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EXISTENCE, UNIQUENESS AND STRONG CONSISTENCY OF
THE MAXIMUM LIKELIHOOD ESTIMATOR FOR A MODEL

OF ACCIDENTS FREQUENCIES

ISSA CHERIF GERALDO∗

Abstract. The aim of this paper is to prove the existence, uniqueness and
strong consistency (i.e. almost sure convergence to the true unknown value)
of the maximum likelihood estimator (MLE) of the vector parameter for a
statistical model used in statistics applied to road safety. In the general case,
the strong consistency of the MLE may be established by using the well-known
result by Abraham Wald (in 1949) or its variants under a set of conditions.
However, for the model considered in this paper, all these conditions are very
difficult to verify because of the great dimension of the parameter space and the
rather complex expression of the log-likelihood function. To circumvent these
difficulties, we first demonstrate that the MLE exists and is unique afterwards
we demonstrate the strong consistency of the MLE using the properties of the
model and some theorems of mathematical analysis.

1. Introduction

In parametric statistics, most of the problems require the estimation of a pa-
rameter vector θ ∈ Θ, where Θ ⊂ Rd and d is the number of components of θ.
The parameter vector may be unconstrained (Θ = Rd) or constrained (Θ ⊊ Rd)

and the maximum likelihood estimator θ̂ of θ, if it exists, is obtained as

θ̂ = argmax
θ∈Θ

ℓ(θ), (1.1)

where ℓ(θ) is the log-likelihood function. Although the maximum likelihood
method is generally efficient in most cases, some statistical models may suffer
from the non-existence of the MLE [4, 8, 9, 18] or its non-uniqueness [1, 15, 16].
When existence and uniqueness of the MLE are guaranteed, another desirable
property of the MLE is its strong consistency that is its almost sure (a.s.) con-
vergence (convergence with probability equal to one when the sample size tends
to +∞) to the true unknown parameter vector θ0 of the model from which the
observed data come.
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To our knowledge, the strong consistency of the MLE was established by Wald
[20] under some regularity conditions. Although the latter claimed that the un-
derlying assumptions are easy to check in practice, a few of them involve the
calculation of upper bounds which are not obvious to obtain. Although Wald’s
proof of consistency has opened the way for more studies on the strong con-
sistency of the MLE (see for example [3, 5, 7]), it remains a central result in
Statistics. When the MLE is available in closed-form, the study of its strong
consistency could certainly be done directly by using its closed-form expression
and the properties of the underlying statistical distribution.

In this paper, we are interested in a statistical model comprising a s−tuple (s >
0) of independent discrete random vectors (X1, . . . , Xs) following multinomial
distributions whose parameters are linked. This model was proposed by [12]
for estimating the average effect of a road safety measure implemented on s
experimental sites. It has a parameter vector θ = (α,βT)T where α > 0 is the
average effect (in the multiplicative sense) of the measure, β = (βT

1 , . . . , β
T
s )

T

where for each k = 1, . . ., s, βk is a probability vector associated with the site k.
The aim of this paper is to prove the existence, uniqueness and strong consis-

tency of the MLE θ̂ = (α̂, β̂T)T of the parameter vector of the model. In the
case s = 1, the existence and uniqueness of the MLE have been proved by [11]

using the likelihood equations to obtain closed-form expressions of α̂ and β̂ and
the strong consistency has been established by [6] by exploiting these closed-form
expressions. In this paper, we extend these results to the general case s ⩾ 1.
We get closed-form expressions of the components of β̂ as functions of α̂ but,
unlike the case s = 1, it seems impossible to get closed-form expression of α̂ (this
latter being the solution to a non-linear implicit equation). To circumvent this
difficulty, we use the properties of the model and some theorems of mathematical
analysis.

The remainder of this paper is organized as follows. Section 2 gives more details
on the statistical model, the assumptions and notations used in this paper. The
first main contribution of this paper (the proof of the existence and the uniqueness
of the MLE) is given in Section 3 afterwards the second main contribution (the
proof of strong consistency) is given in Section 4. The last section of the paper
is dedicated to the concluding remarks.

2. Statistical model, assumptions and notations

2.1. Statistical model and assumptions. Let X1, . . . , Xs be s vectors such
that for all k = 1, . . . , s, Xk = (X11k, . . . , X1rk, X21k, . . . , X2rk)

T where r is the
number of accident severity levels, X1jk (respectively X2jk) is the random number
of accidents of severity level j recorded on site k before (respectively after) the
implementation of the measure. The model of [12] is built under the following
assumptions:

(A1): For all k = 1, . . . , s, the vector Xk has the multinomial distribution

Xk ⇝M (nk,πk(θ)), (2.1)

where
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(A2): πk(θ) = (π11k(θ), . . . , π1rk(θ), π21k(θ), . . . , π2rk(θ))
T,

π1jk(θ) =
βjk

1 + α⟨zk,βk⟩
, π2jk(θ) =

αzjkβjk

1 + α⟨zk,βk⟩
, j = 1, . . . , r, (2.2)

zk = (z1k, . . . , zrk)
T is a vector of positive coefficients (see [12] for more

details) and ⟨zk,βk⟩ =
∑r

j′=1 zj′kβj′k.

Let Sr−1 =
{
(p1, . . . , pr)

T ∈ [0, 1]r,
∑r

j=1 pj = 1
}
. The statistical model thus

defined has a parameter vector satisfying the following assumption:

(A3): θ = (α,βT)T where α > 0, β = (βT
1 , . . . , βT

s )
T and for all k =

1, . . . , s, βk = (β1k, . . . , βrk)
T ∈ Sr−1.

The parameter of interest α represents the average effect (in the multiplicative
sense) of the measure. If α < 1, then it could be concluded that the measure
enabled to reduce the number of accidents on the different experimental sites. The
sr secondary parameters βjk (k = 1, . . . , s, j = 1, . . . , r) respectively represent
the probabilities that an accident occurring on site k before the implementation
of the measure is of severity level j.

2.2. Notations. Let k = 1, . . . , s and j = 1, . . . , r. In the remainder of the
paper, we adopt the following notations: X•jk = X1jk +X2jk, X1•k =

∑r
j=1X1jk,

X2•k =
∑r

j=1X2jk, X1•• =
∑s

k=1

∑r
j=1X1jk andX2•• =

∑s
k=1

∑r
j=1X2jk. Almost

sure (a.s.) convergence is represented by
a.s.−→.

3. Existence and uniqueness of the maximum likelihood estimator

As is customary in the search for the expression of the maximum likelihood es-
timator (MLE), we will deliberately confuse in this section, the random variables
and their realizations. Let X1, . . . , Xs be realizations of (2.1). It is proved in
[12] that the log-likelihood is defined up to an additive constant by

ℓ(θ) =
s∑

k=1

r∑
j=1

{
X•jk log βjk +X2jk logα−X•jk log

(
1 + α⟨zk,βk⟩

)}
. (3.1)

The MLE θ̂ of θ, if it exists, is the solution to the following constrained opti-
mization problem:

θ̂ = argmax
θ∈R∗

+×(Sr−1)s
ℓ(θ). (3.2)

It is proved (see [12]) that, if it exists, θ̂ is also the solution of the following
system of non-linear equations:

s∑
k=1

r∑
j=1

X2jk − α̂X1jk⟨zk, β̂k⟩
1 + α̂⟨zk, β̂k⟩

= 0 (3.3a)

X•jk −
nkβ̂jk(α̂zjk + 1)

1 + α̂⟨zk, β̂k⟩
= 0, k = 1, . . . , s, j = 1, . . . , r, (3.3b)
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where θ̂ = (α̂, β̂T)T, β̂ = (β̂T
1 , . . . , β̂

T
s )

T and for all k = 1, . . . , s, β̂k = (β̂1k, . . . ,

β̂rk)
T.

In the case s = 1, [11] demonstrated the existence and uniqueness of the
solution to the problem (3.3). In this paper, we extend this result to the general

case s ⩾ 1. To do this, we will use Equation (3.3b) to get the β̂jk’s as functions
of α̂ afterwards we will use Equation (3.3a) to get α̂ in an implicit form.

The following lemma shows that the subsystem (3.3b) can be decomposed into
s subsystems of r linear equations with r unknowns.

Lemma 3.1. Given α̂ > 0, subsystem (3.3b) is equivalent to the following s
linear systems of equations

Ωα̂,kβ̂k =
1

nk

X•k, k = 1, . . . , s, (3.4)

where for all k = 1, . . . , s, X•k = (X•1k, . . . , X•rk)
T and

Ωα̂,k =



1 +
(
1− X•1k

nk

)
α̂z1k −X•1k

nk
α̂z2k . . . −X•1k

nk
α̂zrk

−X•2k
nk

α̂z1k 1 +
(
1− X•2k

nk

)
α̂z2k . . . −X•2k

nk
α̂zrk

...
. . . . . .

...

−X•rk
nk

α̂z1k −X•rk
nk

α̂z2k . . . 1 +
(
1− X•rk

nk

)
α̂zrk


.

Proof. Subsystem (3.3b) can be rewritten as

X•jk

(
1 + α̂

r∑
j′=1

zj′kβ̂j′k

)
− nkβ̂jk(1 + α̂zjk) = 0, j = 1, . . . , r, k = 1, . . . , s.

For all k = 1, . . . , s, we have

r∑
j′=1
j′ ̸=j

(
X•jkα̂zj′kβ̂j′k

)
−
(
nk + (nk −X•jk)α̂zjk

)
β̂jk = −X•jk, j = 1, . . . , r,

and then (after division by −nk),(
1 +

(
1− X•jk

nk

)
α̂zjk

)
β̂jk −

r∑
j′=1
j′ ̸=j

(X•jk

nk

α̂zj′k

)
β̂j′k =

X•jk

nk

, j = 1, . . . , r,

which completes the proof. □

The following lemma gives the closed-form expression of the solution to Equa-
tion (3.4).
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Lemma 3.2. For all k = 1, . . . , s, the matrix Ωα̂,k is invertible and, therefore,

Equation (3.4) has a unique vector solution β̂k given by

β̂k =
1

r∑
m=1

X•mk

1 + α̂zmk

(
X•1k

1 + α̂z1k
, . . . ,

X•rk

1 + α̂zrk

)T

. (3.5)

Proof. The proof uses the notion of Schur complement applied to the inversion
of block-defined matrices (see for example [13, p. 34]). For all k = 1, . . . , s, the
matrix Ωα̂,k of Equation (3.4) has the same structure as its homonym defined
in Lemma 3.4 of [11]. The arguments which prove that Ωα̂,k is non-singular are
similar to those used in the first lines of the proof of Lemma 3.4 of [11]. Let

∆α̂,k =

1 + α̂z1k ⃝
. . .

⃝ 1 + α̂zrk


be a diagonal matrix of order r × r and

Mα̂,k =

[
∆α̂,k α̂X•k

zT
k 1

]
.

By Lemmas 3.1 and 3.3 of the same paper [11], the Schur complement of ∆α̂,k in
Mα̂,k, denoted (Mα̂,k/∆α̂,k), is

(Mα̂,k/∆α̂,k) =
1

nk

r∑
m=1

X•mk

1 + α̂zmk

> 0

and the inverse of Ωα̂,k is given by

Ω−1
α̂,k = ∆−1

α̂,k +
α̂

nk

∆−1
α̂,kX•k(Mα̂,k/∆α̂,k)

−1zT
k∆

−1
α̂,k.

By applying Theorem 3.5 of the same paper, we get

β̂k =
1

nk

(Mα̂,k/∆α̂,k)
−1∆−1

α̂,kX•k

and the proof is completed. □

The result concerning the existence and uniqueness of the MLE θ̂ is given by
the following theorem.

Theorem 3.3. The MLE θ̂ = (α̂, β̂11, . . . , β̂r1, . . . , β̂1s, . . . , β̂rs)
T is given by:

s∑
k=1

r∑
j=1

X•jk

1 + α̂zjk
= X1•• (3.6a)

β̂jk =
1

r∑
j′=1

X•j′k

1 + α̂zj′k

× X•jk

1 + α̂zjk
, k = 1, . . . , s, j = 1, . . . , r. (3.6b)
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Moreover, Equation (3.6a) has a unique solution α̂ and, therefore, the MLE θ̂ is
unique.

Proof. Expression (3.6b) is a simple consequence of (3.5). Thus, the main part of
the proof consists in proving that Equation (3.6a) admits the MLE α̂ as unique
solution. We can write Equation (3.3a) under the following equivalent forms:

s∑
k=1

r∑
j=1

X2jk − α̂X1jk⟨zk, β̂k⟩
1 + α̂⟨zk, β̂k⟩

= 0 ⇐⇒
s∑

k=1

∑r
j=1

(
X2jk − α̂X1jk⟨zk, β̂k⟩

)
1 + α̂⟨zk, β̂k⟩

= 0

⇐⇒
s∑

k=1

X2•k − α̂X1•k⟨zk, β̂k⟩
1 + α̂⟨zk, β̂k⟩

= 0

⇐⇒
s∑

k=1

nk −X1•k − α̂X1•k⟨zk, β̂k⟩
1 + α̂⟨zk, β̂k⟩

= 0

since X1•k +X2•k = nk. Thus,

s∑
k=1

r∑
j=1

X2jk − α̂X1jk⟨zk, β̂k⟩
1 + α̂⟨zk, β̂k⟩

= 0 ⇐⇒
s∑

k=1

nk −X1•k

(
1 + α̂⟨zk, β̂k⟩

)
1 + α̂⟨zk, β̂k⟩

= 0

⇐⇒
s∑

k=1

(
nk

1 + α̂⟨zk, β̂k⟩
−X1•k

)
= 0

hence
s∑

k=1

nk

1 + α̂⟨zk, β̂k⟩
= X1•• (3.7)

From (3.6b), for all k = 1, . . . , s, we have:

1 + α̂⟨zk, β̂k⟩ = 1 + α̂
r∑

j=1

zjkβ̂jk

= 1 +

(
r∑

j=1

α̂zjkX•jk

1 + α̂zjk

)/(
r∑

j′=1

X•j′k

1 + α̂zj′k

)

=

(
r∑

j=1

X•jk

1 + α̂zjk
+

r∑
j=1

α̂zjkX•jk

1 + α̂zjk

)/(
r∑

j′=1

X•j′k

1 + α̂zj′k

)

=

(
r∑

j=1

(1 + α̂zjk)X•jk

1 + α̂zjk

)/(
r∑

j′=1

X•j′k

1 + α̂zj′k

)

=

(
r∑

j=1

X•jk

)/(
r∑

j′=1

X•j′k

1 + α̂zj′k

)

= nk

/(
r∑

j′=1

X•j′k

1 + α̂zj′k

)
,
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hence
nk

1 + α̂⟨zk, β̂k⟩
=

r∑
j′=1

X•j′k

1 + α̂zj′k
. (3.8)

After replacing (3.8) in (3.7), we get Equation (3.6a).
To complete the proof, we need to show that the solution α̂ to Equation (3.6a)

exists and is unique. Let Ψ be the function from [0,+∞[ to ]0,
∑s

k=1 nk] defined
by:

Ψ(u) =
s∑

k=1

r∑
j=1

X•jk

1 + uzjk
. (3.9)

The function Ψ is differentiable and its derivative is such that

Ψ′(u) = −
s∑

k=1

r∑
j=1

X•jkzjk
(1 + uzjk)2

< 0,

hence function Ψ is strictly decreasing. We also have

Ψ(0) =
s∑

k=1

r∑
j=1

X•jk =
s∑

k=1

nk and lim
u→+∞

Ψ(u) = 0,

hence Ψ([0,+∞[) = ]0,
∑s

k=1 nk] and Ψ is bijective. Moreover, for all k = 1,. . . ,s,
we have 0 < X1jk < X•jk because X•jk = X1jk +X2jk. So,

0 <
s∑

k=1

r∑
j=1

X1jk <
s∑

k=1

r∑
j=1

X•jk

which means

0 < X1•• <
s∑

k=1

nk.

As Ψ is bijective and X1•• ∈ Ψ([0,+∞[) = ]0,
∑s

k=1 nk], the solution α̂ to Equa-
tion Ψ(u) = X1•• (equivalent to Equation (3.6a)) exists and is unique. As α̂ is

unique and each β̂jk is obtained as a function of α̂, we conclude that the MLE θ̂
is also unique. □

4. Strong consistency of the MLE

Let (Ω,A,P) be the probability space linked to random vectors X1, . . . , Xs

where for all k = 1, . . . , s, Xk = (X11k, . . . , X1rk, X21k, . . . , X2rk)
T satisfies

Assumptions (A1), (A2), (A3) and the true unknown value of θ = (α,βT)T is de-
noted θ0 = (α0, (β0)T)T where β0 = ((β0

1)
T, . . . , (β0

s)
T)T and for all k = 1, . . . , s,

β0
k = (β0

1k, . . . , β
0
rk)

T. The strong consistency (the almost sure convergence of

the estimator θ̂ to the true unknown value θ0) has been proved in the case s = 1
by [6]. In this section, we extend their results by proving the strong consistency
in the general case s ⩾ 1.

The study of almost sure (a.s.) convergence requires the precise definition of
the sample size n which will tend to +∞. In our context, this common sample
size must be set such that n → +∞ if and only if for all k = 1, . . . , s, nk → +∞.
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One can argue that there are several ways to tend to infinity. As we are studying
convergence, we assume (without loss of generality) that:

(A4): n1 = n2 = · · · = ns = n.

Assumption (A4) makes sense because of the strong law of large numbers
(SLLN) and the properties of the multinomial distribution. For example, if we
set n = min(n1, . . . , ns) and if n is great enough, it is possible by the SLLN
to rearrange the components of X1, . . . , Xs such that for all k = 1, . . . , s,∑2

i=1

∑r
j=1Xijk = n.

Let us give the following two lemmas.

Lemma 4.1. Let θ0 be the true value of parameter vector θ and for all k = 1,
. . . , s, π0

k = (π0
11k, . . . , π

0
1rk, π

0
21k, . . . , π

0
2rk)

T be a vector of class probabilities
where, for all i = 1, 2 and j = 1, . . . , r, π0

ijk = πijk(θ
0) (see Formula (2.2) for

the definition of πijk(θ)). If the random vector Xk = (X11k, . . . , X1rk, X21k, . . . ,
X2rk)

T follows the multinomial distribution M (n,π0
k), then, when n → +∞,

(i) Xijk/n
a.s.−→ π0

ijk, i = 1, 2, j = 1, . . . , r.

(ii) X•jk/n
a.s.−→ π0

•jk, j = 1, . . . , r.

(iii) X1••
a.s.−→ γ0

where for all k = 1, . . . , s and j = 1, . . . , r,

π0
•jk = π0

1jk + π0
2jk =

β0
jk(1 + α0zjk)

1 + α0
∑r

j′=1 zj′kβ
0
j′k

(4.1)

and

γ0 =
s∑

k=1

1

1 + α0
∑r

j′=1 zj′kβ
0
j′k

. (4.2)

Proof. (i) It is proven (see for example [21, Lemma 2.42]) that the marginal dis-
tribution of the random variable Xijk is the binomial distribution B(n, π0

ijk).
Hence, by application of the strong law of large numbers, Xijk/n converges
a.s. to π0

ijk.

(ii) By item (i), X1jk/n
a.s.−→ π0

1jk and X2jk/n
a.s.−→ π0

2jk. Thus X•jk/n =

(X1jk/n+X2jk/n)
a.s.−→ (π0

1jk + π0
2jk) = π0

•jk.

(iii) By item (i), X1jk/n
a.s.−→ π0

1jk. Thus

X1••

n
=

s∑
k=1

r∑
j=1

X1jk

n

a.s.−→
s∑

k=1

r∑
j=1

π0
1jk =

s∑
k=1

r∑
j=1

β0
jk

1 + α0
∑r

j′=1 zj′kβ
0
j′k

=
s∑

k=1

1

1 + α0
∑r

j′=1 zj′kβ
0
j′k

.

□
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Lemma 4.2. For all ω ∈ Ω, let φω,n and φ be the functions from [0,+∞[ to ]0, s]
respectively defined by

φω,n(u) =
s∑

k=1

r∑
j=1

X•jk(ω)/n

1 + uzjk
and φ(u) =

s∑
k=1

r∑
j=1

π0
•jk

1 + uzjk
,

where for all k = 1, . . . , s and j = 1, . . . , r, π0
•jk is defined by Formula (4.1). The

functions φω,n and φ are bijective with inverses respectively denoted φ−1
ω,n and φ−1.

Moreover, there exists a set E1 ⊂ Ω such that P(E1) = 0 and for all ω ∈ Ω \ E1,
the sequence of inverse functions φ−1

ω,n converges uniformly to φ−1.

Proof. The functions φω,n and φ are both strictly decreasing (their respective
derivatives are strictly negative). Moreover,

lim
u→+∞

φω,n(u) = 0, φω,n(0) =
1

n

s∑
k=1

r∑
j=1

X•jk(ω) =
1

n

s∑
k=1

n = s,

lim
u→+∞

φ(u) = 0, and φ(0) =
s∑

k=1

(
r∑

j=1

π0
•jk

)
=

s∑
k=1

1 = s.

Thus φω,n([0,+∞[) = φ([0,+∞[) = ]0, s] and we can conclude that both functions

are bijective. For all k = 1, . . . , s and j = 1, . . . , r, X•jk/n
a.s.−→ π0

•jk (Lemma 4.1)
and, by definition of the a.s. convergence, there exists a set Njk ⊂ Ω such that
P(Njk) = 0 and

∀ω ∈ Ω \Njk, lim
n→+∞

X•jk(ω)

n
= π0

•jk. (4.3)

Thus, the set E1 =
⋃s

k=1

⋃r
j=1 Njk is such that P(E1) = 0 and for all ω ∈ Ω \E1,

lim
n→+∞

φω,n(u) = lim
n→+∞

s∑
k=1

r∑
j=1

X•jk(ω)/n

1 + uzjk
=

s∑
k=1

r∑
j=1

π0
•jk

1 + uzjk
= φ(u).

Thus, for all ω ∈ Ω \ E1, the sequence of functions φω,n converges simply to φ.
Moreover,

sup
u∈[0,+∞[

|φω,n(u)− φ(u)| = sup
u∈[0,+∞[

∣∣∣∣∣
s∑

k=1

r∑
j=1

X•jk(ω)/n− π0
•jk

1 + uzjk

∣∣∣∣∣
⩽ sup

u∈[0,+∞[

s∑
k=1

r∑
j=1

∣∣∣∣X•jk(ω)/n− π0
•jk

1 + uzjk

∣∣∣∣
⩽ sup

u∈[0,+∞[

s∑
k=1

r∑
j=1

∣∣X•jk(ω)/n− π0
•jk
∣∣

1 + uzjk

⩽
s∑

k=1

r∑
j=1

∣∣∣∣X•jk(ω)

n
− π0

•jk

∣∣∣∣
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since for all u ∈ [0,+∞[, j = 1, . . . , r and k = 1, . . . , s, 1/(1 + uzjk) ⩽ 1. So we
have

sup
u∈[0,+∞[

|φω,n(u)− φ(u)| ⩽
s∑

k=1

r∑
j=1

∣∣∣∣X•jk(ω)

n
− π0

•jk

∣∣∣∣ −−−−→n→+∞
0

which proves the uniform convergence of the sequence of bijective functions φω,n

to φ. By Theorem 2 of [2], we conclude that the sequence of functions φ−1
ω,n

converges uniformly to φ−1. □

It is well known that the almost sure (a.s.) convergence of a random vector
is equivalent to the a.s. convergence of each of its components [14, Proposition

6.55]. To prove that θ̂ converges almost surely (a.s.) to θ0, it is then sufficient

to prove that α̂ converges a.s. to α0 and each β̂jk converges a.s. to β0
jk.

We start with the following theorem on the a.s. convergence of α̂ and which is
a generalization of Theorem 3.2 of [6].

Theorem 4.3. The MLE α̂ of α converges a.s. to the true value α0 i.e. there
exists a subset N ⊂ Ω such that P(N) = 0 and

∀ω ∈ Ω \N, lim
n→+∞

α̂(ω) = α0. (4.4)

Proof. By dividing Equation (3.6a) by n, we get

∀ω ∈ Ω,
s∑

k=1

r∑
j=1

X•jk(ω)/n

1 + α̂(ω)zjk
=

X1••(ω)

n

which is equivalent to

∀ω ∈ Ω, α̂(ω) = φ−1
ω,n (X1••(ω)/n) , (4.5)

where φω,n is defined by Lemma 4.2. By Lemma 4.1, X1••/n
a.s.−→ γ0 and therefore,

there exists a null probability set E2 ⊂ Ω such that

∀ω ∈ Ω \ E2, lim
n→+∞

X1••(ω)

n
= γ0.

Let N = E1 ∪ E2 where E1 is defined by Lemma 4.2. The set N is such that
P(N) = 0. For all ω ∈ Ω \ N , the sequence of inverse functions φ−1

ω,n converges

uniformly to φ−1 and the real sequence X1••(ω)/n converges to γ0. Therefore, by
Theorem 7.3.5 of [17], Equation (4.5) implies that

∀ω ∈ Ω \N, α̂(ω) −−−−→
n→+∞

φ−1(γ0).
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Since φ is bijective (Lemma 4.2) and

φ(α0) =
s∑

k=1

r∑
j=1

π0
•jk

1 + α0zjk

=
s∑

k=1

r∑
j=1

β0
jk

1 + α0
∑r

j′=1 zj′kβ
0
j′k

=
s∑

k=1

∑r
j=1 β

0
jk

1 + α0
∑r

j′=1 zj′kβ
0
j′k

=
s∑

k=1

1

1 + α0
∑r

j′=1 zj′kβ
0
j′k

= γ0,

we have φ−1(γ0) = α0 and we conclude that

∀ω ∈ Ω \N, α̂(ω) −−−−→
n→+∞

φ−1(γ0) = α0.

The proof is thus completed. □

The result concerning the strong consistency of the MLE θ̂ is given by the
following theorem.

Theorem 4.4. The MLE θ̂ = (α̂, β̂T)T of θ = (α,βT)T is strongly consistent i.e.

θ̂ = (α̂, β̂T)T converges a.s. to θ0 = (α0, (β0)T)T.

Proof. By Theorem 4.3, α̂ converges a.s. to α0. Dividing the numerator and
denominator of Equation (3.6b) by n, we get for all k = 1,. . . ,s and j = 1,. . . ,r,

β̂jk =
1

r∑
j′=1

X•j′k/n

1 + α̂zj′k

× X•jk/n

1 + α̂zjk
= gj

(X•1k

n
, . . . ,

X•rk

n
, α̂
)

where gj is the continuous function from (R∗
+)

r+1 to R∗
+ defined by:

gj(y1, . . . , yr, u) =
1

r∑
m=1

ym
1 + uzmk

× yj
1 + uzjk

By Lemma 4.1 and Theorem 4.3, we have(X•1k

n
, . . . ,

X•rk

n
, α̂
)

a.s.−→ (π0
•1k, . . . , π

0
•rk, α

0).

By applying the continuous-mapping theorem [19, Theorem 2.3], we get

β̂jk
a.s.−→ gj(π

0
•1k, . . . , π

0
•rk, α

0) =
1

r∑
m=1

π0
•mk

1 + α0zmk

×
π0
•jk

1 + α0zjk
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where

π0
•jk

1 + α0zjk
=

β0
jk(1 + α0zjk)

(1 + α0zjk)
(
1 + α0

∑r
j′=1 zj′kβ

0
j′k

)
=

β0
jk

1 + α0
∑r

j′=1 zj′kβ
0
j′k

and
r∑

m=1

π0
•mk

1 + α0zmk

=
r∑

m=1

β0
mk

1 + α0
∑r

j′=1 zj′kβ
0
j′k

=

∑r
m=1 β

0
mk

1 + α0
∑r

j′=1 zj′kβ
0
j′k

=
1

1 + α0
∑r

j′=1 zj′kβ
0
j′k

.

Thus,

β̂jk
a.s.−→ gj(π

0
•1k, . . . , π

0
•rk, α

0) = β0
jk.

Since α̂
a.s.−→ α0 and β̂jk

a.s.−→ β0
jk for all k = 1, . . . , s and j = 1, . . . , r, we can

conclude that θ̂ = (α̂, β̂T)T converges a.s. to θ0 = (α0, (β0)T)T. The proof is
thus completed. □

5. Concluding remarks

In this paper, we have considered a statistical model for accident frequencies
combining a given number of multinomial distributions whose parameters are
dependent. We proved the existence, the uniqueness and the strong consistency
of the maximum likelihood estimator (MLE) θ̂ of the parameter vector θ. We
thus generalize the results of [11] and [6].

We have not considered numerical computation of the MLE θ̂ in this paper (for
example, Equation (3.6a) can only be solved using a numerical algorithm). We
rather refer the reader to [10, 12] where three different algorithms (minorization-
maximization (MM), gradient projection - expectation maximization (GP-EM)
and Newton-Raphson algorithms) have been used for efficient computation of

the MLE θ̂. The performance of these algorithms has been examined through
simulation studies and it was found that the mean square error (MSE)

MSE(θ̂,θ0) =
1

1 + sr

(
(α̂− α0)2 +

s∑
k=1

r∑
j=1

(β̂jk − β0
jk)

2

)
decreases and tends to zero when the sample size increases. Thus, the numerical
results obtained in [10, 12] provide good illustrations for the results demonstrated
in our paper and, in return, our results provide a theoretical justification for the
numerical convergence observed in these papers.
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