Gulf Journal of Mathematics ISSN: 2309-4966
Vol 15, Issue 1 (2023) 158-172 https://doi.org/10.56947 /gjom.v15i1.1387

EVOLUTION ALGEBRAS SATISFYING TRAIN IDENTITY OF
DEGREE 2 AND EXPONENT 3

JOSEPH TENKODOGO!, SOULEYMANE SAVADOGO 2, ANDRE CONSEIBO3* AND
ABDOULAYE DEMBEGA *

ABSTRACT. In this paper, we give the necessary and sufficient conditions for
an evolution algebra to satisfy a train identity of degree 2 and exponent 3.
We show that this class of algebras is a subclass of the Bernstein algebras of
order 2. Then, we study the relations existing between these algebras and the
Bernstein algebras as well as the power associative algebras. Moreover we give
a classification in dimension < 4 of evolution algebras satisfying strictly a train
identity of degree 2 and exponent 3. Finally, we describe the derivations and
automorphisms of these algebras.

1. INTRODUCTION

In the algebra theory of population genetics, several classes of algebras are used
to describe the process of inheritance in genetic. Some of these algebras are baric
and satisfy polynomial identities. This is how Philip Holgate in 1975 ([9]) defines
the Bernstein algebras, i.e. commutative and not necessarily associative algebras
verifying the equation (z?)? = w(x)*r?. These algebras were defined to model
Hardy Weinberg’s principle which states that the genetic heritage of a popula-
tion stabilizes in the second generation. In [2] and [15], the authors studied the
algebras verifying a train identity of degree 2 and exponent n for n = 3 or 4, that
is, such that (z")? = w(x)"z" (n = 3 or n = 4). They showed that this last class
of algebras contains strictly that of Bernstein algebras. As for evolution algebras,
they have been studied for two decades (see[l1]). Unlike previous algebras, evo-
lution algebras concern non-Mendelian genetics. The purpose of this paper is to
describe the baric evolution algebras that verifies the identity (z3)? = w(z)323.
Section 2 is devoted to preliminary results. In section 3, we characterize the evo-
lution algebras satisfying a train identity of degree 2 and exponent 3. We show
that these algebras are Bernstein algebras of order 2. The link between evolution
algebras satisfying a train identity of degree 2 and exponent 3 with Bernstein
algebras and power-associative algebras is studied. Incidentally, we show that
in dimension 2, the evolution algebras verifying the identity (2.1) are Bernstein
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algebras. Then in section 4 we are interested in the classification in dimension
3 and 4 of these algebras. Finally, since derivations ([5]) and automorphisms
play an important role in the study of algebraic structures, we proceeded to their
calculations in section 5.

2. PRELIMINARIES

Let K be a commutative field and A a commutative non-necessarily associative
K-algebra. For any z in A, the principal powers of x are defined by ! = z and
2"t = 2"z and those of A are defined by A' = A and A" = A"A for any
integer n > 1. We also define the plenary powers of z € A by z! = z and
2t = gl with n > 1.

Let K be an infinite commutative field of characteristic different from 2 and 3,
and (A,w) be a baric K-algebra, i.e. w : A — K is a surjective morphism of
K-algebras called weight function. We will say that (A,w) verifies a train identity
of degree 2 and exponent 3 if for any = in A we have

(2%)? = w(z)2>. (2.1)

Since w is a surjective morphism of algebras, then the set Z = {2® | w(z) =1}
of nonzero idempotents is not empty. The Peirce decomposition of A is given
by A= Ke® Ag(e) ® Ayj2(e) ® A_q)2(e), where e is a nonzero idempotent and
Ay ={z € kerw | exr = Az} for A € {0, 1/2, —1/2}. The relations between
the Peirce subspaces are given by: A%/Q(e) C Ag(e) D A_1)2(e), Aj(e) C Ajjpa(e) ®
A0(6>, Ao(e)Al/Q(G) C A1/2<€> @A_1/2(6>, Al/g(e)A_l/g(e) C A1/2<€) @Ao(e) and
A2 p(e) € Aipale) [2, Theorem 3.4].

We will say that a baric algebra (A,w) is Bernstein of order n > 0 if for any

element z in A we have

I[n+2} n+1]

= w(x)?

For n = 1, we simply say that A is a Bernstein algebra. In [10], the authors
show that in a Bernstein algebra of order n, (A,w), the weight function w is
unique and A has a nonzero idempotent. In characteristic different from 2, a
Bernstein algebra of order 2 (A, w) admits the Peirce decomposition, relatively
to the following nonzero idempotent e:

A=Kea U, a V. (2.2)

with U, = {z € kerw | er = iz} and V. = {z € kerw | e(ex) = 0}
[7, Proposition 2|. Bernstein algebras of order 2 satisfying U? = 0, for a given
idempotent e, are studied in [3]. The authors characterize in particular the set
of nonzero idempotents and show that U? is an invariant. They also characterize
the subspaces of U, and V., when €’ is another nonzero idempotent of algebra.
The classification in dimension 3 and 4 of Bernstein algebras of order 2 is given
in [0, 10].

We say that a finite dimensional K-algebra of dimension n is an evolution
algebra if it admits a basis B = {ey,-- ,e,} such that

eie; =0for 1 <i¢# 75 <nand e = Zaikek (2.3)
k=1
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Such a basis is called the natural basis of A and the matrix M = (aix)1<ik<n
is the matrix of the structure constants of A relatively to the natural basis B.
Evolution algebras are commutative, they are not associative in general[l].

Let K be a commutative field of characteristic different from 2 and 3. In [12,
Corollary 3.4], the authors show that a baric evolution algebra (A,w) of finite
dimension n admits a natural basis B = {ej, -, e,} whose multiplication table
is defined by:

el =e + Zalkek, e = Zajkek. with w(e;) =1, w(e;) =0 for 2 < j <n.
k=2 k=2
(2.4)
In the rest of the paper, K denotes a commutative field of characteristic different
from 2 and 3 and any finite dimensional baric evolution algebra will be endowed
with such a natural basis.

3. EVOLUTION ALGEBRAS VERIFYING THE IDENTITY 2%z® = w(x)323

The following result gives a characterization of baric evolution algebras satis-
fying the train identity of degree 2 and exponent 3.

3.1. Characterization theorem.

Theorem 3.1 (Characterization). Let (A,w) be a baric evolution K-algebra of
finite dimension. Then the algebra A wverifies the identity (2.1) if and only if the
following assertions hold:

) (e7)? =ei;

) el(eie;) = gete; for2 < j<mn;

) (efej)(efer) =0 for2<j <k <m;

) €i(eer) = zedey for 2 <k,j <n.

Proof. We assume that (A,w) is a baric evolution algebra verifying the iden-
tity (2.1). Since €3 = €2, the assertion (1) is obtained by setting = e; in the
identity (2.1). By partially linearizing the identity (2.1), we obtain:

4(x(zy))z® + 22° (2%y) = 3w(z?y)r® + w(z®)2xy + 2w(@®)z(2y). (3.1)

The assertion (2) is obtained by setting x = e; and y = e; with j # 1 in the
identity (3.1). A partial linearization of the identity (3.1) gives the following
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By setting x =y = e;, 2 =t = e; with j # 1 in the identity (3.2), we obtain:

(ele;)(efe;) =0 (3.3)

By setting in the same identity x =y =e1, 2 =¢;, t = e, With2 < j#k <n
we get:

(efej)(eier) =0 (3.4)

Thus the identities (3.3) and (3.4) allow us to obtain assertion (3). By setting in
the identity (3.2), x =e; ,y =z =t = e; with j # 1 we obtain:

Aes) = 5(ey) (35)

Let us now set in the identity (3.2) x = e, y=t =¢;, z=¢, with2 < j#k <n
we obtain:

1

—(e?ek) (3.6)

ef(e?ek) =3

Assertion (4) is therefore obtained from the identities (3.5) and (3.6). For the
converse, we assume that the assertions (1), (2), (3) and (4) hold. Let z =

n
ae; + > xe; € A. We have:
i=2

: _ 2
x —Oé€1+g a:j],:z: ael—l—oz E x]ele]+ g :z:kxeek
k,j=2
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and
P23 = afe? + Z xkx (a:lxt)(e ex)(e2e;) +a52mj (efe;) + o Z a:kx e; ek)
k,j,t,l=2 j=2 k,j=2
n
+2a? Z zw (efer) (eFex)
ey, =2
n n
= o’ +4 > (wa?)(w}) (agean) (arpg)(eley)(€leq) + o Y zi(efe))
k,j,t,l,p,q=2 j=2
n n
+a® Z xk.r?(e?ek) + 40’ Z xla:kx?ajkakt(e%el)(efet)
k,j=2 k,j,l,t—2
= ozﬁe% + 06521’3616] + a Z xkx e e
k,j=2
P8 = w)’2’
So the algebra A verifies the identity (2.1). O

We characterize in the following result the Peirce subspaces of an evolution
algebra verifying the identity (2.1).
Let Ap = Support(e?) \ {1} = {j € {2,--- ,n},a1; # 0}.

Theorem 3.2. Let (A,w) be a baric evolution K-algebra of finite dimension
verifying the identity (2.1). Then:

(1) A1/2 = <€?,j S AB>;

(2) A_l/g = 0,‘

(3) Ao = (e; — 23,5 € {2+ ).
Proof. Since A verifies the identity (2.1), then its Peirce decomposition relative
to the idempotent e is given by A = Ke? @ Ajjp ® Ay ® A_q 5.

(1) Letx = Z zje; € Ayje. The equality sz = efa = Z rjele; = ZA (zja15)€3
JEAB
implies that r = Y (2z;a15)e; and therefore A1/2 C(e? | jelp). As
JjEAB
sertion (2) from Theorem 3.1 shows that ej € Ay, for j € Ap. Therefore,

A1/2 = <6§ | j S AB>

n
(2) For the second assertion we set x = ) xje; € A_1/5. The equalities
—5¢ = efx = Y (zja1;)e? implies that © = — Y (2z;a1;)e € Ayjs. So

JEAB JjEAB

r=0and A_;p =0.

n
(3) For x = > wje; € Ay, we have 0 = efz = 3 xjele;, which gives
j=2 i=2

x = ) x;(e;—2efe;). Therefore Ay C (e; —2efe; | j € {2,-- ,n}). Ac-

cording to the assertion (2) of Theorem 3.1, we have (e; — 2eie;) € Ay for
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any j € {2,---,n}, which implies (e; — 2e3e; | j€{2,---,n}) C Ao
Thus Ay = (e; —2efe; | j€{2,---,n}).
0

Corollary 3.3. Let (A,w) be a baric evolution K-algebra of finite dimension
verifying the identity (2.1). So:

(1) The Peirce decomposition of A relative to the idempotent 3 is:
A= Ke%@Al/QGBAO such that A%/Q = 0, A% C AUQ@AO, A()Al/g C Al/g;

(2) (kerw)® = (e2ey, ;k,j =2,n) C Aypo.

Proof. The first assertion follows from the Peirce decomposition of an algebra
verifying the identity (2.1), from the assertion (3) of Theorem 3.1 and from the
assertion (2) of Theorem 3.2. The second assertion is due to (4) of Theorem 3.1.

O

Theorem 3.4. Let (A,w) be a finite dimensional K-baric evolution algebra sat-
isfying the identity (2.1). Then (A,w) is a Bernstein algebra of order 2.

Proof. We consider a K-baric evolution algebra (A,w) of finite dimension sat-
isfying the identity (2.1). Let 2z = ae; +y € A with a € K and y € kerw.
We have: 2? = o?e? + y? and (2?)? = a’e} + 2a’eiy® + y?y®. Since efy? € Ay
and y?y? € (kerw)P® C (kerw)® C Ay, then (2%22)? = afe? + 4abei(edy?) +
2a'e}(y*y?) = at(a’el + 2a2ety® + y?*y?) = w(x)*az?z®. Hence the algebra is
Bernstein algebra of order 2. 0

As the example below shows, there exist Bernstein algebras of order 2 which
are evolution algebras but which do not satisfy the identity (2.1) and therefore
cannot be Bernstein.

Example 3.5. Let A be a 3-dimensional K-algebra whose multiplication table
in the basis (e,v1,v2) is given by: e? = e, vjvy = v, v3 = v; and the other
products are zero. A is a Bernstein algebra of order 2 [10, Page 21]. Moreover A
is an evolution algebra in the natural basis (e, ve, v; — v9). Let x = e 4 vq, we
have 22 = e + vy, 2° = (e +v)(e +v1) = e+ vy, (?)? = e and (2%)* = e. Since
w(z) = 1, then (2?)? — w(z)?2? = —v; # 0 and (2%)? — w(z)32® = —v; £ 0. Tt
follows that A is not Bernstein and does not verify the identity (2.1).

Let (A,w) be a baric evolution K-algebra of finite dimension verifying the
identity (2.1). Since the algebra A is Bernstein of order 2 and A? o =0, the set
of its nonzero idempotents is defined by Z = {ef +u | u € A;s2(ef)}. Moreover,
if ¢ = e} + u is another nonzero idempotent of A, then A;/5(e’) = Ay/2(e3) and
Ao(e') ={v—2uv | ve Ay(e})} [3, Theorem 2, 3 and 4].

3.2. Relation with Bernstein algebras. In[!|, the authors give the following
result which characterizes the baric evolution algebras which are Bernstein.

Proposition 3.6 ([/, Theorem 4.2]). A K-baric evolution algebra (A,w) of finite
dimension n is Bernstein if, and only if, the following conditions hold:

(1) (e1)?* = ei;
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(2) e?e? =0, for2<1i,57<n;
(3) efe? = 1e? for2 <i<n.

As the following example shows, there are baric evolution algebras satisfying
the identity (2.1) but which are not Bernstein algebras.

Example 3.7. Let (A,w) be a K-baric evolution algebra of dimension 5 whose
table of multiplication in the natural basis B = (e, es,e3,e4,€5) is given by:
el =e1+esteyq, €3 =1(es—es), €5 =aer+ fes, €] = —€3 = —1e2+ €4, €2 =
Y263 +73€5 = (372 +ays)es+ (=172 + Bys)es with a, 8,742,735 € K and o+ 3 # 0.
Since e3e3 = ;(a+ B)e3 # 0, then the algebra A is not Bernstein algebra. Let
T = T1€] +Taey +T3e3+ 1464+ T565. We have 22 = z3e? + (23 —23)ed + x2e2 + 1262
;= xdel + (w2 + xa) (2 + (23 — 23)) + 23(aws — Baa) + (572 + avs)r2r3 —
(=372 + Bys)zaxd)el et (2°)? = afed + af(2}(wa + 2a) + 322 + x4)(23 — 2F) +
z3(axy — Bry) + (372 + av3)m2x? — (=372 + B73)Tax?)e3. Since w(z?) = 23 then
(z3)* — w(x?)z® =0. The algebra A thus verifies the identity (2.1).

Proposition 3.8 ([2, Theorem 4.1]). Let A = Ke @ Ayjs @ Ao @ A_1)2 be the
Peirce decomposition relative to a nonzero idempotent e of a K-algebra satisfying
the identity (2.1). Then A is a Bernstein algebra if, and only if, A_y = 0, Aj C
Avjz, AiA12 =0 and (z1210)? = 0, for all x1)5 € Ay and zg € A.

Proposition 3.9. Let A = Ke] @ Aj)» & Ay be the Peirce decomposition of a
finite dimensional baric evolution algebra satisfying the identity (2.1). Then A is
Bernstein if and only if A§ C Ays.

Proof. The algebra A verifying the identity (2.1) and being of evolution then we
have A_y/o = 0, AgAij2 C Ayj2, Ak C Ay /@D Ap and A%/Q =0. If A2 C Ay s, then
A%Al/g =0 and (l’l/gxo)z = 0 for all 71/ € Ay/s, 29 € Ap. The Proposition 3.8

gives that A is a Bernstein algebra. Conversely, if A is a Bernstein algebra, thus
A(Q) C A /2 ]

Corollary 3.10. Let A = Kei & Aqj2 ® Ao be the Peirce decomposition of a
finite dimensional baric evolution algebra satisfying the identity (2.1) such that
Ai2 # 0 and dim(kerw)? = 1. Then A is a Bernstein algebra.

Proof. Assume (kerw)? = (e3). Since Ajp # 0 and Ajp C (kerw)?, then
dimA;j, = dim(kerw)® = 1 and Ayjs = (€3). We have A3 C (kerw)? = Ay
and Proposition 3.9 gives us that the algebra is Bernstein. 0

Corollary 3.11. Let A = Ke} @ Ay ® Ao be a Peirce decomposition of a fi-
nite dimensional baric evolution algebra satisfying the identity (2.1) such that
Card(Support(e?)) =n. Then A is a Bernstein algebra.

Proof. We assume that Card(Support(e?)) = n. Then ay; # 0 for 2 < j < n.
Hence Ajjs = (kerw)?. Since Ay C kerw, then A§ C (kerw)? = A; /. According
to Proposition 3.9, A is a Bernstein algebra. O

Proposition 3.12. Let A = Ke? @ kerw be a finite dimensional baric evolution
algebra satisfying the identity (2.1) such that (kerw)? = 0. Then A is a Bernstein
algebra.
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Proof. Suppose (kerw)? = 0. Then A;,, = 0 because A;/» C (kerw)? and Ay =
ker w. We deduce that A3 = (kerw)? = 0 = A; 5 and A is a Bernstein algebra. [0

Corollary 3.13. Let (A,w) be a baric evolution algebra of dimension 2, satisfying
the identity (2.1). Then A is a Bernstein algebra.

Proof. We have kerw = Key and €3 = aey with o € K. The relation 0 = (e3)? =
a’ey implies o = 0, so €3 = 0. It follows that (kerw)? = 0 and A is a Bernstein

algebra. O

3.3. Relation with power associative algebras.

Definition 3.14. Let A be a K-algebra.

(1) We say that the algebra A is power associative if any subalgebra generated
by an element is associative, i.e for any x € A, z'2/ = 2**7 for all integers
1,7 > 1.

(2) The algebra A is said to be Jordan algebra if, it is commutative and
22 (yr) = (22y)x for all z,y € A.

(3) The annihilator of A is defined by ann(A) ={r € A | A =0}.

Definition 3.15. A baric K-algebra (A, w) is said to be a train algebra of rank
r > 2 if there exist scalars v; € K such that

2"+ pw(@)" T ey w() Tl =0
for any z € A and r is the smallest such integer.

Lemma 3.16 ([12, Proposition 3.18]). Let A = Ke; @ kerw be an evolution train
algebra over a field K of characteristic different from 2,3,5 where €3 = e, + 2 with
z € kerw. Then A is power associative if and only if kerw is power associative
and z € ann(kerw).

Lemma 3.17 ([12, Remark 3.20]). Let K be a commutative field with character-
istic different from 2 and (A, w) a finite dimensional power associative evolution
train algebra. Then the Peirce decomposition of A is given by A = Ke? & A,,
where e¥ is an idempotent.

Lemma 3.18 ([2, Théoreme 4.2]). Let A= Ke® Ay ® Ag ® A_13 be a Peirce
decomposition of an algebra verifying the identity (2.1), where e is an idempotent.
The following assertions are equivalent:

(1) A is power associative algebra;

(2) A is power associative train algebra of rank at most 4, satisfying the equa-
tion z* — w(z)z® = 0;

(3) A is Jordan algebra;

(4) A_1)p =0, A§ C Ao, 2z0(xow1/2) = 23212 and :1:1/2(510%/2%) = xo(xqz1)2) =
0, for all z1/5 € Ayj2 and xo € Ay.

If one of these assertions is satisfied, then A is a Bernstein algebra of order 2.

We then deduce from Lemma 3.17 and from Lemma 3.18 the following propo-
sition:
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Proposition 3.19. Let A = KB%EBA:L/Q@AO be a Peirce decomposition of a finite
dimensional baric evolution algebra satisfying the identity (2.1). The algebra A
is power associative if and only if Ay, = 0. Moreover, if A is power associative,
then (kerw)® = 0.

Remark 3.20. The classification in dimension < 4 of power associative evolution
algebras [13, Proposition 4], Lemma 3.16 and Lemma 3.17 imply that in dimen-
sion 3 and in dimension 4, there does not exist a baric power associative evolution
algebra (A,w) such that dim(kerw)? > 1.

4. CLASSIFICATION
We start by stating some general results that will be useful for the classification.

Lemma 4.1. Let A= Ke? @ Ao ® Ag be the Peirce decomposition of a K -baric
evolution algebra of finite dimension n > 1 verifying identity (2.1). Then, the
family {ejz | 2 <j <n} is linearly dependent.

Proof. Suppose the family {ejz | 2<j <n}is free. Since (kerw)? C kerw, then
(kerw)? = kerw. Thus (kerw)? = (kerw)? = kerw and [(kerw)®]? = (kerw)? =
kerw. The relations (kerw)® C Ay and A3, = 0 lead to [(kerw)’* = 0 and
we deduce that kerw = 0, which is absurd. So the family {e} | 2 < j < n}is
linearly dependent. 0

Theorem 4.2. Let A = Ke? @ Ayjp @ Ay be a Peirce decomposition of a n-
dimensional (n > 2) K-baric evolution algebra verifying identity (2.1). If the
algebra A is not power associative, then 1 < dim(Al/g) < =1 gnd dim(Ag) >

2
dlm(A1/2> .

Proof. We assume that A is not power associative. We have A, # 0 and
we set dim(A;;) = p > 1. Without losing generality, we can take A, =
<e§, e - ,e§+1>. As A%/Q =0, [4, Proof of Theorem 4.10], tells us that the fam-

ily (e, €3, ,€pr1,€5,€35, -+ ,en,) is free. We deduce that 1 < dim(A4;,) < 254

and [, proof of corollary 4.11] shows that dim(Ag) > dim(A; ). O

Definition 4.3. We say that a baric algebra (A,w) strictly verifies the iden-
tity (2.1), when it verifies this identity and does not verify an identity of degree
strictly less than 6.

In [1], the authors give a classification up to isomorphism and in dimension
< 4 of evolution algebras which are Bernstein. Since a Bernstein algebra satisfies
the identity (2.1), we give here, up to isomorphism and in dimension < 4, the
classification of evolution algebras strictly verifying the identity (2.1).

Proposition 4.4 (3-dimensional classification). There is no baric evolution al-
gebra of dimension 3 strictly satisfying the identity (2.1).

Proof. We suppose that A = Ke3 @& A;» @ Ap is the Peirce decomposition of
a K-algebra of baric evolution of dimension 3 verifying the identity (2.1) and
which is not power associative. The relation 1 < dim(A;/,) < % implies that
dim(A; 2) = 1. Without losing generalities, we suppose A; /o = Ke3. Then aj # 0



EVOLUTION ALGEBRAS SATISFYING TRAIN IDENTITY 167

and €3 # 0. The equality e = efe? = €2 +a?ye3 + aizel leads to alyes +ajqsed = 0.
This implies that a;3 # 0 and Card(Support(e?)) = 3. We deduce from the
corollary 3.11 that A is a Bernstein algebra. O

Proposition 4.5 (Classification in dimension 4). Let A = Ke ® Ay, @ Ay the
Peirce decomposition of a baric evolution K -algebra of dimension 4, verifying
strictly the identity (2.1) and let B = {e,u,vy,v2} a canonical basis of A. Then
A is isomorphic to one and only one of the following algebras:

(1) Ai(a) = e =e, eu=ju, uvy =u, v3 =u+ av; with o € K*;

(2) As(a) : 2 =e, eu= su, uvy =u, vj =av; with « € K*.
Other products being zero. Moreover, for i € {1, 2}, the algebra A;(a) ~ A;()
if and only if o = k*o’ with k € K*.

Proof. The algebra A is not power associative. Then, 1 < dim(A;);) < %
yields dim(A;5) = 1. Without losing generality, suppose that A;/, = Ke3. Then
ajpe2 # 0 and since A is not Bernstein, we have ay3a14 = 0. We distinguish three
cases:
(1) a13 7é 0 and 14 = 0.
(a) The relation €3 = efe? = €2 + aye3 + aizel leads to alyes + alzed =0;

so €2 = —(apayy)?e2. Since A is not a Bernstein algebra then

dim(kerw)? # 1. We deduce that dim(kerw)? = 2 and (kerw)? =
Kei @ Ke?.

(b) The relation £e3 = ee} = a12a0€3+a13a2363 = ar2(as2 — a12a33 azs)e}
gives

= alz(agg — algafglazg). (41)

N | —

. 1
(c) The equality 0 = e2e3 = al,e2+a3zei+a2,es = (az—a12ay3 ass)(asn+

) 2, .2 2 171 1 2 | 2 2 s
Q12073 G23)€5 + 5,05 = 5075 (Agg + G12a73 ag3)e; + az,e; gives

99 = —CL126L1_31(123 and 94 = 0 (42)
The identities (4.1) and (4.2) gives that as; = —1aj;a13 and as =
1 -1

(d) Since ejes = agse] € Ao and the family {e3, €7} is free, then ay = 0.
Let u = ajpes and v = ajzes. The family By = {e, u,v,e4} is a natural
basis of the algebra A and the multiplication table of A in the basis B;
is given by: ef = e; +u+v; v* = H(u—v); v = —u? and €] = au + fv
with a + 3 # 0. We have: Ay = Ku?, Ay = K(u+ v) ® Key. The
multiplication table of A in the base By = {€2,u?, u+v,e4} is: (e})* = €2,
w(u+v) = 3u?, efu? = $u?, ef = 2(a— B)u + 3 (a+ B)(u+v) and other
unmentioned products are zero. We distinguish the following two cases:

e a— 3 #0. Let v =2(a— fB)u? and v' = 2(u+v). The multiplication
table of A in the basis Bz = {e?,u/,v',e,} is given by: (€2)? = €3,
et = su, W' =, ef = v + o'V with o = (a4 ) # 0 and
the other products not mentioned are zero. Then the algebra A is
isomorphic to A;(a’). The algebra A;(a) ~ A;(a/) if and only if
a = k*a’ with k € K* [6, Theorem 2.5.5].
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e o = (3, we get that the algebra A is isomorphic to As(«). The
algebra Aj(a) ~ Ay(’) if and only if a = k*a’ with k € K* [0,
Theorem 2.5.5].

(2) a3 =0 and a4 # 0. By setting e} = e4 and €} = e3, we find the previous
case. A is isomorphic to the algebra A;(«) or the algebra As(a).

(3) a1z = a4 = 0. The relation €2 = (e2)? = e? + alye3 implies a?ye2 = 0. So
ap = 0 or €3 = 0. Which is absurd because a5 # 0 and €3 # 0.

O

5. DERIVATIONS AND AUTOMORPHISMS

In this section we study derivations and automorphisms of a finite dimensional
evolution algebra satisfying the identity (2.1).

5.1. Derivations. Let K be a commutative field and A a commutative, non-
associative K-algebra of finite dimension over K. We will say that an endomor-
phism d of A is a derivation of A if for all z,y € A, d(xy) = d(z)y + zd(y).
The set Derg(A) of all derivations of A is a Lie algebra for the Lie bracket
ld, d'] = dod — d'od where d,d € Derg(A).

Remark 5.1. Let (A,w) be a baric evolution algebra satisfying an identity (2.1).
Then wod = 0.

Lemma 5.2. Let A be a finite dimensional evolution algebra satisfying the iden-
tity (2.1) and d a derivation of A. Then d(e;) € ann(A) where ann(A) = {e; €
B | €3 =0}.

Proof. Let d(e;) = Y direy, with i € {1,--- ,n}. We have
k=1

0= d(elej) = eld(ej) + d(€1>€j Wlthj > 1 (51)
Since d(e;) € kerw, then the relation (5.1) leads to 0 = d(e;)e; = dlje?. For
e5 # 0 we will have di; = 0. Hence d(e;) = z;\dljej with A = {j | ¢? =0}. So
je

d(ey1) € ann(A). O

Proposition 5.3. Let A be a finite dimensional evolution algebra satisfying the
identity (2.1). The map d € End(A) is a derivation of A if and only if the
following assertions hold:
(1) d(e2) = 0;
(2) the derivation d stabilizes Ay and Ay;
We note respectively dy ;o and dy the endomorphisms induced by d on A,
and AO,’
(3) d1/2($1/2I0) = d1/2($1/2)$0 + x1/2do(0);
(4) d1/2((1'0y0)1/2) = (xodo(yo) + do(%)yo)m;
(5) do((z0yo)o) = (wodo(yo) + do(w0)yo)o-

Proof. For the assertion (1), we have d(e?) = 2e1d(e;) = 0 because d(e;) €
ann(A). The assertions (2) to (5) are obtained by setting €5 = e, fq=di/2, ga =
do hg = 0 in the [3, Théoreme 5.1.1] and taking into account d(e?) = 0. For the
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reciprocal we assume that d is an endomorphism of A satisfying the assertions
(1) to (5). Let us show that d is a derivation. Let x = aef 4+ x1/2 + ¢ and
y = Bel+y12+yo with a, 8 € K. We have zy = aﬁe%—i—%ay1/2+%ﬁxl/2+xl/2yo—l—
Toyr 2+ ToYo. So d(zy) = %ad(yl/g)—l—%ﬁd(ml/g)—i—d(xl/gyo)+d(x0y1/2)+d(a:0yg) =
%(Oédl/z(yl/z)+5d1/2($1/2))+d1/2(901/2)y0+$1/2d0(y0)+do($o)yl/z+$od1/2(y1/2)+
xodo(yo) + do(z0)yo and xzd(y) +d(z)y = %Oéd1/2(y1/2) +21/2do(Yo) + Todi2(y1/2) +
Todo(yo) + %5d1/2(5€1/2) + dyj2(21/2)y0 + do(20)y1/2 + do(@o)yo = d(xy). So d is a
derivation of A. OJ

Corollary 5.4. Let A be a finite dimensional evolution algebra verifying the
identity (2.1) and d a derivation of A. Then the induced endomorphism dy 5 is a
deriwation of Ay ;.

Proof. Let x,y € Ay and d be a derivation of A. Then d(xy) = d(x)y + zd(y) =
dij2(x)y + xdyij2(y). Since xy = 0 then d(zy) = dy/2(xy), therefore dyo(xy) =
dy2(x)y + xdyj2(y) and dyy is therefore a derivation of A s. O

Proposition 5.5. Let A be an evolution algebra of dimension 4 satisfying strictly
the identity (2.1). Then the Lie algebra of derivations of A is abelian algebra.

Proof. In dimension 4, an evolution algebra A satisfying the identity (2.1) is
isomorphic to one of the algebras A;(a) or As(a) of Proposition 4.5. Let be
d € Derg(A).

(1) For A ~ Ai(a) : € =e¢, eu = u, wy = u, v3 = u+ au; with
a € K*. We have d(e) = 0, dyjo(u) = pu ; do(vi) = 71 + 12v2 and
do(Ug) = )\11)1 + )\2?]2 with ﬁ,’}/l, Y2, )\1, )\2 in K.

(a) The relation dy2(u) = dy/2(uvy) = dyjo(u)vy + udo(vy) implies fu =
Bu + y1u. Thus v; = 0 and dy(v1) = Yavs.

(b) The equality 0 = dy/2(uve) = dy2(w)ve 4+ udo(ve) implies 0 = Aju. So
)\1 = 0 and d('l}g) = )\2'112.

(c) The equality dijo(u) = dija((v3)1/2) = (2v2do(v2))1/2 = (2A203)1/2 =
2 ou implies 5 = 2.

(d) The relation ady(vi) = do((v3)o) = (2u2do(v2))o = 2Xeaw; implies
ayave = 2 gavy. Since av # 0 then v = Ay = 0. So f = 0. Therefore
d =0 and Derg(A;(a)) is an abelian algebra.

(2) For A~ Ay(a) : e =e, eu=tu, uv; = u, v3 = av; with a € K*. We
got d(e) = 0, dyj2(u) = Bu; do(vi) = M1v1 + Y2ve and do(v2) = Mvr + Aavy
with 3,791,792, A1, A in K. Since uv; = u and uvy = 0, point 1.) tells us
that dy(vy) = Yvy and dy(vy) = Agvy. The relation ady(vy) = do((v3)o) =
(2do(v2)v2)o = (2X903)g = 2ah9v; implies ayovy = 2001 S0 Yo = Ay =
0. So we get d(ve +u + v1 + v2) = dy/2(u) = fu with v € K.

Let d and d' two derivations of Ay(«). We have [d, d'][(e) = [d,d'](v,) =
[d,d|(v2) =0 and [d,d'|(u) =dod(u) —d od(u) = f'fu— B5'u=0. So
Derg(Az(a)) is the abelian algebra.

0

5.2. Automorphisms. In this subsection, A = Ke? ® A @ Ap is a Peirce

decomposition of an evolution algebra satisfying the identity (2.1), where €? is a
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nonzero idempotent. Since A_;/, = 0 and A3 2 = 0, [3, Théoreme 5.3.1] gives us
a characterization of the automorphisms of A.

Theorem 5.6. A bijective map o is an automorphism of the algebra A if and
only if the following conditions hold:

(1) 0'(6%) = 6% + Ug, Ug S Al/Z;'

2) O'(iCl/Q) = fg(l'l/Q), fO’f' any $1/2 S Al/g with fa‘ € GLK(Al/Q),'

o(xg) = go(x0) — 2uegs(T0), for any xg € Ay with g, € GLK(Ap);
fo(21/270) = fo(21/2)90(20);

ga((xoyo)o) = (ga(x0)90<y0))0;

fa((l‘oyo)l/Q) - 2%90((%%)0) = (ga(ffo)ga(yo))yg - 290(950)(%90(90)) -
2ga(y0)(uaga(370))-

Proposition 5.7. If the algebra A has dimension 4, then the group of automor-
phisms of A denoted Aut(A) is given by:

Aut(A) = |ye K" ande=—1ore=1

oSO O
O = OO
n O OO

o O O

Proof. In dimension 4, an evolution algebra A satisfying the identity (2.1) is
isomorphic to one of the algebras A;(a) or As(«) of the Proposition 4.5. Let
o € Aut(A).

(1) For A~ Aj(a) : e =e, eu= ju, uv; =u, vj =u+ av; with o € K*.
We have o(e) = e+ fu, o(u) =yu = f,(uu) ; o(vy) = A\jvi+Ava—28M\u;
0(v2) = 111 +Y202 = 2071w with g, (v1) = A\v1+Agv2, go(V2) = Y101 +7202
and det(o) = y(A1y2 — Aay1) # 0 where B, 7, 71,72, A1, A2 € K.

(a) The equality fo(u) = fo(uvi) = fo(u)gy(v1) implies yu = yAu.
Which implies Ay = 1 and g, (v1) = v1 + Agvs.

(b) The relation 0 = f,(uvy) = fo(u)gs(v2) = Y711 leads to 3 = 0 and
9o (V2) = 7209, so det(o) = yy2 # 0.

(c) The equality ag,(v1) = g,((v3)0) = ((9,(02))*)o = (1303)0 = ar3vr
causes av; + a\yvy = ay2v;. Which implies 72 = 1 and Ay = 0. Thus
go(v1) = vy and g,(v9) = €vy with e =1 or e = —1.

(d) The relation f,(u) — 2Baug,(vi) = fo((v3)1/2) — 2Bugo((v3)o) =
(90 (22))112 — 4 (02) (Bugy () leads 0 vu — 28au = u. S0 7 =
14 2Ba.

(e) The equality 0 = —4g,(v1)(Pugy,(v1)) = —4v1(Bu) = —4fu implies
B =0. We finally get o(e) =e; o(u) =u; o(vy) = vy ; o(ve) = €vy

with € = 1 or € = —1. The set of automorphisms of A;(«) is:
1 0 00
0100
Aut(Ay () = 0010 le=1ore=—1
0 0 0 e
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(2) For A >~ Ay(a) : € =e, eu = ju, uvy = u, v3 = aw;, with a € K*.
We get a(e) = e+ fu, o(u) =yu = f,(u), o(v1) = A\vr + Ave — 26\ u
and o(vy) = Y1 + Yovy — 2871w with g,(v1) = Av1 + Agva, go(v2) =
11 + Yve and det(o) = Y(Ay2 — Aey1) # 0 o B, 7, 71,72, A1, A2 € K.
Since uv; = u , uvy = 0 and (v3)g = vy, 1.) tells us that g, (vy) = vi + vy
and g,(ve) = evy with € = 1 or € = —1. The relation —2fug,(av,) =
1o (30172) — 28ug0(13)0) = ((90(82))2)1/2 — A9, (22)(Bugy (2)) implies
—2pu = (avi)12. Thus —28u = 0 and B = 0. We finally get o(e) =

e, o(u) =vyu, o(v;) =v; and o(vy) = evy with € =1 or ¢ = —1. The set
of automorphisms of Ay(«) is therefore
1 000
_ )0y 00 x _ _
Aut(Az(a)) = 00 10 |ye K*ande=—-1lore=1
0 0 0 €
Hence the result. O]
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