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SOME QUESTIONS ON THE DISTRIBUTION OF PRIME
GAPS AND SOME FORMULAS INVOLVING PRIME GAPS

RAFAEL JAKIMCZUK*

ABSTRACT. In this article we present some questions on the distribution of
prime gaps. Apparently the solutions of these questions are very difficult. We
also obtain some formulas involving prime gaps. Our results are valid for more
general integer sequences.

1. INTRODUCTION AND SOME QUESTIONS ON THE DISTRIBUTION OF PRIME
GAPS

Let p, be the n-th prime. The n-th prime gap is d, = pni1 — pn. In this
article we present some questions on the distribution of prime gaps, apparently
the solutions of these questions are very difficult. We also obtain some formulas
involving prime gaps. Our results are valid for more general integer sequences.
For example, we prove the following result.

Let € > 0 an arbitrary fixed small number and M > 1+ €. Let Dy (z) be the
number of primes p; not exceeding x such that d; = p;v1 — p; < M logp;. Then
Dy(z) > (1 — X€) m(z). Note that if M is large then 1 — L€ is near of 1. m(z)
denotes (as usual) the prime counting function.

There are in the literature many papers on primes and prime gaps and in
general studies of numbers in small intervals, for example [3], and also about
prime factors in composite numbers, for example [9] [10].

There are consecutive repeated prime gaps. That is, d; 1 #d; = dj;1 = -+ =
diyr_1 # d;r, where the number of consecutive prime gaps is k£ > 2. For example,
the first repeated prime gaps are

dl#d2:d3:27éd4.
d147éd15:d16:67éd17-

dss # dzg = d37 = 6 # dsg.
There are interesting questions. For example, is £ bounded in the sequence of
primes or not? That is, there are arbitrarily large number of repeated prime
gaps? On the other hand, if we eliminate the consecutive repeated prime gaps in
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the first n prime gaps, is the sum of the rest of gaps asymptotically equal to p,
or not?

Another question on prime gaps is the following;:

Given € > 0, the number G(n) of prime gaps d; such that

(1 —€)logp; < d; < (1+€)logp; (1<i<n) (1.1)

is asymptotically equal to n, that is, G(n) ~ n, independently of € > 0. Is this
establishment true or not?
We use the notation [; = logp;11 — logp; for the i-th logarithmic prime gap.

Below, we shall prove the equation p; ~ Cll— By use of this equation we can to
prove that (1.1) is equivalent to the following establishment:

Given € > 0, the number H(n) of logarithmic prime gaps [; such that
1 1
l1—e)-<lLi<(l+e= (1<i<n) (1.2)
i )
is asymptotically equal to n, that is, H(n) ~ n, independently of ¢ > 0.
We do not respond these questions in this article, we think they are very
difficult, we simply establish them.

Equation p; ~ CZL? is an immediate consequence of the mean value theorem
applied to the function logz. We have (mean value theorem)
1 1
(pit1 — pi) <logpiys —logpi < — (piy1 — pi), (1.3)
Pit1 i

from here we obtain
i~ (14)

and from equation (1.4) and the prime number theorem [(] p; ~ ilogi we obtain
the equation

di
log 1

~Y

(1.5)

S| S

From equation (1.3) we obtain

pi (log piv1 — logpi) < pit1 — pi < pis1 (logpipr — logpi) )

that is
d?
Di
Therefore
d?
d; —pil; =0 (i) )
Di
that is

d?
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Equation (1.6) gives

, 2

Di 4
and equations (1.6) and (1.4) give

d;
pi = T"‘O(di> (1.8)
If prime numbers satisfy d,, = O(pn), where 0 < 6 < 3, or the Cramér’s conjec-

ture, namely d,, = O (log2 pn) then — 0 in equation (1.6) and consequently

2
Note that the series » o2, o diverges since the series o 1o dlverges We do

not know if p—l — 0. If p—j — 0 then we obtain that d, = o(\/p,), this is
a result stronger that it obtained by use of the Riemann hypothesis, namely
d, =0 (1 /D, logpn). Note that by equation (1.4) we have
d2
L~ pil? ~ dil;
Di
Consequently also the series Y oo, p;l? and Y .2, d;l; are divergent.
Note that equation (1.3) and the prime number theorem p; ~ ilogi give
1 1 1
iy < < (piv1 — pi) <logpip1 — logp; =1, (1.10)
ilogi  pit1 pin
where ¢; is a positive constant.
On the other hand, equation (1.3) implies that the Cramér’s conjecture is
equivalent to the following establishment for /;,

log® pi log p; log i
l; =logpir1 —logp; = O ( °8 p@) =0 ( ngl> =0 (£> (1.11)

i 1 1

Note that the i-th logarithmic prime gap l; — 0 as i« — o0, since I% — 1 as
1 — 00.
Note that there exist asymptotic formulas for p,, as for example, (see below)

n—1
— log™ n

for all nonnegative integer m. We have d,, = O (pﬁ*e), where 0 = 11 and € > 0
[5]. Therefore equation (1.8) gives
Pnt2 = Pnt1 + dp1 = Pn + dp + dpia
_ ‘;_:+0(dn)+dn+dn+1 ‘;—+0( ey,
that is
Pusa = LTI O(phte). (1.13)

log ppy1 — log py,
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If the Riemann hypothesis is true then d, = O (\/p_n log pn) and consequently
O(p%"<) can be replaced by O (y/pnlogp,) in equation (1.13). If the Cramér’s
conjecture is true then d,, = O (log2 pn) and consequently O(p?*€) can be replaced
by O (log” p,) in equation (1.13).

In the literature the i-th gap d; = p;y1 — p; is compared with logp; ~ logi [7],
since (prime number theorem [0]) >~ _ logp; ~ = and consequently Y log p; ~

pisw
Pn- 1t is well-known the following limits (see [17] and [1]):
lim sup oep 00, (1.14)
lim inf —% — (1.15)
im in oep :

Now, by analogy, we shall compare the i-th logarithmic prime gap I; = log p; 11 —

log p; with log—ip" ~ %, since ), lolg?—ipi ~ logz [0] and consequently > b}%—ipi ~
log p,,. We also have
. li
limsup - = o0, (1.16)
Pi
¥
liminf .— = 0. (1.17)
g Pi

pi

Limits (1.16) and (1.17) are an immediate consequence of equation (1.5) and
limits (1.14) and (1.15).

We have the following theorem.

Theorem 1.1. The following asymptotic formula holds

di 2 2 3 m.o
ZZ = %logn—i-%loglogn—ZnZ—i—;(

n

1) 'n2Q;(loglog n)
log’ n

i=1

n?
1.18
o () (118)

where the m are nonnegative integers and the ();(x) are polynomials (see below,
in the proof). In particular, if m = 0 then we obtain

2

“~d; n? 3
;Z = %logn—{— %loglogn— ZnQ + o(n?).

The following asymptotic formula holds

n

L
ijloglogn—i—c—l—o(l), (1.19)

=1

where ¢ 1s a constant.
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Proof. We have (see (1.8))

d;
l_ =p¢+0(di). (1.20)

)

On the other hand, it is well-known the asymptotic formula [11]

& n? n? ¥ 1n?Q;(loglogn)
E ; = — logn + — loglogn — n+§
i:lp 2 i 2 g g log "

n2
1.21
o (o) (121

where the polynomials @;(z) have rational coefficients, they are of degree j and
leading coefficient % The m are nonnegative integers. If m = 0 then the formula
becomes

n 2 2 3
;pi = %logn+ %loglogn — Zn2 + o(n?).

Now, we have (see (1.20))

Z sz+0 (Zd> sz+0 (nlogn). (1.22)

=1

Therefore equations (1.22) and (1.21) give equation (1.18) and we observe that
Yoy lz has the same asymptotic expansion as y ., p;.

We have (see (1.7))
l; 1 d;
bt iof%Y,
di  pi - (pf)

Therefore
L 1 d;
Y X xo(e)
It is well-known the formula 3 _, f = loglog x+M+o0(1), where M is Mertens’s
constant [6]. If we put = = p, then we obtain

n

1
Z— = loglogp, + M + o(1) = loglogn + M + o(1).
bi

i=1
On the other hand the series ) .°, —; converges, since it is well-known that

d;, = O( 6“r€)7 where 0§ = 1;‘1_ Consequently the series » > O (%) converges

absolutely, since

n

D

i=1

d; = d
O(=|| <Ny —,
()| =¥

where |O(1)| < N. The theorem is proved. O
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There is for the mean gap d, in the sequence of primes, namely logp,, an
asymptotic expansion. The first terms are [2]

log p,, = logn + loglogn + o(1),

log1 -1 1
logpn:logn—kloglogn—i—w—i—o .
logn logn

There is for the mean logarithmic gap [,, in the sequence of primes, namely logp"

)

an asymptotic expansion. The first terms are [15]

log p,, 1 1 1
8P _ _ 4 +o ,
Dn n  nlogn nlogn

logp, 1 1 loglogn — 2 1
o _1, 1 kw2 (1Y
nlog”n

Dn n  nlogn nlog?n

2. SOME FORMULAS INVOLVING PRIME GAPS

Let us consider a strictly increasing sequence A,, of positive mtegers We define
the n-th gap (as for primes) d, = A,+1 — A,. We suppose that "“ — 1 as
n — 00, this condition is equivalent to f{; — 0 asn — oo. We also suppose that
<1 (n>1)

Clearly the sequence p, of prime numbers satisfies these conditions, since

(prime number theorem) p,, ~ nlogn and (Bertrand’s postulate [0]) p,i1 < 2p,
(n > 1)7 that 18, dn = Pn+1 — Pn < Pn-

Theorem 2.1. Suppose that the series

Z d—g (2.1)

converges. Then

and

The series

k=2

15 a Leibniz series that converges absolutely.
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Proof. Inequality (2 2) is an immediate consequence of the convergence of (2.1)
and the inequality 4= <1 (n > 1).

Let a < 1 the greatest value of the sequence j—" <1 (n>1). Then

© dk > d2 dk72 © k 2 _ > d2
ﬁ: AQAk2—ZA2 2_2 (k — o0).
n=1""" n—=1 n
This proves limit (2.3).

Therefore the series (2.4) is a Leibniz series. This series converges absolutely,
since (geometric series)

Z<Z_k> :nzlA_%l_j\_z

n=1 n

and the last series converges since (2.1) converges by hypothesis and Z_Z — 0.
The theorem is proved. 0

Lemma 2.2. Suppose that > ;- a; and >~ b; are two series of posz’tz’ve terms

such that & — c. Then if 32, b; is divergent the following limit holds Zln . b’ —
c.

Proof. See [18]. O
Theorem 2.3. The following asymptotic formula holds

Z% ~log A,. (2.5)

i=1 "

Proof. We have

A=A +diog = Ay (1 + di‘l) (i >2).

. d1 d2 dnfl
ho (1) () (1 ). 20

Equation (2.6) gives

Therefore

1 2 n—1

d d dp—
log A, =log A; + log (1+A—1) + log (1—|—A—2> +---+log <1+A 1) (2.7)

Now, log(1 + z) ~ x as x — 0. Therefore Lemma 2.2 gives

dl d -1 . dz
log A,, ~ lo 1+—)—|—lo (1+ >+---~|—10 (1—|— )N -
g g( 2 ) Hlee(1+ 1 g - ;Ai

that is, equation (2.5). The theorem is proved. O

In the following theorem we give a sufficient condition such that series (2.1)
converges.
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Theorem 2.4. Suppose that d,, < cA% (n > 1), where ¢ > 0 and 0 < § < 1.
Then the series

0 2
2 %
A2
n=1 n
converges.

Proof. We have (Theorem 2.3)

Z 0 Z —CAH < cAe Z A, < clAe log A,

that is,
d?
Z j < 1A% log A,,.
Consequently
d? 0
Z — < 2’ log .
A<z A

Hence Abel summation [0] gives

1 | d? c12? log x
- il &i < At 958
Z A? <2A>x /1t2< Ai> at < x

A<z A<z A<t
t?logt > logt
+/%dt<1+ 1/ .
Ax t? Ay A
The theorem is proved. O
Remark 2.5. As it is well-known d,, < ¢p?™ (n > 1), where ¢ > 0, § = = and

€ > 0 [5]. Therefore if A, = p, is the sequence of primes then the series >~ 5 it

converges. Therefore Theorem 2.4 is true for the sequenee of primes. Note that

(see (1.4)) we have ﬁ ~ [? consequently the series > °°, I? also converges.

zlz

In the following theorem we give a more precise formula than (2.5) if the series
(2.1) converges. Therefore this theorem is true for the sequence A, = p, of
primes.

Theorem 2.6. Suppose that the series (2.1) converges. The following asymptotic
formula holds

n

di
ZZ =log A, + A+ o(1), (2.8)

i=1

where the constant A 1s

A=—log Ay + Z(—l)k% (Z %) (2.9)
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Proof. Note that by Theorem 2.1, A is a constant, since the series (2.9) is a
Leibniz series absolutely convergent.
We have the well-known logarithmic power series (|z| < 1) [1§]
1 1 1
log(l4+2z) =2 — 51’2 + §x3 - Zx4 +-- (2.10)

Hence, equations (2.7) and (2.10) give

d d
log A, = log A; + log 1+—1 + log 1—1——2 4+
Ay Aoy

dn_l n—1 di 1 n—1 d2 1 n—1 d3
1 1 —Jog A S 2 Sioy DN
+ og( +An_1) og 1+;Ai 32 R DI

=1

= i%—A%—o(l),

i=1 "

that is, equation (2.8). Since

1n—1 d2 177,—1 d3
(A+1log A;) — <§ZIA_}_§ZA_}+"'>|

i= =1

i ER 7 BN 2 1
< Lptlatlait sl o <c iz

i=n A;

and consequently

n—1 n—1
(1 1
g (5 ilA_?_gilA_?_’_'”) e

since € > 0 can be arbitrarily small. The theorem is proved. O

Remark 2.7. It is well-known the formula for primes [0]

1
S 2B loga + B+ o(1), (2.11)
p<z
where E is a constant whose value is £/ = —y — Zp % and -y is Euler constant
[3]. Equation (2.11) gives (z = p,)
n 1 :
S B logp, + E + o(1). (2.12)

=1
Compare with equation (2.8) (A, = p,). Consequently equations (2.8) and (2.12)

give
~ d; —log p;
S ST 4B o)
i=1 pi
and then

idi_légpi :i%

i=1 pi -1 Di

(i _ 1> —A-E. (2.13)

log p;
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Note that the series > =, % is of variable sign, since some times d; —log p; >

0 and some times d; — logp; < 0. Since, as it is well-known, lim sup lo’é*};n = 00
=0 [17] [1]

Theorem 2.8. Let k be a positive integer. Suppose that the series (2.1) converges.
The following formulas hold (for example, for primes, A, = p,).

Z( A“) —n+klog A, + Ci + o(1), (2.14)
i=1 ‘

where Cy are constants defined below (in the proof)

" Ak, — A
ZHT = klog A, + C), + o(1). (2.15)
i=1 i
“ =log A, + B +o(1), (2.16)
— Ay
i=1
where B is a constant defined below (in the proof ). Compare with equation (2.8).
Z( : ) —n—klog A, + Dy, + o(1), (2.17)
: Ain
=1
where Dy, are constants defined below (in the proof)
Afy — A
Z jT = klog A, — Dy + o(1). (2.18)
i=1 i+1
Proof. We have the identity
Air d;
=1+
AT

Therefore (binomial formula)

() - (-2) -2 () (5)

and consequently (see Theorem 2.1 and equation (2.8))

2(5) 201 2056 -

J i=

+ k(log A, + A+ o(1) fi()(i dl>' )

=1 Z
= n+klogA, + Cr+ o(1),

that is, equation (2.14). Therefore equation (2.14) is proved. Equation (2.15) is
an immediate consequence of equation (2.14).
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Now, we prove equation (2. 16) We have

(5 -a) - Lans<h
A AAzH 114,2'

i=1

2
Therefore the series 3 7%, 15— yv

equation (2.16) is an immediate consequence of equation (2.8).
Equation (2.17) can be proved in the same form as equation (2.14) from the
identity

- converges, since the series (2.1) converges. Now,

Ain Aipr
Therefore equation (2.17) is proved. Equation (2.18) is an immediate consequence
of equation (2.17). The theorem is proved. O

Now, we establish a general theorem. In particular this theorem is valid for
primes, A, = p,.

Theorem 2.9. The following asymptotic formulas hold

d,
(log A1 — log Ay) ~ s (2.19)
d, ~ A,(log A, —log Ay), (2.20)
dn An+1 - An
~ = 2.21
logA,41 —logA, logA, 1 —logA,’ (2.21)

=1

n n 2
> Ai(log Aipy —log A;) = A, + O (Z %) : (2.23)

=1 =1

Proof. We have log(1+ z) ~ x (z — 0) and hence we find that

A
log Ap41 —log A, = log ( Z“) = log (1 + %) ~ %.

This proves equation (2.19). Equations (2.20) and (2.21) are immediate conse-
quences of equation (2.19).
Equation (2.22) is an immediate consequence of equation (2.20) and Lemma
2.2.
Now, we shall prove equation (2.23). The logarithmic power series (2.10) gives
d, 1d2 1d5 14!

logA"+1_logA":A_n_gA_%+§F_ZF+ (2.24)

Note that
142 14 144 ? 1 d?
e T R I P L S ) 2.25
oAz T3ar aar | S ai_ & =V ar (2.25)

n
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where M is a upper bound for the sequence 1—;‘1

An

Equation (2.24) and equation (2.25) give

d, d?
log A, 41 —log A
og A1 —log A, A + 0 (A2> ,

that is,

d2
An (log AnJrl - log An) = dn + O (A_n) .
Summing we obtain (2.23). The theorem is proved. O

Remark 2.10. In this remark we establish some observations about Theorem 2.9
and primes (A, = p,).
If the Riemann hypothesis is true is well-known the formula

1
d, =0 (p% logpn> : (2.26)
On the other hand, the Cramér’s conjecture establish,
dn = O (log® pn) - (2.27)

Therefore if Cramér’s conjecture is true then equation (1.6) becomes

1 4
pu (108 s = logpy) = dy + O ( S ) = d, +o(1),
nlogn
, that is,
dy = P (log pi1 — log py) + o(1). (2.28)
It is well-known that if § = & and € > 0, then d,, < ¢p?™ (n > 1), where ¢ > 0.

Consequently we obtain

n

d2
Z < cpZ < cpnz < clpfl log p,,
im1 Pi im1 Pi

and hence equation (2.23) becomes
> pilogpiys —logpi) = pu + O (ph log pn) - (2:29)
i=1

If the Riemann hypothesis is true (see (2.26)) equation (2.29) becomes
n 1
> pillogpis1 —logpi) = pn + O (p% log? pn) : (2.30)
i=1
If the Cramér’s conjecture is true (see (2.27)) equation (2.29) becomes

Zpi(logpi—i-l —logpi) =pn + O (10g3 pn) . (2.31)
i=1

It is well-known the equation [19]

zzlogpzxﬂLO(ecjf@), (2.32)

p<z
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where ¢ is a positive constant. If we put x = p,, then (2.32) becomes

g Dn n
log p; = p, ( ): . . 2.
; ogpi =pn+ 0 o) =P +O<logmn> (2.33)

If the Riemann hypothesis is true then equation (2.32) becomes [7]

= Z logp=2+0 (\/Elog2 x) ) (2.34)

p<z

If we put x = p,, then (2.34) becomes

Z log p; = p, + O (\/p_nlongn) ) (2.35)
i=1
Note that if the Cramér’s conjecture is true then the error term in equation (2.31)
is much better that the error term in equation (2.35) if the Riemann hypothesis
is true.

It is well-known that )" logp; has the same asymptotic Cipolla’s expansion
than p, [12]. Equation (2.29) implies that also ", p;(log piy1 — log p;) has the
same asymptotic Cipolla’s expansion than p,. The Cipolla’s asymptotic expan-
sion for p,, is [2]

pn:nlogn+nloglogn—n+---+0< ?n ), (2.36)
log™ n
where m is a arbitrary fixed nonnegative integer. For example if m = 0 then the
first Cipolla’s formula is p,, = nlogn + nloglogn —n + o(n)

Equation (2.31) can be improved if the Cramér’s conjecture is true. If we use
(2.24) and proceed as in Theorem 2.6 we find that

n—1 n—1
1 d?
> _pilogpiys —logp) =pu— 5 )~ +C +o(1), (2.37)
i=1 i=1 1
where C is a constant. Note that the series ) >° 71 o dlverges since Y .o, p
n—1d? n—1d,;
diverges. However the sum >/~ % increase slowly, since 37, 7t = 37 Cid; <

c1log® p,, where ¢ is a positive constant.
If we proceed as in Theorem 2.6, from equation (2.24) and equation (2.44) we
obtain

log p; log p;
Z Z gi“ 5P _loglog p, + D + o(1), (2.38)
+1

k
where D is a constant. Note that the series ) 7, ZH (k > 1)converges, since

Pn < cpfte, for = L.
Equation (2.38) also gives

— (L 1 — (logpis1 —logp; 1

i—1 Pi+1 Di Di
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where F1 is a constant. Remember (see (1.4)) that we have % ~ p; and conse-

quently - LN pi
We have d; ~ p;l;. From equation (2.24) we obtain
ili 1
pd =n— §logpn+F2+0(1), (2.40)

i=1
where F5 is a constant.
Note that equation (2.8) can be written in the form

d;
Z — =logz — (logz —logp,) + A+ o(1) =logx + A+ o(1), (2.41)
pi<z b

since (log ppy1 — logp,) — 0.
Abel summation gives

Z = loglogx + F3 + o(1), (2.42)
=D 1ogpz
where F3 is a constant, that is,
= loglogp, + I3 +o(1). (2.43)
1 Pi log i

From equation (2.43) and the equation (see Theorem 1.1)

n

1
> — =loglogp, + M + o(1) (2.44)
Di

i=1
we find that the following series of terms with variable sign

0 oo _d;
ko g ! (2.45)

—~ pilogp; &= ps
converges.
Finally, we establish two questions:
Is the series Y 7, ; convergent or divergent?

Is the series Y .-, -4 convergent or divergent?

Theorem 2.11. Let us consider the integer sequence A,, where d, = A1 — A,
and l, = log A1 — log A,,. The following formula holds

Z log 4; = Z log d; + Z —logl;) + O (log Apys) - (2.46)
Proof. If we apply the mean value theorem to the function log x then we obtain
1 1
e (A/L'Jrl — A,L> < log AIL'+1 — lOg Al < — (AiJrl — Al) ,
Az‘+1 A,

that is,

Amd <l; < Ald
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Therefore

En:logdi — znzlogAiH < znzlogli < znzlogdi — znzlogAi.
1=1 i=1 i=1 i=1 i=1

Consequently we find the following two inequalities

ZlogA <Zlogd +Z —log ;)

D log A > logdi+ Y (—logl;) +log Ay — log Ay .

i=1 i=1 i=1
Equation (2.46) is an immediate consequence of these two inequalities. The the-
orem is proved. 0

Now, we apply Theorem 2.11 to prime numbers and obtain the following the-
orem.

Theorem 2.12. The following formula holds

NZ —logl;) i( log log (p’“)) sztl (2.47)

=1

Proof. If A,, = p, then equation (2.46) becomes

Zlogpl Zlogd —1—2 —logl;) + O (log pn+1) - (2.48)
i=1
Now, as it is well-known [ ], we have (prime number theorem) > _ logp; =

x + o(x). Therefore

Z log p; = pn, + 0o(pn). (2.49)
i=1
Bertrand’s postulate [0] p;y1 < 2p; (i > 1) gives d; < p; (¢ > 1). On the other
hand, it is well-known that in a set of 1 density we have d; < log®i (see, for
example, [14]). Hence

Z logd; < Z log (log2 7,) + o(n)log p,

< 2nloglogn + o(nlogp,) = o(nlogn) = o(py,). (2.50)
Equations (2.48), (2.49) and (2.50) give equation (2.47). Note the asymptotic

formula
Z (_ log log (p i4-1 >) H pz+1

=1

The theorem is proved. O

In the following theorem we obtain a more precise formula than equation (2.46).
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Theorem 2.13. The following asymptotic formulas hold

n n n 1
Z log A; = Z log d; + Z (—logl;) — 3 log A, + C + 0(1), (2.51)

i=1 i=1 i=1

where C is a constant.

T4 “ T 2.5
Proof. We put
1d; 142 14 1d}
e s T B Wt BN 2.
BT TRA, T3Az i Thal (2:53)
The series (2.53) is absolutely convergent since

1d; 14> 14 1d

|xi|_'_§A+§P_4A3+5A_§_"'

d; & &3 d d 1
< — 4+ —= 4+ —= ) > . .
—A+M+M+M+ &b%<1 (i >ng). (2.54)

Note that we have proved also that |z;| — 0 as i — oo and consequently there
exists ng such that if ¢ > ng then |z;| < 1. Remember that d — 0 as i — o0.
Now, equation (2.8) and the same proof as the proof of Theorem 2.6 gives

1
in = —élogAn%—cl + o(1), (2.55)
1=ng
where ¢; i1s a constant.
If k> 2 then the series ) ° 7} is absolutely convergent since (see (2.54))

Ezbﬂk§§:<j]_ ) E: ( _>, (2.56)
i=ng i=ng i=no A;

. . . 2
where the last series converges since we assume that the series Z;’ino 25 converges
%

(see Theorem 2.1).
Note that

Sl 4 Sl g Dl 4

1=ng 1=n 1=ng
o0 [o¢] 1
< Y (il A+l + el ) = Z|xi|21_ Pt (2.57)
i=ng i=ng ¢

where the last series converges (see equation (2.56) with k = 2).
We recall the logarithmic series

1 1 1
log(l—irx):x—§x2+§x3—zm4+--- (|z] < 1).
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We have

d; di 14 143 14}
logAHl—logAl-:log(l—i-E) :Z_ﬁ_f—i_éA_f_é_lA_f—i—”"

that is,
log A; +logl; = logd; + log(1 + x;). (2.58)
Equation (2.58) and the logarithmic series give
ZlogAi = Zlogdi + Z (—logl;) + Zlog(l + ;)
i=1 i=1 i=1

i=1
no—1

= ) logdi+ Y (—loglh)+ Y log(l+ )
=1 =1 i=1
+ ixz—%ixf—kéix?—iixf—k

i=ng i=ng 1=ng i=ng

= Zlogd —1—2 —logl;) ——logA +C +o(1),

that is, equation (2.51), where the constant C' is

no—1

—cl—i—ZIOgl—i—xz——vaL Zx— Zm+ (2.59)

1=ng i=ng 1=ng
Note that the series in equation (2.59), namely
_limuliﬁ_lixu... (2.60)
2 3 b4 ’ '
i=ng i=ng i=ng

converges absolutely (see equation (2.57))
On the other hand, the absolute value of the difference between series (2.60)
and the sum

—%ZZE?-F%ZZE?—%ZZE?-‘F”'

i=ng i=ng i=ng

does not exceed
Ien, o 1, 3 1 4
QZ\M +§Z’fﬂi\ +ZZ!%\ o
< Z(’xi\2+’$i|g+\$i’4+“') ZZI%F

(n — 00)

see equation (2.57). The theorem is proved. 0J
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Remark 2.14. If we apply the more precise Theorem 2.13 to prime numbers then
we obtain

n n n 1
logp; = log d; + —logl;) — =logp, + C + o(1), 2.61
; gp 2; g ;( gli) — 5 logp (1) (2.61)

(Hp) ~

=115

where C' is a constant.

The product [, p; is called primorial.
It is well-known the formula [19]

xr
Zlogpz—x—i-O(ec\/@), (2.62)
pilx

where ¢ is a positive constant. Equation (2.62) gives

Pn B n
Zlogp’b pTL O (66\/m> - pn + o (logmn) (263)

for all nonnegative integer m. Equation (2.63) gives by difference the weak for-

mula
n
dn:pn+1_pn:0(l m )
og"n

for all nonnegative integer m.

We wish know what happen with the error term in equation (2.63) if we sub-
stitute logp; by £ ~ logp; and %‘f— ~ logp; (see equation (1.4)). The first
Cipolla’s formula for p, is p, = nlogn + nloglogn — n + o(n) and for log p, is
log p, = logn + loglogn + o(1). Consequently we obtain

pz

=logp; — 1+ 0(1)

and therefore (see equation (2.63))

— = logp; —n+o(n) =p, —n+o(n).
;@ 2; (n) (n)

On the other hand, we have the formula (see equation (1.8)) p; = % + O(d;) and

consequently
i 1d; d; 1d;
% i +O(—.):—.—+o(1).

Hence we obtain the formula
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Substituting (2.63) into (2.61) we obtain the equation

Zlogd +Z —logl;) (log n) Zlog() (10;"71)‘

Observe then that the sum

log [ —
Z & (lz‘ )
=1
has the same Cipolla’s asymptotic expansion as p,, that is

Zlog(—):nlogn+nloglogn—n+...+0( - )
i=1 li log™ n

For example, since the first Cipolla’s formula (m = 0) is p,, = nlog n+nloglogn—
n + o(n), then we also have

Zlog (Z_> =nlogn + nloglogn —n + o(n).
i=1 i

Definition 2.15. Let us consider a continuous function f(z) > 0 defined in
an interval [a,oo] such that lim, .. f(z) = oo and with continuous derivative
f'(x) > 0. The function f(z) is of slow increase if and only if the following limit
holds

P wf)

S TR = (2:64)
Typical functions of slow increase are log x, loglog x, (logl?% (where k is a
positive integer), etc.
The functions of slow increase are studied in [13]. A property of the functions
of slow increase is the following limit
lim _f(x) =0
P
for all 5 > 0.

The product of functions of slow increase is again a function of slow increase, if

f(z) is a function of slow increase then lim,_,., ! SfEJF)C) = 1, where ¢ is a constant
and if f(x) is a function of slow increase then lim, J;(( )) 1, where ¢ > 0 is a

constant. (see [13])

Theorem 2.16. Given the sequence A, suppose that g(x) is a function of slow

increase. Then we have
d; x
Y =~ (2.65)
A<z 9(Ai)  g(z)

Proof. Since f‘—" — 0 we obtain

Zd =z +o(x
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Therefore Abel summation and the definition of function of slow increase give

d; ¢ g'(t)
Z—:(x—i-o(x))——i-/ (t+o(t)= 5 dt

= 9(A) 9(x) = Ja, g(t)?
) L, )

= 5 () o U )

= s+ la)

since (L’Hospital s rule)

The theorem is proved. O

%2

Theorem 2.17. Given the sequence A, suppose that A, ~ nf(n), where f(z)
is a function of slow increase, and suppose that f(A,) ~ f(n). If the counting
function of the sequence is A(x) =, ., 1 then A(x) ~ Ty~ For ezample, the

sequence of primes A, = p, satisfies these conditions with f(x) = logz, in this
case, A(x) = m(x).
Then if k> 1 1is a positwe integer we have

d; T
Z f ,4; FANFE ™ Fla) (2.66)

A;<zx

and

" n
-~ : 2.67
2 Fr (207
In particular if k =1 we obtain

d; d
Z 7~ 2 oA

A<z ¢

(2.68)

and

n dz
; R (2.69)

We also have

; % ~n. (2.70)

Proof. We have A,, ~ nf(n) ~ nf(A,) and consequently A(A4,) f(é;ln)'

Therefore if © € [A,, A,11) we have A(z) = n. The function Ty s strictly

n
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increasing since its derivative is positive (use equation (2.64)). Hence

1:1 A, f(Anir) __n A(z) N 1
iy Avn S S T T T s

n+
since f(A,) ~ f(n). In definitive, we have proved that A(x) ~ Ok
Equation (2.66) is an immediate consequence of equation (2.65), Lemma 2.2

and the fact that f(z)* is also a function of slow increase. If we put z = A,
in equation (2.66) we obtain equation (2.67). Equation (2.70) is an immediate
consequence of equation (2.69) and Lemma 2.2, since Z}‘fz) ~ %. The theorem is

proved. O

1«

It is well-known [10] that the counting function m(z) of the sequence p, of
primes has the following asymptotic expansion.

w(z) = (Z %) +o (105%) (m > 1). (2.71)

h=1
In the following theorem we obtain, for the sequence of primes, a more precise
result that the former theorem.

Theorem 2.18. Let us consider the sequence p,, of primes, where (as usual) 7(z)
15 its counting function. We have

> 1ocglipi =7(x)+0 (10;”1;) (2.72)

pi<w

for all positive integer m.

We have
d; " (h—1)!
2 =(Z¥>+o(l e ) (2.73)
s 08D = logtx ogx
We have
> :n+0( - ) (2.74)
— log p; log™ n
for all positive integer m.
We have

zn:iiiz + - +0<

n
— Di logn

> . (2.75)

logn

Proof. We have d, < dp’%™ (n > 1), where d > 0 is a constant and § = .
Therefore we obtain

Y di=a+0"). (2.76)
pi<w
On the other hand we have
x x
V(x) = ZlogPiZ:JH—O(ecﬁ) =z+0 (logma:) (2.77)

pi<T



28 RAFAEL JAKIMCZUK

for all positive integer m, where c is a positive constant.
Equations (2.76) and (2.77) give

Y (di —logp) = O (1();%) (2.78)

pi<z

for all positive integer m.
Equation (2.78) and Abel summation give

oo p:
Z She =0 ( rf+1 ) (2.79)
log

iz log p;

for all positive integer m.
Equation (2.79) gives

_ di —logpi _ x
Zlogp ED P — _W<x>+o<logmx) (2.80)

pilx pilx pilx

for all positive integer m, that is, equation (2.72).
Equation (2.72) and equation (2 71) give equation (2.73).
Therefore the function . logp has the same asymptotic expansion as 7(x).
Equation (2.74) is an immediate consequence of equation (2.72) if we put z = p,
and use the prime number theorem p,, ~ nlogn.
The following formulas are well-known [2]

pi =ilogi+iloglogi —i+ o(i), logp; =logi+ loglogi+ o(1) (2.81)

We have (see equation (2.74) with m = 1, equation (2.81), Lemma 2.2 and
equation (2.65))

n

" id, id; id; n
Z Zzlogpz 2( pi zlogpz-) s (logn)
ilogp; —pi\
N Z i ( ipilog p; )_ (log )
+ > (1+o(l)——— <logn> > (1+0(1))
=1

n
= n+o +(1+0(1 di
() 0+ L
n DPn n n
— 1 1)) £
nto (logn) (4ol ))longn n logn o (logn) ’
that is, equation (2.75). The theorem is proved. O

Remark 2.19. Note that a weak consequence of equation (2.72) is

> d ~ 7(z) (2.82)

log p;

pilz
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and if x = p,, then we obtain
"4
; logt
Now, Lemma 2.2 and equation p;l; ~ d; (see (1.4)) give

Z logp; 1ogp pz<:z logpl ~ W(vx)a

(2.83)

pis<T  Pi pisw
that is,
l;
Z o ™ 7(x). (2.84)
pi<x i
Therefore
n ll n
I ~ logpz (285)
i=1 1 =1

From equations (2.82) and (2.84) we shall obtain, in the following theorem,
some information about d,, and [,,.

Theorem 2.20. 1) Let € > 0 an arbitrary fived small number and M > 1 + e.

Let Dys(x) be the number of primes p; not exceeding x such that d; < M logp;.
Then Dy(x) > (1 — 55) w(x). Note that if M is large then 1 — 1< is near of 1.
2) Let € > 0 an arbitrary fixzed small number and M > 1+ €. Let Ly(x) be

the number of primes p; not exceeding x such that l; < M—loi_pi. Then Ly(x) >
(1 — L) w(z). Note that if M is large then 1 — £€ is near of 1.

Proof. We shall prove 1). The proof of 2) is the same. Given ¢ > 0, let Cy/(x)
be the number of primes p;

from a certain value of = depending of ¢ denoted x. we have Cy(z) < Ltem(z)
(x > z.). Suppose that this is not true, then there exist a sequence of values of
x — oo such that Cy/(z) > Ltr(z), but this is impossible since (see equation
(2.82))

1+e€
> = .
;CIO% MCy(x) > M——n(z) = (1+ )n(x)
Therefore
1+e
Cu(z) < 7 m(x) (x > z), (2.86)

as we desired. Note that if M is large then —6 is near of zero. Equation (2.86)
gives

Du(@) = 7(x) — Car() > 7(x) — - Cn(a) = <1 L €> (@) (&> o).

M M
The theorem is proved. O
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Theorem 2.21. Let € > 0 an arbitrary fired small number and o« > 0 a arbitrary
small number . Let D,(x) be the number of primes p; not exceeding x such
that d; < ah(p;)logp;, where h(x) is a function of slow increase (for example

1+4+€
ah(x)

consequence is Dy (x) ~ 7(x). Therefore almost all primes not exceeding x satisfy
d; < ah(p;)log p;, where o can be arbitrarily small.

logz, loglogx, logloglogx, etc). Then D,(x) > <1 — >7T(ZL“) A weaker

Proof. Suppose that g(x) is a function of slow increase. By equation (2.65) we
have

di T
> o0~ 7@ (2.87)

pisz
If we put g(x) = h(x)log x, where h(z) is a function of slow increase, then Lemma
2.2 gives
h(pi)logp;  h(z)logz  h(z)

pi<z

(2.88)

Given € > 0, let C,(x) be the number of primes p; not exceeding x such that

logpc-lél(p-) > «. Then from a certain value of x depending of ¢ denoted x. we have
Co(x) < QI}I;)W(x) (x > z.). Suppose that this is not true, then there exist a
1+e

sequence of values of x — oo such that C,(z) > e

m(x), but this is impossible
since (see equation (2.88))

W(I)N d; O (x a1+€7rx _ 671'(5(3)
M)~ 2 Wtogp: > O > 0qagy™@ = U+ 9y
Therefore
Culx) < ;]j(;)w(x) (> ), (2.89)

as we desired. Note that C,(z) = o(n(z)) is a weak consequence of (2.89).
Equation (2.89) gives

Du(@) = 7(x) — Ca(z) > 7(z) — ;]j(;)n(x) - (1 - ;}Ig) w(z) (z> ).

The theorem is proved. [l

Corollary 2.22. Let e > 0 an arbitrary fized small number and o« > 0 a arbitrary
small number . Let D,(x) be the number of primes p; not exceeding x such

alogx

that d; < alog®p;. Then Dy(z) > <1 — e >7r(a7) A weaker consequence is

Dy (z) ~ (). Therefore almost all primes not exceeding x satisfy d; < a'log® p;,
where a can be arbitrarily small.

Proof. By equation (2.65) we have

log?p;  log*z  logz '

pisz
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From here the proof is the same as the proof of Theorem 2.21. The corollary is
proved. O

Theorem 2.23. Let us consider the sequence A,,. We have

(2.90)

< A AH—I A1

The following series converges

> Vit (2.91)
=1 3

If A, = p, then the following series converges

Z 1°g Loy (2.92)

=1

We have

n n n

di log i logp d
: Lo~ ~ log1 2.93
; z'log2z Z Z 1log i sz log p; 08 08 M- ( )

=1 =1

Proof. We have

Z(l 1 )_ 11
AA1+1 — A Aip Ay Ann

This proves equation (2.90). Equation (2.91) is an immediate consequence of
equation (2.90) since Al“ — 1. Equation (2.92) is an immediate consequence of

equation (2. 91) and the prime number theorem p; ~ 7log p;.

From ) = 2+ 02" (# = &) and Abel summation we find that

D opi<z lfl)gpi log logx+ ¢+ o(1), where ¢ is a constant. The theorem is proved.
B O

p<x

Now, we suppose A; # 1 and study the sequence log A,,. For sake of simplicity
we put [, =log A, 11 —log A,,.

Theorem 2.24. The following formulas hold

l, = (log Apy1 — log A,) — 0, (2.94)
l, log A, 11 —log A,
= 2.
log A, log A, =0 (2.95)
log Api1
_— 1. 2.
Tog A — (2.96)

Proof. Since "*1 — 1 we obtain

Ay,
l, = (log Ay1 — log A,) = log ( AH) — 0.

n
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Equation (2.94) is proved. Equation (2.95) is an immediate consequence of equa-
tion (2.94).
Finally, we have

log A, ln
og +1:<1_|_ )_)1’

log A, log A,
that is, equation (2.96). The theorem is proved. O
Theorem 2.25. The following asymptotic formula holds
. li - log Ajy1 — log A;
= ~ loglog A,,. 2.97

Proof. The proof is the same as the proof of Theorem 2.3 substituting d; by [;
and A; by log A;. The theorem is proved. O
Theorem 2.26. The series

=~  (log A;11 — log A;)?

Z : :Z(Og +12 0g A;) (2.98)

= log™ A; p log” A;
converges.

Proof. Let M be an upper bound for the sequence [,,. Then by Theorem 2.25 we
have

12 "2 "
= = —[; <2Mloglog A,
A; log A; ; log A; ; log A; * — 0808

and consequently
2

[?
Z L < 2M loglog x (x > xp).
A<z og A;

Now, Abel summation gives

Zl?_ 12 1+/lei2 Lo
log” A, \ A= logA; ) logz  Ja, \ 5= log 4; | tlog’t

A<z A; <t
o 12 1 * loglogt
< 1+/ S 5 dt+2M/ 2808
o \52 log A; | tlog“t w tlog™t
The theorem is proved. O

Theorem 2.27. Suppose that loé’;‘n <1 (n>1). Then the following asymptotic
formulas hold

“— =loglog A, + A’ 1 2.99
;logAi oglog A, + A’ +o(1), (2.99)

where A’ is a constant.

" [log A1\ "
Z(Og ”1> = n+ kloglog A, + Cj + o(1), (2.100)
i1 IOgAAZ
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where Cj, are constants

" log® A, 1 — log A,
> = o % = kloglog A, + Cj + o(1), (2.101)
p log™ A;
i b =loglog A, + B' + o(1) (2.102)
“—log Ait " ’ '
where B’ is a constant. Compare with equation (2.99).
2 log A; k
—) =n—kloglog A, + Dj +o(1 2.103
; <logAi+1) " og log Ay + D + o(1), ( )
where D). are constants
" logh A;11 — log” A,
> %8 Sl =08 2~ Kloglog A, — Dy + o(1). (2.104)
— log" A; 11

Proof. The proof is the same as the proof of Theorem 2.6 and Theorem 2.8 sub-
stituting d; by [; and A; by log A;. The theorem is proved. O

Remark 2.28. The sequence A,, = p,, of primes satisfies these theorems on log A,,,

since [l = 8Purl8Pn | (p > 1), as it can be proved from Bertrand’s
0og Pn log pn

postulate p,41 < 2p, (n > 1).
It is well-known the formula

1
Z — =loglogz + M + o(1),

)

pisx
where M is Mertens’s constant. If we put x = p, then we obtain

n 10g Pi

ZZ

1=

= loglogp, + M + o(1). (2.105)
logp

Compare equations (2.105) and (2.99). If we add both equations then we obtain

> [, — losps
> Q=AM (2.106)
Og Pi

i=1

7

Note that lolg;—,p" ~ 1

Theorem 2.29. Let us consider an integer sequence A,. Let A(x) be the counting
function of the sequence and let f(x) be a function of slow increase. Then

A(x) @ e > f(A) =+ o(x). (2.107)
A<z
Furthermore
G0 ~log A,. (2.108)

A;

=1
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Proof. 1t A(x) ~ 7y then Abel summation gives
S 1040 = (575 0+ o)) S0 = [ sl o)) a
= :v+0(x)—|—/:0(1) dt::c—l—o(x)—l—o(/: dt) =z + o(x).

If >4 <. f(Ai)) = 2+ o(x) then Abel summation gives

= (x +o(z))—— ' 0 ')
Ticee ())fx)+/Al(t+ (1))
o(1 )

1
(
- o) [

:%“( ) ( <1t ) f(gjx)H(fxx))’

since (L’Hospital’s rule) [ m dt ~
Finally, Abel summation gives

ok

1 v 1
Z /(A o(x))——l—/ (t+o(t)) dt =logz + o(log ).
A<z X A1 t
The theorem is proved. O

In the following theorem we use the notation well-known = = log, z, logx =
log, z, loglog z = log, =, logloglog x = log, x, etc.

Theorem 2.30. Let us consider an integer sequence A,,. Let A(x) be the counting
function of the sequence and let f(x) be a function of slow increase. Suppose that

f(A,) ~ f(n) and suppose that

Z J(A) —=logz + B, + o(1), (2.109)

A<z

where Ey is a constant. Therefore

i fif,i) =log A, + E1 +o(1). (2.110)

Then A(x) ~ Ty and Ap ~ nf(n).
Furthermore if k > 1 is a positive integer then equation (2.109) is generalized
wn the following way

f(A)
=1 E 1 2111
Z A;log A;logy A; - - - logy, A; 0811 T + Eji1 + o(1), ( )

where Ey.q are constants, and consequently

- F(A)
=1 Ay +E 1). 2.112
Z; A;log A;log, A; - - -log,, A; 08py1 An + Ery1 +o(1) ( )
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Also, we have if k > 0 (compare with equation (2.110) (k = 0) and equation
(2.112) (k>1))

> !

— A;log A;logy A; -+ - logy. A;

~log, 1 A,. (2.113)

If the condition d,, = A, 1 — A, = O (Aa) where 0 < 0 < 1, holds then we have

mj)’

the stronger results (compare with equation (2.111) and equation (2.112))
d;

=1 F; 1 2.114
AZ<x Alog Ajlogy A; - -log, A, oRLY  Ela +o(l), (2.114)
i d =log; 1 An + Fyy1 + 0o(1) (2.115)
1 Az IOg Az 10g2 Az st logk Az + ’

where Fi,1 are constants.

Proof. Abel summation gives

Z f(A;) = (logz+ E1 +o(1)) x — /r (logt+ E1 +0(1)) dt =z + o(x),

A<z az
since [logt dt = tlogt — t. By Theorem 2.29 this implies that A(z) ~ O]
and consequently n = A(A,) ~ % ~ f/(‘:{)v that is A, ~ nf(n) and hence
Api1 ~ A,
Note that if A > 1 then
1 1 11

D(log, t) = L
(loent) = a7 log, 51 Tost1

Consequently we have

1
logtlog,t---log,_, tD(log, t)log,, t---log,t = n log,  t---log,t.

Hence
W=
D (logtlog,t---log,t) = n (Z (logpyq t--log,t) + 1)
h=1
and then

(k > 1)(2.116)

5 1 (Zﬁ: (lothr1 t---log t) + 1)
<logtlog2t---logkt) T tlothlog%t---logit
Equation (2.116), (2.109) and Abel summation give
f(Ai) 1
=1 E 1
AZ@ A;log A;logy A; - - -log, A; (log.x + £ +o(1)) log xlog, x - - - log,.

* 1 I ] (ZZ;]IL (10gh+1 t---logy t) + 1)
+ ogt+ E1+o
[ ot By o) S
= logy 17+ Epp +o(1) (k>1),

dt
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since the integrals | > dt are convergent. Equations

o, T Qt dt and f

(2.111) and (2.112) are proved.
Note that the mean value theorem gives

di
Aiprlog Aiyilogy Aigy -+ logy, Aia
di
A;log Ajlogy A; - - - logy, A;’
that is, since A;41 ~ A; and consequently log, A; 11 ~ log, A;,
di

ap tlogt log;2

< logyyq Aiy1 — logyq A;

1 A —1 A~ . 2.117
ng’-i-l +1 ng+1 AZ lOg Az 10g2 AZ . 1ng AZ ( )
Equation (2.117) and Lemma 2.2 give
> - ~logi A, (k> 0),
— A;log A;log, A; - - -log, A; * -
that is, equation (2.113). In particular if k = 0 then we obtain Y, 4 ~ log 4,.
Thus, a simple applicatlon of the mean value theorem relate the sum of real
dlfferences > ’ with the logarithmic function logx, this is not surprising.

However, it is not obvious that f(A;) in the corresponding sum ", f also is

related with the logarithmic function log z. The also simple proof of this situation
was given in Theorem 2.29 where f(x) is related with the counting function A(z)
of these integer sequences A, in the form A(x) ~ % as in prime numbers, in
primes f(z) = logz as it is well-known (prime number theorem).

If d,, = O (A?) then we have (see Theorem 2.4 and Theorem 2.6)

n

d.
Zj =log A, + F1 + o(1)
i=1

and consequently if = € [A,,, A,41) then

di
Z 1= logz — (logz —log A,,) + F1 + o(1),
A<z i
where 0 < logx —log A, <log A,,;1 —log A, = log ( ”“) = 0(1). Therefore we
obtain
d;
Z T =logx + F1 + o(1). (2.118)
Equation (2.118) is analogous to equation (2.109). The proof of equations (2.114)

and (2.115) by Abel summation from equation (2.118) is identical as the proof of
equations (2.111) and (2.112) from equation (2.109). The theorem is proved. [

Remark 2.31. Compare equations (2.111) and (2.114). The unique difference
between these equations is the replace of the real difference d; = A;; 1 — A; by
f(A;) (if A; = p; is the sequence of primes thenf(A4;) = log A;) and the results
of the sums are practically the same except that the constants can be different.
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However f(A;) can be very different of the real difference d; = A;11 — A; (as it
occur, for example, with primes).

Remark 2.32. If A,, = p, is the sequence of primes then f(z) = log x and equation
(2.112) becomes

n

log p;
' pilogpilog, p; - - -log;. p;

= 10gy 41 Pn + Eg1 +0(1), (2.119)

where k£ > 0. In particular for £ = 1 becomes the Mertens’s formula

n

1
Z — =loglogp, + Ey + 0o(1), (2.120)
i=1 1
where Ej is the Mertens’s constant. Equation (2.119) is a generalization of the
well-known equation (2.109) for primes. Namely (k = 0)

n

log p;
3B togp, + B+ o(1). (2.121)

i=1 '

(2

In section 1 we compared k’i—?”' with the real difference [; = log p;11 — log p; and
we proved that

l;
liminf =~ =0, (2.122)
“pi
Li
lim sup 15— = oc. (2.123)

pi

Now, we put I*! = log, .y pit1 — logy, p; (k > 0) (if k = 0 then I} = ;) and
by equation (2.119) we compare the real difference lf“ = logy.1 Piv1 — logy 1 s

with

log p;

pilogp;log, p; - - - logy, pi
If £ = 0 then we obtain the result of Section 1, loi_p", if kK =1 then we obtain z%’
if £k = 2 then we obtain %,
. piloglogp; .
Equation (2.117) becomes for primes

(k > 0). (2.124)

etc.

d.
[Pt =1 i1 — 1 i~ : k>0), (2.125
i 0841 Pit+1 O8k4+1 P i log p; 1og, i - - - 1og; pr ( = )7 ( )
that is,
[kt d;
l;gpi ~ 1 ] (k 2 O) (2126)
pi log p; logy p;-+ logy, pi 08 pi
Therefore we also obtain
o ZZ{€+1
lim inf i =0 (k> 0), (2.127)

pi log p; logy pi-+- logy, pi
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k+1
li

lim sup

=0 (k>0). (2.128)

log p;
pi log p; logy pi-- logy, p;

Since we have (see (2.83)) Y7, —%i- ~ n, equation (2.126) and Lemma 2.2 give

i=1 log p;
n lljr-i-l
> — ~n  (k>0) (2.129)

i=1 p;logp;logy p;--logy pi

On the other hand, equation (2.126) implies that the Cramér’s conjecture d,, =
O (log2 pn) is equivalent to the following establishment for £ > 0

log” p
I = 1081 Pt — 108y o = O . B
n O8k+1Pn+1 — 108k 41 P Pnlog pplogy pp - - - 1ogy pn ( )

To finish this section, we shall prove a generalization of a weak form of Theorem
2.30.

Theorem 2.33. Let A, be an integer sequence strictly increasing such that A, 1 ~
A,. Let F(x) be a positive function such that F(x) — oo as x — oo with positive
continuous derivative F'(x) increasing or decreasing such that F(Ap1) ~ F(Ay)
and F'(An41) ~ F'(A,). Suppose that

> f(A) ~ Fx). (2.131)

Then the following formulas hold

Z f ~ log F(z), (2.132)

A<ac

f(Ai)
Z< Ay log F(A;)logy FI(A;) -+ -log, F(A;) ~logy,, F(r) (k>1).(2.133)

> F(Ay)d; ~ F(x). (2.134)

> % ~ log F(z), (2.135)
A<z v

F'(A;)d;
2 F(A)log F(A;) log, F(A;) - -log, F(4;) logyy F'(x)

(k > 1).(2.136)

Proof. Equation (2.131) and Abel summation give

e L[ F'(t)
Z (x) + o (F(x))) F) +/ (F(t)+o0(F(t))) > dt

A; <z . F(t)
— log F(x) +o(log F(z)),
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that is, equation (2.132). Now, equation (2.132) becomes equation (2.131) and
consequently we obtain

f(A)
f;c F(A;)log F(A;)

~ 10g2 F(l’),

etc. In this form we prove equation (2.133).
The proof of equation (2.134) is an immediate consequence of the mean value
theorem and Lemma 2.2. The theorem is proved. O

Remark 2.34. Note that if in Theorem 2.33 we put F(x) = x then F'(x) = 1 and
we obtain a weak form of Theorem 2.30.

3. DEFINITION OF REGULAR SEQUENCES

To finish, in this section, for sake of completeness, we define simple integer
sequences whose study is almost trivial. We call these simple integer sequences:
regular sequences. The rest of the integer sequences we call irregular sequences.
Primes are an irregular sequence. Are there irregular sequences almost regular?,
that is, very similar to regular sequences. Are primes almost a regular sequence?

We are interested only in integer sequences with zero density. We denote an
integer sequence A,,, we denote d,, = A, .1 — A, and we denote A(z) the counting
function of the integer sequence A,,.

A integer sequence is regular if and only if

Case 1) A,, ~ cn®, where ¢ > 0, s > 1 and d,, ~ csn®~

Case 2) A, ~ n*f(n), where s > 1, d,, ~ sn®* ! f(n) and f(z) is a function of
slow increase.

1

Lemma 3.1. Let o > 0. If f(x) is a function of slow increase then

T to wa—f—l 1
. 70N e 1@ (3.1)
T N xa—i—l
/a A0 dt~ S f (), (3.2)
n a+1

o N
> i T (3.3)

=1

Proof. Equations (3.1) and (3.2) can be proved with L’Hospital’s rule and equa-
tion (2.64). Equation (3.3) is well-known [!]. The lemma is proved. O

Clearly, the definitions are consistent since > . d; ~ A,, as it can be proved
by use of Lemma 2.2 and Lemma 3.1.

In the following theorem we establish some formulas that regular integer sequences
satisty.
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Theorem 3.2. Regular integer sequences (either case 1 or case 2) satisfy the
following formulas,

A(z) = ofx),
dn
Ay ~ Ay, Sy,
An
. o d?
The series Y 2, 5 converges.
d, — 0.
dn+1 ~ dn
In case 1)
" q "L esisTh
- ~ N ~ n.
csis5—1 ’ : d;
i=1 i=1
In case 2)

In both cases
1
A, ~ —nd,.
s

; Z%Nsn, iéwln

id; s
i=1 " =1 "

d* ~ EL—
Z s—lk—i—l"

In particular, if s =1 then

de ~nd® ~nfn)

=1

If s =1 then

In case 1)

dn < ClAnT,

where ¢y 1S a positive constant.
In case 2) for all € > 0

s—1

+
dy < cAp® ',

where ¢, is a positive constant depending of €.
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Proof. The proofs are immediate from the definition, Lemma 2.2 and Lemma 3.1.
The theorem is proved. O

Example 3.3. Some examples of regular integer sequences are: The integer
sequences A, = n* (n > 1), where k > 2 is an arbitrary fixed positive integer
and the sequence,

A, = |log3| + [log4]| + - -+ [log(n + 2)| (n>1),
where A, ~ nlogn and d, = A,.1 — A, ~ logn.
Acknowledgement. The author is very grateful to Universidad Nacional de
Lujéan.
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