degree 2 and exponent 3. Finally, we describe the derivations and
automorphisms of these algebras.

1. Introduction

In the algebra theory of population genetics, several classes of algebras are used
to describe the process of inheritance in genetic. Some of these algebras are baric
and satisfy polynomial identities. This is how Philip Holgate in 1975 ([9]) defines
the Bernstein algebras, i.e. commutative and not necessarily associative algebras
verifying the equation (x2)2 = ω(x)2x2. These algebras were defined to model
Hardy Weinberg’s principle which states that the genetic heritage of a popula-
tion stabilizes in the second generation. In [2] and [15], the authors studied the
algebras verifying a train identity of degree 2 and exponent n for n = 3 or 4, that
is, such that (xn)2 = ω(x)nxn (n = 3 or n = 4). They showed that this last class
of algebras contains strictly that of Bernstein algebras. As for evolution algebras,
they have been studied for two decades (see[14]). Unlike previous algebras, evo-
lution algebras concern non-Mendelian genetics. The purpose of this paper is to
describe the baric evolution algebras that verifies the identity (x3)2 = ω(x)3x3.
Section 2 is devoted to preliminary results. In section 3, we characterize the evo-
lution algebras satisfying a train identity of degree 2 and exponent 3. We show
that these algebras are Bernstein algebras of order 2. The link between evolution
algebras satisfying a train identity of degree 2 and exponent 3 with Bernstein
algebras and power-associative algebras is studied. Incidentally, we show that
in dimension 2, the evolution algebras verifying the identity (2.1) are Bernstein
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algebras. Then in section 4 we are interested in the classification in dimension
3 and 4 of these algebras. Finally, since derivations ([5]) and automorphisms
play an important role in the study of algebraic structures, we proceeded to their
calculations in section 5.

2. Preliminaries

Let K be a commutative field and A a commutative non-necessarily associative
K-algebra. For any x in A, the principal powers of x are defined by x1 = x and
xn+1 = xnx and those of A are defined by A1 = A and An+1 = AnA for any
integer n ≥ 1. We also define the plenary powers of x ∈ A by x[1] = x and
x[n+1] = x[n]x[n] with n ≥ 1.

Let K be an infinite commutative field of characteristic different from 2 and 3,
and (A, ω) be a baric K-algebra, i.e. ω : A −→ K is a surjective morphism of
K-algebras called weight function. We will say that (A, ω) verifies a train identity
of degree 2 and exponent 3 if for any x in A we have

(x3)2 = ω(x)3x3. (2.1)

Since ω is a surjective morphism of algebras, then the set I = {x3 | ω(x) = 1}
of nonzero idempotents is not empty. The Peirce decomposition of A is given
by A = Ke ⊕ A0(e) ⊕ A1/2(e) ⊕ A−1/2(e), where e is a nonzero idempotent and
Aλ = {x ∈ kerω | ex = λx} for λ ∈ {0, 1/2, −1/2}. The relations between
the Peirce subspaces are given by: A2

1/2(e) ⊂ A0(e)⊕A−1/2(e), A
2
0(e) ⊂ A1/2(e)⊕

A0(e), A0(e)A1/2(e) ⊂ A1/2(e)⊕A−1/2(e), A1/2(e)A−1/2(e) ⊂ A1/2(e)⊕A0(e) and
A2

−1/2(e) ⊂ A1/2(e) [2, Theorem 3.4].

We will say that a baric algebra (A, ω) is Bernstein of order n ≥ 0 if for any
element x in A we have

x[n+2] = ω(x)2
n

x[n+1].

For n = 1, we simply say that A is a Bernstein algebra. In [10], the authors
show that in a Bernstein algebra of order n, (A, ω), the weight function ω is
unique and A has a nonzero idempotent. In characteristic different from 2, a
Bernstein algebra of order 2 (A, ω) admits the Peirce decomposition, relatively
to the following nonzero idempotent e:

A = Ke⊕ Ue ⊕ Ve (2.2)

with Ue = {x ∈ kerω | ex = 1
2
x} and Ve = {x ∈ kerω | e(ex) = 0}

[7, Proposition 2]. Bernstein algebras of order 2 satisfying U2
e = 0, for a given

idempotent e, are studied in [8]. The authors characterize in particular the set
of nonzero idempotents and show that U2

e is an invariant. They also characterize
the subspaces of Ue′ and Ve′ when e′ is another nonzero idempotent of algebra.
The classification in dimension 3 and 4 of Bernstein algebras of order 2 is given
in [6, 10].

We say that a finite dimensional K-algebra of dimension n is an evolution
algebra if it admits a basis B = {e1, · · · , en} such that

eiej = 0 for 1 ≤ i ̸= j ≤ n and e2i =
n∑

k=1

aikek (2.3)
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Such a basis is called the natural basis of A and the matrix M = (aik)1≤i,k≤n

is the matrix of the structure constants of A relatively to the natural basis B.
Evolution algebras are commutative, they are not associative in general[14].

Let K be a commutative field of characteristic different from 2 and 3. In [12,
Corollary 3.4], the authors show that a baric evolution algebra (A, ω) of finite
dimension n admits a natural basis B = {e1, · · · , en} whose multiplication table
is defined by:

e21 = e1 +
n∑

k=2

a1kek, e2j =
n∑

k=2

ajkek with ω(e1) = 1, ω(ej) = 0 for 2 ≤ j ≤ n.

(2.4)
In the rest of the paper, K denotes a commutative field of characteristic different
from 2 and 3 and any finite dimensional baric evolution algebra will be endowed
with such a natural basis.

3. Evolution algebras verifying the identity x3x3 = ω(x)3x3

The following result gives a characterization of baric evolution algebras satis-
fying the train identity of degree 2 and exponent 3.

3.1. Characterization theorem.

Theorem 3.1 (Characterization). Let (A, ω) be a baric evolution K-algebra of
finite dimension. Then the algebra A verifies the identity (2.1) if and only if the
following assertions hold:

(1) (e21)
2 = e21;

(2) e21(e
2
1ej) =

1
2
e21ej for 2 ≤ j ≤ n;

(3) (e21ej)(e
2
1ek) = 0 for 2 ≤ j ≤ k ≤ n;

(4) e21(e
2
jek) =

1
2
e2jek for 2 ≤ k, j ≤ n.

Proof. We assume that (A, ω) is a baric evolution algebra verifying the iden-
tity (2.1). Since e31 = e21, the assertion (1) is obtained by setting x = e1 in the
identity (2.1). By partially linearizing the identity (2.1), we obtain:

4(x(xy))x3 + 2x3(x2y) = 3ω(x2y)x3 + ω(x3)x2y + 2ω(x3)x(xy). (3.1)

The assertion (2) is obtained by setting x = e1 and y = ej with j ̸= 1 in the
identity (3.1). A partial linearization of the identity (3.1) gives the following
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equation:

8(t(xz))(x(xy)) + 8(x(tz))(x(xy)) + 8(x(xz))(t(xy)) + 8(x(xz))(x(ty))+

8(z(xt))(x(xy)) + 4(x2z)(t(xy)) + 4(x2z)(x(ty)) + 8(x(tx))(z(xy))+

4(x2t)(z(xy)) + 4x3(z(ty)) + 4(x(tx))(x(zy)) + 4(x2t)(x(zy))+

4x3(t(zy)) + 4(t(xz))(x2y) + 4(x(tz))(x2y) + 8(x(xz))(y(tx))+

4(z(tx))(x2y) + 4(x2z)(y(tx)) + 8(x(tx))(y(xz)) + 4(x2t)(y(xz))+

4x3(y(tz)) = 6ω(tyz)x3 + 6ω(xyz)(x2t) + 12ω(xyz)(x(xt))+

6ω(xty)(x2z) + 6ω(x2y)(z(xt)) + 12ω(xty)(x(xz)) + 6ω(x2y)(t(xz))+

6ω(x2y)(x(tz)) + 6ω(xtz)(x2y) + 6ω(x2z)(y(xt)) + 6ω(x2t)(y(xz)) + 2ω(x)3(y(tz))+

12ω(xtz)(x(xy)) + 6ω(x2z)(t(xy)) + 6ω(x2z)(x(ty)) + 6ω(x2t)(z(xy))+

2ω(x)3(z(ty)) + 6ω(x2t)(x(zy)) + 2ω(x)3(t(zy))
(3.2)

By setting x = y = e1, z = t = ej with j ̸= 1 in the identity (3.2), we obtain:

(e21ej)(e
2
1ej) = 0 (3.3)

By setting in the same identity x = y = e1, z = ej, t = ek with 2 ≤ j ̸= k ≤ n
we get:

(e21ej)(e
2
1ek) = 0 (3.4)

Thus the identities (3.3) and (3.4) allow us to obtain assertion (3). By setting in
the identity (3.2), x = e1 , y = z = t = ej with j ̸= 1 we obtain:

e21(e
2
jej) =

1

2
(e2jej) (3.5)

Let us now set in the identity (3.2) x = e1, y = t = ej, z = ek with 2 ≤ j ̸= k ≤ n
we obtain:

e21(e
2
jek) =

1

2
(e2jek) (3.6)

Assertion (4) is therefore obtained from the identities (3.5) and (3.6). For the
converse, we assume that the assertions (1), (2), (3) and (4) hold. Let x =

αe1 +
n∑

j=2

xjej ∈ A. We have:

x2 = α2e21 +
n∑

j=2

x2
je

2
j ; x3 = α3e21 + α2

n∑
j=2

xje
2
1ej +

n∑
k,j=2

xkx
2
je

2
jek
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and

x3x3 = α6e21 +
n∑

k,j,t,l=2

(xkx
2
j)(xlx

2
t )(e

2
jek)(e

2
t el) + α5

n∑
j=2

xj(e
2
1ej) + α3

n∑
k,j=2

xkx
2
j(e

2
jek)

+2α2

n∑
k,j,l=2

xlxkx
2
j(e

2
1el)(e

2
jek)

= α6e21 + 4
n∑

k,j,t,l,p,q=2

(xkx
2
j)(xlx

2
t )(ajkatl)(akpalq)(e

2
1ep)(e

2
1eq) + α5

n∑
j=2

xj(e
2
1ej)

+α3

n∑
k,j=2

xkx
2
j(e

2
jek) + 4α2

n∑
k,j,l,t=2

xlxkx
2
jajkakt(e

2
1el)(e

2
1et)

= α6e21 + α5

n∑
j=2

xje
2
1ej + α3

n∑
k,j=2

xkx
2
je

2
jek

x3x3 = ω(x)3x3.

So the algebra A verifies the identity (2.1). □

We characterize in the following result the Peirce subspaces of an evolution
algebra verifying the identity (2.1).
Let ΛB = Support(e21) \ {1} = {j ∈ {2, · · · , n}, a1j ̸= 0}.
Theorem 3.2. Let (A, ω) be a baric evolution K-algebra of finite dimension
verifying the identity (2.1). Then:

(1) A1/2 =
〈
e2j , j ∈ ΛB

〉
;

(2) A−1/2 = 0;
(3) A0 = ⟨ej − 2e21ej, j ∈ {2, · · · , n}⟩.

Proof. Since A verifies the identity (2.1), then its Peirce decomposition relative
to the idempotent e21 is given by A = Ke21 ⊕ A1/2 ⊕ A0 ⊕ A−1/2.

(1) Let x =
n∑

j=2

xjej ∈ A1/2. The equality
1
2
x = e21x =

n∑
j=2

xje
2
1ej =

∑
j∈ΛB

(xja1j)e
2
j

implies that x =
∑

j∈ΛB

(2xja1j)e
2
j and therefore A1/2 ⊂

〈
e2j | j ∈ ΛB

〉
. As-

sertion (2) from Theorem 3.1 shows that e2j ∈ A1/2 for j ∈ ΛB. Therefore,

A1/2 =
〈
e2j | j ∈ ΛB

〉
.

(2) For the second assertion we set x =
n∑

j=2

xjej ∈ A−1/2. The equalities

−1
2
x = e21x =

∑
j∈ΛB

(xja1j)e
2
j implies that x = −

∑
j∈ΛB

(2xja1j)e
2
j ∈ A1/2. So

x = 0 and A−1/2 = 0.

(3) For x =
n∑

j=2

xjej ∈ A0, we have 0 = e21x =
n∑

j=2

xje
2
1ej, which gives

x =
n∑

j=2

xj(ej−2e21ej). Therefore A0 ⊂ ⟨ej − 2e21ej | j ∈ {2, · · · , n}⟩. Ac-

cording to the assertion (2) of Theorem 3.1, we have (ej − 2e21ej) ∈ A0 for
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any j ∈ {2, · · · , n}, which implies ⟨ej − 2e21ej | j ∈ {2, · · · , n}⟩ ⊂ A0.
Thus A0 = ⟨ej − 2e21ej | j ∈ {2, · · · , n}⟩ .

□

Corollary 3.3. Let (A, ω) be a baric evolution K-algebra of finite dimension
verifying the identity (2.1). So:

(1) The Peirce decomposition of A relative to the idempotent e21 is:
A = Ke21⊕A1/2⊕A0 such that A2

1/2 = 0, A2
0 ⊂ A1/2⊕A0, A0A1/2 ⊂ A1/2;

(2) (kerω)3 =
〈
e2jek ; k, j = 2, n

〉
⊂ A1/2.

Proof. The first assertion follows from the Peirce decomposition of an algebra
verifying the identity (2.1), from the assertion (3) of Theorem 3.1 and from the
assertion (2) of Theorem 3.2. The second assertion is due to (4) of Theorem 3.1.

□

Theorem 3.4. Let (A, ω) be a finite dimensional K-baric evolution algebra sat-
isfying the identity (2.1). Then (A, ω) is a Bernstein algebra of order 2.

Proof. We consider a K-baric evolution algebra (A, ω) of finite dimension sat-
isfying the identity (2.1). Let x = αe1 + y ∈ A with α ∈ K and y ∈ kerω.
We have: x2 = α2e21 + y2 and (x2)2 = α4e21 + 2α2e21y

2 + y2y2. Since e21y
2 ∈ A1/2

and y2y2 ∈ (kerω)[3] ⊂ (kerω)3 ⊂ A1/2, then (x2x2)2 = α8e21 + 4α6e21(e
2
1y

2) +
2α4e21(y

2y2) = α4(α4e21 + 2α2e21y
2 + y2y2) = ω(x)4x2x2. Hence the algebra is

Bernstein algebra of order 2. □

As the example below shows, there exist Bernstein algebras of order 2 which
are evolution algebras but which do not satisfy the identity (2.1) and therefore
cannot be Bernstein.

Example 3.5. Let A be a 3-dimensional K-algebra whose multiplication table
in the basis (e, v1, v2) is given by: e2 = e, v1v2 = v1, v22 = v1 and the other
products are zero. A is a Bernstein algebra of order 2 [10, Page 21]. Moreover A
is an evolution algebra in the natural basis (e, v2, v1 − v2). Let x = e + v2, we
have x2 = e+ v1, x3 = (e+ v2)(e+ v1) = e+ v1, (x2)2 = e and (x3)2 = e. Since
ω(x) = 1, then (x2)2 − ω(x)2x2 = −v1 ̸= 0 and (x3)2 − ω(x)3x3 = −v1 ̸= 0. It
follows that A is not Bernstein and does not verify the identity (2.1).

Let (A, ω) be a baric evolution K-algebra of finite dimension verifying the
identity (2.1). Since the algebra A is Bernstein of order 2 and A2

1/2 = 0, the set

of its nonzero idempotents is defined by I = {e21 + u | u ∈ A1/2(e
2
1)}. Moreover,

if e′ = e21 + u is another nonzero idempotent of A, then A1/2(e
′) = A1/2(e

2
1) and

A0(e
′) = {v − 2uv | v ∈ A0(e

2
1)} [8, Theorem 2, 3 and 4].

3.2. Relation with Bernstein algebras. In[4], the authors give the following
result which characterizes the baric evolution algebras which are Bernstein.

Proposition 3.6 ([4, Theorem 4.2]). A K-baric evolution algebra (A, ω) of finite
dimension n is Bernstein if, and only if, the following conditions hold:

(1) (e21)
2 = e21;
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(2) e2i e
2
j = 0, for 2 ≤ i, j ≤ n;

(3) e21e
2
i =

1
2
e2i for 2 ≤ i ≤ n.

As the following example shows, there are baric evolution algebras satisfying
the identity (2.1) but which are not Bernstein algebras.

Example 3.7. Let (A, ω) be a K-baric evolution algebra of dimension 5 whose
table of multiplication in the natural basis B = (e1, e2, e3, e4, e5) is given by:
e21 = e1 + e2 + e4, e22 =

1
4
(e2 − e4), e23 = αe2 + βe4, e24 = −e22 = −1

4
e2 +

1
4
e4, e25 =

γ2e
2
2+γ3e

2
3 = (1

4
γ2+αγ3)e2+(−1

4
γ2+βγ3)e4 with α, β, γ2, γ3 ∈ K and α+β ̸= 0.

Since e22e
2
3 = 1

4
(α + β)e22 ̸= 0, then the algebra A is not Bernstein algebra. Let

x = x1e1+x2e2+x3e3+x4e4+x5e5. We have x2 = x2
1e

2
1+(x2

2−x2
4)e

2
2+x2

3e
2
3+x2

5e
2
5

; x3 = x3
1e

2
1 + ((x2 + x4)(x

2
1 +

1
4
(x2

2 − x2
4)) + x2

3(αx2 − βx4) + (1
4
γ2 + αγ3)x2x

2
5 −

(−1
4
γ2 + βγ3)x4x

2
5)e

2
2 et (x3)2 = x6

1e
2
1 + x3

1(x
2
1(x2 + x4) +

1
4
(x2 + x4)(x

2
2 − x2

4) +

x2
3(αx2 − βx4) + (1

4
γ2 + αγ3)x2x

2
5 − (−1

4
γ2 + βγ3)x4x

2
5)e

2
2. Since ω(x3) = x3

1 then
(x3)2 − ω(x3)x3 =0. The algebra A thus verifies the identity (2.1).

Proposition 3.8 ([2, Theorem 4.1]). Let A = Ke ⊕ A1/2 ⊕ A0 ⊕ A−1/2 be the
Peirce decomposition relative to a nonzero idempotent e of a K-algebra satisfying
the identity (2.1). Then A is a Bernstein algebra if, and only if, A−1/2 = 0, A2

0 ⊂
A1/2, A2

0A1/2 = 0 and (x1/2x0)
2 = 0, for all x1/2 ∈ A1/2 and x0 ∈ A0.

Proposition 3.9. Let A = Ke21 ⊕ A1/2 ⊕ A0 be the Peirce decomposition of a
finite dimensional baric evolution algebra satisfying the identity (2.1). Then A is
Bernstein if and only if A2

0 ⊂ A1/2.

Proof. The algebra A verifying the identity (2.1) and being of evolution then we
have A−1/2 = 0, A0A1/2 ⊂ A1/2, A

2
0 ⊂ A1/2⊕A0 and A2

1/2 = 0. If A2
0 ⊂ A1/2, then

A2
0A1/2 = 0 and (x1/2x0)

2 = 0 for all x1/2 ∈ A1/2, x0 ∈ A0. The Proposition 3.8
gives that A is a Bernstein algebra. Conversely, if A is a Bernstein algebra, thus
A2

0 ⊂ A1/2. □

Corollary 3.10. Let A = Ke21 ⊕ A1/2 ⊕ A0 be the Peirce decomposition of a
finite dimensional baric evolution algebra satisfying the identity (2.1) such that
A1/2 ̸= 0 and dim(kerω)2 = 1. Then A is a Bernstein algebra.

Proof. Assume (kerω)2 = ⟨e22⟩. Since A1/2 ̸= 0 and A1/2 ⊂ (kerω)2, then
dimA1/2 = dim(kerω)2 = 1 and A1/2 = ⟨e22⟩. We have A2

0 ⊂ (kerω)2 = A1/2

and Proposition 3.9 gives us that the algebra is Bernstein. □

Corollary 3.11. Let A = Ke21 ⊕ A1/2 ⊕ A0 be a Peirce decomposition of a fi-
nite dimensional baric evolution algebra satisfying the identity (2.1) such that
Card(Support(e21)) = n. Then A is a Bernstein algebra.

Proof. We assume that Card(Support(e21)) = n. Then a1j ̸= 0 for 2 ≤ j ≤ n.
Hence A1/2 = (kerω)2. Since A0 ⊂ kerω, then A2

0 ⊂ (kerω)2 = A1/2. According
to Proposition 3.9, A is a Bernstein algebra. □

Proposition 3.12. Let A = Ke21 ⊕ kerω be a finite dimensional baric evolution
algebra satisfying the identity (2.1) such that (kerω)2 = 0. Then A is a Bernstein
algebra.
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Proof. Suppose (kerω)2 = 0. Then A1/2 = 0 because A1/2 ⊂ (kerω)2 and A0 =
kerω. We deduce that A2

0 = (kerω)2 = 0 = A1/2 and A is a Bernstein algebra. □

Corollary 3.13. Let (A, ω) be a baric evolution algebra of dimension 2, satisfying
the identity (2.1). Then A is a Bernstein algebra.

Proof. We have kerω = Ke2 and e22 = αe2 with α ∈ K. The relation 0 = (e32)
2 =

α5e2 implies α = 0, so e22 = 0. It follows that (kerω)2 = 0 and A is a Bernstein
algebra. □

3.3. Relation with power associative algebras.

Definition 3.14. Let A be a K-algebra.

(1) We say that the algebra A is power associative if any subalgebra generated
by an element is associative, i.e for any x ∈ A, xixj = xi+j for all integers
i, j > 1.

(2) The algebra A is said to be Jordan algebra if, it is commutative and
x2(yx) = (x2y)x for all x, y ∈ A.

(3) The annihilator of A is defined by ann(A) = {x ∈ A | xA = 0}.

Definition 3.15. A baric K-algebra (A, ω) is said to be a train algebra of rank
r ≥ 2 if there exist scalars γi ∈ K such that

xr + γ1ω(x)x
r−1 + · · ·+ γr−1ω(x)

r−1x = 0

for any x ∈ A and r is the smallest such integer.

Lemma 3.16 ([12, Proposition 3.18]). Let A = Ke1⊕kerω be an evolution train
algebra over a field K of characteristic different from 2, 3, 5 where e21 = e1+z with
z ∈ kerω. Then A is power associative if and only if kerω is power associative
and z ∈ ann(kerω).

Lemma 3.17 ([12, Remark 3.20]). Let K be a commutative field with character-
istic different from 2 and (A, ω) a finite dimensional power associative evolution
train algebra. Then the Peirce decomposition of A is given by A = Ke21 ⊕ A0,
where e21 is an idempotent.

Lemma 3.18 ([2, Théorème 4.2]). Let A = Ke⊕A1/2 ⊕A0 ⊕A−1/2 be a Peirce
decomposition of an algebra verifying the identity (2.1), where e is an idempotent.
The following assertions are equivalent:

(1) A is power associative algebra;
(2) A is power associative train algebra of rank at most 4, satisfying the equa-

tion x4 − ω(x)x3 = 0;
(3) A is Jordan algebra;
(4) A−1/2 = 0, A2

0 ⊂ A0, 2x0(x0x1/2) = x2
0x1/2 and x1/2(x

2
1/2x0) = x0(x

2
0x1/2) =

0, for all x1/2 ∈ A1/2 and x0 ∈ A0.

If one of these assertions is satisfied, then A is a Bernstein algebra of order 2.

We then deduce from Lemma 3.17 and from Lemma 3.18 the following propo-
sition:
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Proposition 3.19. Let A = Ke21⊕A1/2⊕A0 be a Peirce decomposition of a finite
dimensional baric evolution algebra satisfying the identity (2.1). The algebra A
is power associative if and only if A1/2 = 0. Moreover, if A is power associative,
then (kerω)3 = 0.

Remark 3.20. The classification in dimension ≤ 4 of power associative evolution
algebras [13, Proposition 4], Lemma 3.16 and Lemma 3.17 imply that in dimen-
sion 3 and in dimension 4, there does not exist a baric power associative evolution
algebra (A, ω) such that dim(kerω)2 > 1.

4. Classification

We start by stating some general results that will be useful for the classification.

Lemma 4.1. Let A = Ke21 ⊕A1/2 ⊕A0 be the Peirce decomposition of a K-baric
evolution algebra of finite dimension n > 1 verifying identity (2.1). Then, the
family {e2j | 2 ≤ j ≤ n} is linearly dependent.

Proof. Suppose the family {e2j | 2 ≤ j ≤ n} is free. Since (kerω)2 ⊂ kerω, then

(kerω)2 = kerω. Thus (kerω)3 = (kerω)2 = kerω and [(kerω)3]2 = (kerω)2 =
kerω. The relations (kerω)3 ⊂ A1/2 and A2

1/2 = 0 lead to [(kerω)3]2 = 0 and

we deduce that kerω = 0, which is absurd. So the family {e2j | 2 ≤ j ≤ n} is
linearly dependent. □

Theorem 4.2. Let A = Ke21 ⊕ A1/2 ⊕ A0 be a Peirce decomposition of a n-
dimensional (n > 2) K-baric evolution algebra verifying identity (2.1). If the
algebra A is not power associative, then 1 ≤ dim(A1/2) ≤ n−1

2
and dim(A0) ≥

dim(A1/2).

Proof. We assume that A is not power associative. We have A1/2 ̸= 0 and
we set dim(A1/2) = p ≥ 1. Without losing generality, we can take A1/2 =〈
e22, e

2
3, · · · , e2p+1

〉
. As A2

1/2 = 0, [4, Proof of Theorem 4.10], tells us that the fam-

ily (e2, e3, · · · , ep+1, e
2
2, e

2
3, · · · , e2p+1) is free. We deduce that 1 ≤ dim(A1/2) ≤ n−1

2

and [4, proof of corollary 4.11] shows that dim(A0) ≥ dim(A1/2). □

Definition 4.3. We say that a baric algebra (A, ω) strictly verifies the iden-
tity (2.1), when it verifies this identity and does not verify an identity of degree
strictly less than 6.

In [4], the authors give a classification up to isomorphism and in dimension
≤ 4 of evolution algebras which are Bernstein. Since a Bernstein algebra satisfies
the identity (2.1), we give here, up to isomorphism and in dimension ≤ 4, the
classification of evolution algebras strictly verifying the identity (2.1).

Proposition 4.4 (3-dimensional classification). There is no baric evolution al-
gebra of dimension 3 strictly satisfying the identity (2.1).

Proof. We suppose that A = Ke21 ⊕ A1/2 ⊕ A0 is the Peirce decomposition of
a K-algebra of baric evolution of dimension 3 verifying the identity (2.1) and
which is not power associative. The relation 1 ≤ dim(A1/2) ≤ 3−1

2
implies that

dim(A1/2) = 1.Without losing generalities, we suppose A1/2 = Ke22. Then a12 ̸= 0
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and e22 ̸= 0. The equality e21 = e21e
2
1 = e21+a212e

2
2+a213e

2
3 leads to a212e

2
2+a213e

2
3 = 0.

This implies that a13 ̸= 0 and Card(Support(e21)) = 3. We deduce from the
corollary 3.11 that A is a Bernstein algebra. □

Proposition 4.5 (Classification in dimension 4). Let A = Ke ⊕ A1/2 ⊕ A0 the
Peirce decomposition of a baric evolution K-algebra of dimension 4, verifying
strictly the identity (2.1) and let B = {e, u, v1, v2} a canonical basis of A. Then
A is isomorphic to one and only one of the following algebras:

(1) A1(α) : e2 = e, eu = 1
2
u, uv1 = u, v22 = u+ αv1 with α ∈ K∗;

(2) A2(α) : e2 = e, eu = 1
2
u, uv1 = u, v22 = αv1 with α ∈ K∗.

Other products being zero. Moreover, for i ∈ {1, 2}, the algebra Ai(α) ≃ Ai(α
′)

if and only if α = k2α′ with k ∈ K∗.

Proof. The algebra A is not power associative. Then, 1 ≤ dim(A1/2) ≤ 4−1
2

yields dim(A1/2) = 1. Without losing generality, suppose that A1/2 = Ke22. Then
a12e

2
2 ̸= 0 and since A is not Bernstein, we have a13a14 = 0. We distinguish three

cases:

(1) a13 ̸= 0 and a14 = 0.
(a) The relation e21 = e21e

2
1 = e21 + a212e

2
2 + a213e

2
3 leads to a212e

2
2 + a213e

2
3 =0;

so e23 = −(a12a
−1
13 )

2e22. Since A is not a Bernstein algebra then
dim(kerω)2 ̸= 1. We deduce that dim(kerω)2 = 2 and (kerω)2 =
Ke22 ⊕Ke24.

(b) The relation 1
2
e22 = e21e

2
2 = a12a22e

2
2+a13a23e

2
3 = a12(a22−a12a

−1
13 a23)e

2
2

gives
1

2
= a12(a22 − a12a

−1
13 a23). (4.1)

(c) The equality 0 = e22e
2
2 = a222e

2
2+a223e

2
3+a224e

2
4 = (a22−a12a

−1
13 a23)(a22+

a12a
−1
13 a23)e

2
2 + a224e

2
4 =

1
2
a−1
12 (a22 + a12a

−1
13 a23)e

2
2 + a224e

2
4 gives

a22 = −a12a
−1
13 a23 and a24 = 0 (4.2)

The identities (4.1) and (4.2) gives that a23 = −1
4
a−2
12 a13 and a22 =

1
4
a−1
12 .

(d) Since e24e4 = a44e
2
4 ∈ A1/2 and the family {e22, e24} is free, then a44 = 0.

Let u = a12e2 and v = a13e3. The family B1 = {e1, u, v, e4} is a natural
basis of the algebra A and the multiplication table of A in the basis B1

is given by: e21 = e1 + u + v; u2 = 1
4
(u − v); v2 = −u2 and e24 = αu + βv

with α + β ̸= 0. We have: A1/2 = Ku2, A0 = K(u + v) ⊕ Ke4. The
multiplication table of A in the base B2 = {e21, u2, u+v, e4} is: (e21)

2 = e21,
u2(u+ v) = 1

2
u2, e21u

2 = 1
2
u2, e24 = 2(α−β)u2+ 1

2
(α+β)(u+ v) and other

unmentioned products are zero. We distinguish the following two cases:
• α−β ̸= 0. Let u′ = 2(α−β)u2 and v′ = 2(u+ v). The multiplication
table of A in the basis B3 = {e21, u′, v′, e4} is given by: (e21)

2 = e21,
e21u

′ = 1
2
u′, u′v′ = u′, e24 = u′ + α′v′ with α′ = 1

4
(α + β) ̸= 0 and

the other products not mentioned are zero. Then the algebra A is
isomorphic to A1(α

′). The algebra A1(α) ≃ A1(α
′) if and only if

α = k2α′ with k ∈ K∗ [6, Theorem 2.5.5].
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• α = β, we get that the algebra A is isomorphic to A2(α). The
algebra A2(α) ≃ A2(α

′) if and only if α = k2α′ with k ∈ K∗ [6,
Theorem 2.5.5].

(2) a13 = 0 and a14 ̸= 0. By setting e′3 = e4 and e′4 = e3, we find the previous
case. A is isomorphic to the algebra A1(α) or the algebra A2(α).

(3) a13 = a14 = 0. The relation e21 = (e21)
2 = e21 + a212e

2
2 implies a212e

2
2 = 0. So

a12 = 0 or e22 = 0. Which is absurd because a12 ̸= 0 and e22 ̸= 0.

□

5. Derivations and automorphisms

In this section we study derivations and automorphisms of a finite dimensional
evolution algebra satisfying the identity (2.1).

5.1. Derivations. Let K be a commutative field and A a commutative, non-
associative K-algebra of finite dimension over K. We will say that an endomor-
phism d of A is a derivation of A if for all x, y ∈ A, d(xy) = d(x)y + xd(y).
The set DerK(A) of all derivations of A is a Lie algebra for the Lie bracket
[d, d′] = dod′ − d′od where d, d′ ∈ DerK(A).

Remark 5.1. Let (A, ω) be a baric evolution algebra satisfying an identity (2.1).
Then ω ◦ d = 0.

Lemma 5.2. Let A be a finite dimensional evolution algebra satisfying the iden-
tity (2.1) and d a derivation of A. Then d(e1) ∈ ann(A) where ann(A) = {ej ∈
B | e2j = 0}.

Proof. Let d(ei) =
n∑

k=1

dikek with i ∈ {1, · · · , n}. We have

0 = d(e1ej) = e1d(ej) + d(e1)ej with j > 1 (5.1)

Since d(ej) ∈ kerω, then the relation (5.1) leads to 0 = d(e1)ej = d1je
2
j . For

e2j ̸= 0 we will have d1j = 0. Hence d(e1) =
∑
j∈Λ

d1jej with Λ = {j | e2j = 0}. So

d(e1) ∈ ann(A). □

Proposition 5.3. Let A be a finite dimensional evolution algebra satisfying the
identity (2.1). The map d ∈ End(A) is a derivation of A if and only if the
following assertions hold:

(1) d(e21) = 0;
(2) the derivation d stabilizes A1/2 and A0;

We note respectively d1/2 and d0 the endomorphisms induced by d on A1/2

and A0;
(3) d1/2(x1/2x0) = d1/2(x1/2)x0 + x1/2d0(x0);
(4) d1/2((x0y0)1/2) = (x0d0(y0) + d0(x0)y0)1/2;
(5) d0((x0y0)0) = (x0d0(y0) + d0(x0)y0)0.

Proof. For the assertion (1), we have d(e21) = 2e1d(e1) = 0 because d(e1) ∈
ann(A). The assertions (2) to (5) are obtained by setting e21 = e, fd = d1/2, gd =
d0 hd = 0 in the [3, Théorème 5.1.1] and taking into account d(e21) = 0. For the
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reciprocal we assume that d is an endomorphism of A satisfying the assertions
(1) to (5). Let us show that d is a derivation. Let x = αe21 + x1/2 + x0 and
y = βe21+y1/2+y0 with α, β ∈ K. We have xy = αβe21+

1
2
αy1/2+

1
2
βx1/2+x1/2y0+

x0y1/2+x0y0. So d(xy) =
1
2
αd(y1/2)+

1
2
βd(x1/2)+d(x1/2y0)+d(x0y1/2)+d(x0y0) =

1
2
(αd1/2(y1/2)+βd1/2(x1/2))+d1/2(x1/2)y0+x1/2d0(y0)+d0(x0)y1/2+x0d1/2(y1/2)+

x0d0(y0)+d0(x0)y0 and xd(y)+d(x)y = 1
2
αd1/2(y1/2)+x1/2d0(y0)+x0d1/2(y1/2)+

x0d0(y0) +
1
2
βd1/2(x1/2) + d1/2(x1/2)y0 + d0(x0)y1/2 + d0(x0)y0 = d(xy). So d is a

derivation of A. □

Corollary 5.4. Let A be a finite dimensional evolution algebra verifying the
identity (2.1) and d a derivation of A. Then the induced endomorphism d1/2 is a
derivation of A1/2.

Proof. Let x, y ∈ A1/2 and d be a derivation of A. Then d(xy) = d(x)y+xd(y) =
d1/2(x)y + xd1/2(y). Since xy = 0 then d(xy) = d1/2(xy), therefore d1/2(xy) =
d1/2(x)y + xd1/2(y) and d1/2 is therefore a derivation of A1/2. □

Proposition 5.5. Let A be an evolution algebra of dimension 4 satisfying strictly
the identity (2.1). Then the Lie algebra of derivations of A is abelian algebra.

Proof. In dimension 4, an evolution algebra A satisfying the identity (2.1) is
isomorphic to one of the algebras A1(α) or A2(α) of Proposition 4.5. Let be
d ∈ DerK(A).

(1) For A ≃ A1(α) : e2 = e, eu = 1
2
u, uv1 = u, v22 = u + αv1 with

α ∈ K∗. We have d(e) = 0, d1/2(u) = βu ; d0(v1) = γ1v1 + γ2v2 and
d0(v2) = λ1v1 + λ2v2 with β, γ1, γ2, λ1, λ2 in K.
(a) The relation d1/2(u) = d1/2(uv1) = d1/2(u)v1 + ud0(v1) implies βu =

βu+ γ1u. Thus γ1 = 0 and d0(v1) = γ2v2.
(b) The equality 0 = d1/2(uv2) = d1/2(u)v2+ud0(v2) implies 0 = λ1u. So

λ1 = 0 and d(v2) = λ2v2.
(c) The equality d1/2(u) = d1/2((v

2
2)1/2) = (2v2d0(v2))1/2 = (2λ2v

2
2)1/2 =

2λ2u implies β = 2λ2.
(d) The relation αd0(v1) = d0((v

2
2)0) = (2v2d0(v2))0 = 2λ2αv1 implies

αγ2v2 = 2λ2αv1. Since α ̸= 0 then γ2 = λ2 = 0. So β = 0. Therefore
d = 0 and DerK(A1(α)) is an abelian algebra.

(2) For A ≃ A2(α) : e2 = e, eu = 1
2
u, uv1 = u, v22 = αv1 with α ∈ K∗. We

got d(e) = 0, d1/2(u) = βu; d0(v1) = γ1v1 + γ2v2 and d0(v2) = λ1v1 +λ2v2
with β, γ1, γ2, λ1, λ2 in K. Since uv1 = u and uv2 = 0, point 1.) tells us
that d0(v1) = γ2v2 and d0(v2) = λ2v2. The relation αd0(v1) = d0((v

2
2)0) =

(2d0(v2)v2)0 = (2λ2v
2
2)0 = 2αλ2v1 implies αγ2v2 = 2αλ2v1. So γ2 = λ2 =

0. So we get d(γe+ u+ v1 + v2) = d1/2(u) = βu with γ ∈ K.
Let d and d′ two derivations of A2(α). We have [d, d′](e) = [d, d′](v1) =
[d, d′](v2) = 0 and [d, d′](u) = d ◦ d′(u)− d′ ◦ d(u) = β′βu− ββ′u = 0. So
DerK(A2(α)) is the abelian algebra.

□

5.2. Automorphisms. In this subsection, A = Ke21 ⊕ A1/2 ⊕ A0 is a Peirce
decomposition of an evolution algebra satisfying the identity (2.1), where e21 is a
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nonzero idempotent. Since A−1/2 = 0 and A2
1/2 = 0, [3, Théorème 5.3.1] gives us

a characterization of the automorphisms of A.

Theorem 5.6. A bijective map σ is an automorphism of the algebra A if and
only if the following conditions hold:

(1) σ(e21) = e21 + uσ, uσ ∈ A1/2;
(2) σ(x1/2) = fσ(x1/2), for any x1/2 ∈ A1/2 with fσ ∈ GLK(A1/2);
(3) σ(x0) = gσ(x0)− 2uσgσ(x0), for any x0 ∈ A0 with gσ ∈ GLK(A0);
(4) fσ(x1/2x0) = fσ(x1/2)gσ(x0);
(5) gσ((x0y0)0) = (gσ(x0)gσ(y0))0;
(6) fσ((x0y0)1/2)− 2uσgσ((x0y0)0) = (gσ(x0)gσ(y0))1/2 − 2gσ(x0)(uσgσ(y0))−

2gσ(y0)(uσgσ(x0)).

Proposition 5.7. If the algebra A has dimension 4, then the group of automor-
phisms of A denoted Aut(A) is given by:

Aut(A) =



1 0 0 0
0 γ 0 0
0 0 1 0
0 0 0 ϵ

 | γ ∈ K∗ and ϵ = −1 or ϵ = 1

 .

Proof. In dimension 4, an evolution algebra A satisfying the identity (2.1) is
isomorphic to one of the algebras A1(α) or A2(α) of the Proposition 4.5. Let
σ ∈ Aut(A).

(1) For A ≃ A1(α) : e2 = e, eu = 1
2
u, uv1 = u, v22 = u+ αv1 with α ∈ K∗.

We have σ(e) = e+βu, σ(u) = γu = fσ(uu) ; σ(v1) = λ1v1+λ2v2−2βλ1u;
σ(v2) = γ1v1+γ2v2−2βγ1u with gσ(v1) = λ1v1+λ2v2, gσ(v2) = γ1v1+γ2v2
and det(σ) = γ(λ1γ2 − λ2γ1) ̸= 0 where β, γ, γ1, γ2, λ1, λ2 ∈ K.
(a) The equality fσ(u) = fσ(uv1) = fσ(u)gσ(v1) implies γu = γλ1u.

Which implies λ1 = 1 and gσ(v1) = v1 + λ2v2.
(b) The relation 0 = fσ(uv2) = fσ(u)gσ(v2) = γγ1u leads to γ1 = 0 and

gσ(v2) = γ2v2, so det(σ) = γγ2 ̸= 0.
(c) The equality αgσ(v1) = gσ((v

2
2)0) = ((gσ(v2))

2)0 = (γ2
2v

2
2)0 = αγ2

2v1
causes αv1 +αλ2v2 = αγ2

2v1. Which implies γ2
2 = 1 and λ2 = 0. Thus

gσ(v1) = v1 and gσ(v2) = ϵv2 with ϵ = 1 or ϵ = −1.
(d) The relation fσ(u) − 2βαugσ(v1) = fσ((v

2
2)1/2) − 2βugσ((v

2
2)0) =

((gσ(v2))
2)1/2 − 4gσ(v2)(βugσ(v2)) leads to γu − 2βαu = u. So γ =

1 + 2βα.
(e) The equality 0 = −4gσ(v1)(βugσ(v1)) = −4v1(βu) = −4βu implies

β = 0. We finally get σ(e) = e ; σ(u) = u ; σ(v1) = v1 ; σ(v2) = ϵv2
with ϵ = 1 or ϵ = −1. The set of automorphisms of A1(α) is:

Aut(A1(α)) =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ϵ

 | ϵ = 1 or ϵ = −1

 .
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(2) For A ≃ A2(α) : e2 = e, eu = 1
2
u, uv1 = u, v22 = αv1 with α ∈ K∗.

We get σ(e) = e + βu, σ(u) = γu = fσ(u), σ(v1) = λ1v1 + λ2v2 − 2βλ1u
and σ(v2) = γ1v1 + γ2v2 − 2βγ1u with gσ(v1) = λ1v1 + λ2v2, gσ(v2) =
γ1v1 + γ2v2 and det(σ) = γ(λ1γ2 − λ2γ1) ̸= 0 où β, γ, γ1, γ2, λ1, λ2 ∈ K.
Since uv1 = u , uv2 = 0 and (v22)0 = v1, 1.) tells us that gσ(v1) = v1+λ2v2
and gσ(v2) = ϵv2 with ϵ = 1 or ϵ = −1. The relation −2βugσ(αv1) =
fσ((v

2
2)1/2) − 2βugσ((v

2
2)0) = ((gσ(v2))

2)1/2 − 4gσ(v2)(βugσ(v2)) implies
−2βu = (αv1)1/2. Thus −2βu = 0 and β = 0. We finally get σ(e) =
e, σ(u) = γu, σ(v1) = v1 and σ(v2) = ϵv2 with ϵ = 1 or ϵ = −1. The set
of automorphisms of A2(α) is therefore

Aut(A2(α)) =



1 0 0 0
0 γ 0 0
0 0 1 0
0 0 0 ϵ

 | γ ∈ K∗ and ϵ = −1 or ϵ = 1

 .

Hence the result. □
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