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RINGS IN WHICH EVERY NONZERO PROJECTIVE IDEAL IS
REGULAR

CHAHRAZADE BAKKARI1∗ AND ABDOULJABBAR YAHIA OMARI2

Abstract. In this paper we introduce and investigate a class of those rings in
which every projective ideal is regular. We establish the transfer of this notion
to trivial ring extension, direct product, pullbacks, and amalgamation of rings
along an ideal and then generate new and original families of rings satisfying
this property.

1. Introduction and preliminaries

All rings considered in this paper are assumed to be commutative with identity
elements and all modules are unitary. We denote by qf(R) the quotient field of
an integral domain R, by pdR(M) the projective dimension of an R-module M
and by Jac(A) the jacobson radical of a ring A.

In this paper, we are interested in those rings in which every nonzero projective
ideal is regular and which will be called PIR-rings. A local rings is example of
PIR−rings. Also, every von Neumann regular ring which is not a field is example
of a non PIR−ring.

Let A be a ring and E be an A-module. The trivial ring extension of A by E
(also called the idealization of E over A) is the ring R = A ∝ E whose underlying
group is A×E with multiplication given by (a, e)(a′, e′) = (aa′, ae′+ a′e). Recall
that if I is an ideal of A and E ′ is a submodule of E such that IE ⊆ E ′, then
J = I ∝ E ′ is an ideal of R. However, prime (resp., maximal) ideals of R have
the form P ∝ E, where P is a prime (resp., maximal) ideal of A [5, Theorem
3.2]. Suitable background on commutative trivial ring extensions is [5, 6, 20, 23].

Let T be a ring and let M be an ideal of T . Denote by π the natural surjection
π : T −→ T/M . Let D be a subring of T/M . Then, R := π−1(D) is a subring
of T and M is a common ideal of R and T , such that D = R/M . R is known by
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a pullback ring associated to the following pullback diagram:

R := π−1(D)

i

��

π/R
// D = R/M

j

��
T

π // T/M

where i and j are the natural injections.
As a particular case of this pullback is the D+M -construction, when the ring T
is of the form K +M , where K is a field and M is a maximal ideal of T , and R
becomes the form D +M . See for instance [17, 20].

Let A and B be two rings, let J be an ideal of B and let f : A −→ B be a ring
homomorphism. In this setting, we consider the following subring of A×B

A ./f B = {(a, f(a) + j)|a ∈ A, j ∈ J}
called the amalgamation of A and B along J with respect to f . Moreover, other
classical constructions (such as the A + XB[X], A + XB[[X]], and the D + M
constructions) can be studied as particular cases of the amalgamation (see [11,
Examples 2.5 and 2.6]) and other classical constructions, such as the Nagata’s
idealization, and the CPI extensions (in the sense of Boisen and Sheldon [7])
are strictly related to it (see [11, Example 2.7 and Remark 2.8]). A particular
case of this construction is the amalgamated duplication of a ring along an ideal
I (introduced and studied by D’Anna and Fontana in [10, 15, 14]). Let A be
a ring, and let I be an ideal of A. A ./ I := {(a, a + i) : a ∈ A, i ∈ i} is
called the amalgamated duplication of A along the ideal I. See for instance
[10, 11, 12, 13, 14, 15].

The purpose of this paper is to give some simple methods in order to construct
PIR-rings. For this, we investigate the transfer of PIR−property to trivial ring
extensions, direct product, pullbacks, and amalgamation of rings.

2. Main results

A ring R is called a PIR−ring if every nonzero projective ideal is regular. We
start with examples of PIR-rings.

Example 2.1. (1) Every domain is a PIR−domain.
(2) Every local ring is a PIR−ring.
(3) Every von Neumann regular ring which is not a field is a non PIR−ring.

A ring R is called semihereditary if every finitely generated ideal is projective.
In this context, we have:

Proposition 2.2. Let R be a semihereditary ring. Then, R is a PIR−ring if
and and only if R is a domain.

Proof. It is clear that if R is a domain, then R is a PIR-ring. Conversely, assume
that R is a PIR-ring and let a be a nonzero element of R. Then Ra is projective
(since R is semihereditary) and so Ra is a regular ideal (since R is a PIR-ring).
This means that a is a non-zerodivisors, as desired. �
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Now, we study the transfer of the PIR-property to the trivial ring extension
of A by an A-module E.

Theorem 2.3. Let R := A ∝ E be the trivial ring extension of a ring A by an
A-module E. Then:

(1) Assume that E is flat. Then if R is a PIR−ring, then so is A.
(2) Assume that A := D is a domain, K = qf(D) and E is a K-vector space.

Then R is a PIR-ring.
(3) Assume that A is a local ring. Then R = A ∝ E is a PIR−ring.

The proof of this theorem involves the following lemma.

Lemma 2.4. Let T = K ∝ E be the trivial ring extension of a field K by
K−vector space E. Then there exists no proper flat ideal of T .

Proof. Let J = 0 ∝ E ′ be a proper ideal of T , where E ′ (⊆ E)is a K−vector space.
We claim that J is not flat. Deny. Let {fi}i∈Ibe a basis of the K−vector space E ′

and consider the T−map T (I) → J defined by v
(
(ai, ei)i∈I

)
=
(
0,
∑

i∈I aifi
)
.We

have Ker (v) = 0 ∝ E(I) = (0 ∝ E)(I). Hence, by [?, Theorem 3.55] , we obtain

(0 ∝ E)(I) =
(
0 ∝ E(I)

)
∩ (0 ∝ E)T (I) = (0 ∝ E)(I) (0 ∝ E) = 0

a contradiction. Hence, J is not flat. �

Proof of Theorem 2.3.
1) Assume that R is a PIR−ring and let I be a nonzero projective ideal of A.

Then J = I ⊗A R = IR = I ∝ IE is a nonzero projective ideal of R. Hence J is
regular since R is a PIR−ring. Let (a, e) ∈ J = I ∝ IE be a regular element of
J , then a ∈ I. We claim that a is regular.

Indeed, let b ∈ A such that ab = 0, and prove that b = 0. We have (a, e) (b, 0) =
(ab, eb) = (0, eb)

Case 1: eb = 0.
In this case, (a, e) (b, 0) = 0, but (a, e) is a regular element of R, then b = 0.
Case 2: eb 6= 0.
In this case, we have,

(a, e) (0, eb) = (0, abe)

= 0

impossible since (a, e) is a regular element.
Hence, a ∈ I is a regular element. Therefore, I is regular, as desired.
2) Let J be a nonzero projective ideal of R. Set T = K ∝ E = S−1R which

is a flat R- module, where S = D \ {0}. Hence JT (= J ⊗R T ) is a nonzero
projective ideal of T and so JT = T = K ∝ E by Lemma 2.4. Therefore,
I = {a ∈ D/ (a, e) ∈ J} 6= {0} which implies that J = I ∝ E. Hence a ∈ I \ {0},
then (a, e) ∈ J is a regular element of R and so R is a PIR−ring.

3) Clear since R is local, and this completes the proof of Theorem 2.3. �
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The following example which is not a domain, show that the condition ”semi-
hereditary” in Proposition 2.2 is necessary:

Example 2.5. The ring R = Z ∝ R is a PIR−ring by Theorem 2.3(2).

Now, we give a class of a non-PIR-ring by Theorem 2.3:

Example 2.6. Let A be a von Neumann regular ring which is not a field and E be
a flat A-module (for example, we may take E = A). Then, the ring R = A ∝ E
is not a PIR−ring by Theorem 2.3(1).

Now, we show that the direct product of rings is never a PIR−ring.

Proposition 2.7. Let (Ri)i=1,...,m be a family of rings, where m ≥ 2. Then∏m
i=1Ri is never a PIR−ring.

Proof. Let I :=
∏m

i=1 Ii, where I1 = R1 and Ii = 0 for i = 2, ...,m. Then, I is
a projective ideal of R :=

∏m
i=1Ri by [?, Lemma 2.5(2)] since Ii is a projective

ideal of Ri for i = 1, ...,m. On the other hand, (0, 1, ...1)I = 0R. Therefore,
R :=

∏m
i=1Ri is never a PIR−ring, as desired. �

Next, we study the transfer of the PIR-property to pullbacks.

Theorem 2.8. Let T = K+M , where K is a field and M is a nonzero maximal
ideal of T , D is a subring of K such that qf (D) = K, and set R = D + M .
Assume that for every m ∈M \ {0}, m is not regular. Then R is a PIR−ring.

Proof. Let J be a nonzero projective ideal of R. Hence J⊗R T = JT is a nonzero
projetive ideal of T and so there exists a + m ∈ T a regular element for some
a ∈ K and m ∈ M such that J ⊗R T = JT = T (a+m) since T is local. we
claim that a 6= 0. Deny. Then m = a + m is regular, a contradiction. Therefore
a 6= 0 and so a + m /∈ M . Then a + m is invertible element of T . Hence
J ⊗R T = JT = T (a+m) = T .

On the other hand,

J ⊗R
R

M
=

J

JM

=
J

J (TM)

=
J

(JT )M

=
J

M

Hence M ⊆ J and so J = I + M , where I = {d ∈ D/d+m ∈ J} ⊆ J is an
ideal of D. We claim that I 6= 0. Deny. Then I = 0 and so J = M . Hence
T = JT = MT = M , a contradiction. Therefore I 6= 0. Let d ∈ I \ {0}. We
claim that d is a regular element of R.
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Indeed, let α+m ∈ R\{0} for some α ∈ D and m ∈M such that d (α +m) = 0.
We have 0 = d (α +m) = dα + dm. Then{

dα = 0 for d 6= 0 ∈ D
dm = 0 for d 6= 0 ∈ D

=⇒

{
α = 0

d−1dm = 0 for d 6= 0 ∈ D

=⇒

{
α = 0

m = 0

Hence α+m = 0. Then d is regular element of R and so J is regular. Therefore,
R is PIR−ring. �

Corollary 2.9. Let K be a field, X an indeterminate and T = K[[X]]
<Xn>

= K+XT .

Let D be a subring of K. Then R = D +XT is a PIR−ring.

Proof. Clear since T is local and Xn−1M = Xn−1XT = XnT = 0. �

Example 2.10. Let T = Q[[X]]
<X3>

= Q+XT and R = Z+XT . Then R = Z+XT
is a PIR−ring.

Next, we study the transfer of the PIR-property to the amalgamation of rings
along an ideal. Recall that Rad(B) means the jacobson radical of a ring B.

Proposition 2.11. Let A and B be rings, f : A −→ B be a ring homomorphism,
J be a nonzero proper ideal of B, and set R := A ./f J the amalgamation of A
and B along J with respect to f . Then :

(1) Assume that A is a local ring with maximal ideal M and J ⊆ Rad(B).
Then, R is a PIR−ring.

(2) Assume that J and f−1(J) are regular ideals of B and A, respectively.
Then T (R) the total ring of quotient of R is not a PIR−ring.

(3) Assume that A is a local ring and I is a regular proper ideal of A, and let
S be the set of regular elements of R = A ./ I. Then T (R) the total ring
of quotient of R is not a PIR−ring.

Proof. 1) Since (A,M) is local, Max
(
A ./f J

)
=
{
M ./f J

}
∪
{
Q
f
}

with Q ∈

Max (B) not containing J andQ
f

= {(a, f (a) + j) | a ∈ A, j ∈ J and f (a) + j ∈ Q}.
But since J ⊆ Rad (B), the set

{
Q
f
}

is empty, and so A ./f J is local with max-

imal ideal M ./f J . In particular A ./f J is a PIR−ring.
2) By [12, Proposition 3.1], we have that T

(
A ./f J

)
= T (A) × T (B) which

is a non PIR-ring by Proposition 2.7.
3) By [14, Corollary 3.3(d)], we have that T (R) = S−1 (A ./ I) = T (A)×T (A)

which is a non PIR-ring by Proposition 2.7 and this completes the proof. �



12 C. BAKKARI AND A. Y. OMARI

References

[1] M. M. Ali, Idealization and Theorems of D.D. Anderson, Comm. Algebra 34 (2006),
4479-4501.

[2] M. M. Ali, Idealization and Theorems of D.D. Anderson II, Comm. Algebra 35 (2007),
2767-2792.

[3] M. M. Ali and D. J. Smith, Pure Submodules of Multiplication Modules, Beiträge Algebra
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