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DECAY OF ENERGY FOR A CLASS OF p-LAPLACIAN WAVE
EQUATION WITH NONLINEAR DAMPING AND SOURCE
TERMS

KAMEL YAHIAOUT! AND SOUFIANE MOKEDDEM?*

ABSTRACT. In this paper the energy decay of global solution for a class of
p-Laplacian wave equation with a nonlinear dissipation and source term are
discussed, which is based on multipliers technique and some integral inequali-
ties.

1. INTRODUCTION

We consider the initial boundary value problem for the nonlinear wave equation
of p-Laplacian type with a strong dissipation of the form

(Jue ) — A+ [ug|™ 2 + (aful* ™2 — |u|*"?)u = |u|""u in Q x [0, +o0]
(P) u(z,t) =0 on 9 x [0, +00]
u(z,0) = ug(x), us(z,0) = uy(x) on Q.

where Ayju = div(|V,u|P~2V,u) and p, [, r, m > 2 are real numbers, Q) is a
bounded domain in R"™ with smooth boundary 0f2 and the real numbers «, p and
v satisfy appropriate conditions to be made precise in the sequel.

Global existence and decay rates of solutions for wave equation related to the
problem (P) was investigated by many authors through various approaches and
assumptions.

In the case where [ = 2, Sango [11] considered the problem uy — A,u — Auy +
g(x,u) = f(z,u) in Q x [0, +oc[. By using Faedo-Galerkin approximation com-
bining with the method of compactness and monotonicity (see [3] and [9]) he

proved the global existence of solutions. Furthermore, under suitable conditions
on g(x,u) he established, both polynomial and exponential decay of energy.

Similar results concerning the decay properties of solution were obtained by
Chen, Yao and Shao [3]. For this, they used a new method introduced by Mar-
tinez [11] based on new nonlinear integral inequality.
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It is worth mentioning some other papers in connection with studies of the non-
linear p-Laplacian wave equation type with damping term where several methods
have been used to estimate the energy decay rate, e.g., [1], [L6], [15], [10], [2],

[15], [17], [18] and [12].

The main purpose of the present paper is to give an energy decay estimate
of the solution of problem (P). Motivated by the ideas in [3], 18] and [12], we
first investigate the global existence by constructing a stable set in W, 7(Q) (see
[13]). Then we show the asymptotic behavior of solutions through the use of the
integral inequality given by Komornik [5].

The content of this paper is organized as follows. In Section 2, some necessary
preliminaries, lemmas and the main results are stated. The proof of asymptotic
behavior of global solution is given in Section 3.

For simplicity of notation, hereafter we denote by || - ||, the Lebesgue space
LP(Q2) norm. Let [ be a number with 2 <1 < co. We denote by || - ||; the L! over
Q. In particular || - || denotes L*(Q2) and (.,.) the inner product of L*(Q2). We

also write equivalent norm ||V.||,, instead of W, (Q) norm || - HWol’p(Q)‘ As usual,

we write respectively u(t) and w.(t) instead u(x,t) and w(t,x). Throughout
this paper the functions considered are all real valued and C' indicates positive
constants, which may be differ in different places.

2. PRELIMINARIES AND MAIN RESULT

We begin by introducing some preliminary definitions which will be used through-
out this work. We first define the functional:

1 1 1, .
I = Vol + 1 [ Haads =<l

for u € Wy ?(Q). Where H(z,u) = Jy bz, s)ds and h(z,u) = (aful* 2 —=|ul""?)u.
Then, we are able to define the stable set S for the problem (P) as,

S ={ueW,?(Q), K(u) >0} U{0},
where

() = |Vl + [ Hu)de =l

We also define the energy function associated to the solution of the problem (P)
as follows

I—1 1 .
B() = lulh+ SIVal+ [ Heade— Tl @)

for u € WyP() and ¢t > 0.

Now we recall the following local existence theorem which can be established by

using Faedo-Galerkin method. The proof closely follows the argument presented
in [3], [5] and [15].
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Theorem 2.1. Assume 2 < m < pand let 2 < p < r < n"—f;) if n > p and
2<p<r<ooifn<p. Then, for (ug,u;) € Wy (Q) x LX), the problem (P)
has a unique local solution u(t) such that
ue L ([0,7); Wol’p(Q)) ,
ug € L ([0,7); L'(€2)) N L™ ([0, T); L™ (1)) .
for any T > 0.
We first prepare the following useful lemmas before stating the global existence

and energy estimate theorem. From now on, we denote the life span of the solution
u(t) of the problem (P) by Trnaz-
Lemma 2.2. Let u(t,x) be a solution to the problem (P) on [0,00). Then E(t)
s a nonincreasing function, that is,

d

SEB(t) =l <0,
for allt € [0,00).

This Lemma can be easily proved by multiplying the both sides of the first
equation of (P) by u,, integrating over 2 and then using integration by parts.

Lemma 2.3 (Sobolev-Poincaré’s inequality). Let r be a number with 2 < r <
+oo (n < p)or2 <r <np/(n—p)(n>p+1). Then there is a constant
ce = c(Q, 1) such that

lull, < e Vull,  for ue W(Q).

Lemma 2.4. Assume that the hypotheses in Theorem 2.1 hold, then

i < Bt 2.2
L9l < () (22
forueS.
Proof. The definition of K (u) and J(u) assume that
K(u) + L [ Voullh = rJ(u).

Since u € S, so we have K(u) > 0. Hence we deduce from (2.1) that
r—p
rp

IVeully < J(u) < E(?).
0J

Lemma 2.5 ([18]). Let u(t) be a solution to problem (P) on [0, Timax). Suppose
that 2 < p<r< -2 n>pand2 <p<r < 4oo,n < p. Ifuy € S and

n—p’
u; € LY(Q) satisfy

M=Cr (T _pE(O)) Co<, (2.3)
then u(t) € S, for each t € [0, Thnaz)-
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In order to solve the energy decay of (P), we use the following lemma.

Lemma 2.6 ([5]). Let £ : Ry — Ry be a non-increasing function such that
there are nonnegative constants q and w > 0 with

+oo
/ Et)™dt <wE(0)E(S), 0<S < 4o, (2.4)
S

then we have

and

This lemma is proved in [1] and [5] (see also [7] and [0]).
Here is our main result.

Theorem 2.7. Let u(t,x) be a local solution of problem (P) on [0, Tiax) with
initial data ug € S, up € LY(Q) and sufficiently small initial energy E(0). If the
hypotheses in Theorem 2.1 are valid and 2 < m < 2%, n > p and 2 < m < o0,
n < p, and assume that 2 < m < p, then Ty.. = o0o. Assume further that
p<v<2pandv < pu< n"—_";). Then, there exists Cy = C(ug,uy) and o > 0 with
a > o such that the global solution of the problem (P) has the following energy
decay property

E(t) < Cot 72, Vit>0.

3. PROOF OF MAIN RESULT

Since E(t) is a nonincreasing function on ¢, we have from (2.2) that

el +

r —

P [—1
IVully < ——=lluell; + 7 (w) = E(¢) < E(0).

Hence, we get

l rp
L

) E(0) < +o0.

The above inequality and the continuation principle lead to the global existence
of the solution, i.e., Ty, = 0.

Now we begin the estimates of energy associated to the solution of the problem
(P). From now on, C' indicates positive constants, which may be differ in different
places.

Let us remark that multiplying the both sides of first equation of (P) by E(t)%u
and integrating over Q x [S,T], where ¢ = (p —2)/p > 0and 0 < S < T < o0,
we obtain

T
0:/ /E(t)qu[(|ut\lZut)t—div(lvxu]pZqu)—HutV”Zut+h(x,u)—|u|’"2u]da:dt.
s Ja
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In addition

/S ! /Q B (w2, da dt
_ {E(t)q/ (g 2ur) } / / iy ' dt
—q/ / VE (V) ufug| 2w, d dt,

Hence from the definition of energy and a simple argument we can obtain

p/STE(t)QHdt
_ (mz_l) +1> /TE(t)qHutht—/T/E(t)qu\ut]m_2utdxdt

- B0 [ - utdl} va [ [ BOrE Ot
+(1-1) /S E(t)q/QHuH:dH/S EQ(t)/Q(pH(u)—uh(x,u)) da dt.

(3.1)

Now we must estimate every terms of the right-hand side of (3.1) to arrive at a
similar inequality as (2.4). From (2.1) we see that

T T
/ E(t)uy |} dt < C/ E(t)*dt. (3.2)
S S

Employing Holder’s inequality, Lemma 2.3 with the nonincreasingness of the en-
ergy F(t), we obtain that

T

{E(t) /Q wul ™y da;L

- T
< C (B ulls full ]

[ 2— T .
< C [By IVl 2 ] 3

<c 'E(t)qE(t)éE@)lﬁE

S C’E(S)q"'%"'liTl
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and

VLR (t) uut L dx dt

_A!EUW(V“+ di

(3.4)
T 1 -1
B —
S
< CE(S)"™ T
Exploiting, the Sobolev-Poincaré inequality, (2.2) and (2.3) we get
T
_b a| ||
(1-2) [ Byl
p T
< _ q T IS8
<(1-1) /S E(£)1C"|[Vull” dt
p T
_(1_;)LﬁmycwvwngMgﬁ (3.5)
T r—p
p rp porp
< - = E)icr E E(t)dt
<(1-2) [Borer ((2p0) " 2B
T
= Mp/ E(t)1dt,
S

Employing Hélder’s inequality and Young’s inequality we get the estimate

T
'—/ E(t)q/u|ut|m_2utd:vdt‘
s Q

<C/IE\MW1MMﬁ

<c/’E O anll™ + ¢ Jullm) dt

_0/ |ut|]mdt+0/ Y™ dt
_0/ _Et dt+0/ 2™ dt

<CE@V“+C/ )™ dt,

where the fact that F(t) in nonincreasing is used.
On the other hand, from the convexity of the function 1;_y in y for v > 0 and

y > 0, we can write
uC1y1+C2y2 w1 uy?

<
Ciyr + Coya — Y1 Yo
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thus

lallp - Iy

<204 + Cy ,
m P r

lullm

where, C| = L;((: __TQ”)) and Cy = =2 are positive constants.

Furthermore, we see that
[ully, < Cullullz 4 Coflully
< C([[Vully + [lull7)
< CE(1),

T
'—/ E(t)q/u]ut\m_Qutda:dt‘
s Q

T
gCﬂ$W+C/ ﬂw“w
S

which implies that
(3.6)

The last term of the right hand side of the first equation of (P) can be estimated
as follows. From Sobolev-Poincaré inequality, there exists o > 0 such that

oullh < [Vullp,  Yue WP ()

As h(z,u) = (a|u*~2 — |u|"~?)u, with H(z,u) = [} h(z, s)ds we have,

H(u) = a% - % (3.7)

We also notice that there exists o/ > 0 where o > o' so that,
/
;‘—p\uv’ + H(u) > %]u\“, Vu € R. (3.8)

Thus, taking into account (3.7) and (3.8), we have
T
/ Eq(t)/ (pH(u) —uh(z,u)) dedt
S Q
T J— J—
_ / E9(t) / (uw _ MW) dr dt
s Q v H
T v—p
< / Eq(t)/ (ul? dz dt
s Q Vv
r a
:/ Eq(t)/(y—p) (—|u!“—H(u)> da dt
s Q H

< /ST E(t) /Qo/ _p) (%Iulp 4 2H (u) — H(u)) da dt

< /ST B(t) /Q(” ) (%’|u|p + H(u)) da dt
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Using the definition of the energy F(t) we see that
/
/ <ﬁ\u|p + H(u)) dzx < CE(t)
Q\P
Consequently,
T
/ B(t) / (pH (1) — wh(u))da dt
S Q
T
<C(v—-p) / EYE(t)dt (3.9)
S
T
<C(v-— p)/ BT (t)dt.
S

Then substituting the estimates (3.2), (3.3), (3.4), (3.5), (3.6) and (3.9) into (3.1),

we get
T
/ E(t)q—i-l
s

where w = C (E(O)%_% + 1) :
Letting T" — +o0, this yield the following estimate,

+o0
/ Et) <wE(0)!E(S), VS >0,
S

and we conclude from Lemma 2.6 that

) 14 44\ "V
E(t) < E(0) (wiq > < E(0) ( — ) < Ot/
w4+ quw q

This completes the proof of Theorem 2.7.
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