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RICCI SOLITONS ON TANGENT BUNDLES WITH THE
COMPLETE LIFT OF A PROJECTIVE SEMI-SYMMETRIC
CONNECTION

MURAT ALTUNBAS!*

ABSTRACT. In this paper, we investigate the Ricci solitons on tangent bundles
with respect to the complete lift of a projective semi-symmetric connection
using vertical and complete lifts of torqued vector fields.

1. INTRODUCTION AND PRELIMINARIES

1.1. Ricci solitons, torse forming vector fields and projective semi-
symmetric connections. Let (M, ¢g) be an n—dimensional (pseudo-)Riemannian
manifold. A Ricci soliton (M, g, 7, \) is defined by the condition

1
Ric + 5279 = \g, (1.1)

where Ric is the Ricci tensor of the metric g, £, is the Lie differentiation with
respect to the potential field 7 on M and A is a real constant. A Ricci soliton
is said to be shrinking if A > 0, expanding if A < 0 and steady if A = 0. Ricci
solitons generalize the Einstein metrics.

A nonvanishing vector field 7 on a (pseudo-)Riemannian manifold (M, g) is
said to be torse-forming if

Vur =¢U + a(U)T, (1.2)

where U is a vector field, ¢ is a smooth function, V is the Levi-Civita connection
of g and « is a 1-form, [15]. Furthermore, we call the vector field 7 as concircular
([4],[13]) if the 1-form a = 0 in equation (1.2). Moreover, if the function ¢ = 1,
we say that the vector field 7 is concurrent, ([L0],[14]). If the function ¢ = 0 in
(1.2), we say the vector field 7 is recurrent. If ¢ = a = 0 in (1.2), then we call
the vector field 7 as parallel. Chen [3] defined a new vector field, which is called
a torqued vector field 7, as satisfying (1.2) with «(7) = 0. In this case, the 1-form
« denotes the torqued form of 7 and ¢ denotes the torqued function.
From [12], a semi-symmetric metric connection V on M is given by

VoV =VyV +7(V)U - g(U, V)P, (1.3)
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where m(U) = ¢g(U, P), YU € x(M), the Lie algebra of vector fields of M.

From [17], a projective semi-symmetric connection V on M is given by
VoV = VuV +o(V)U +(U)V + u(V)U — w(U)V, (1.4)
where ¢ and p are 1-forms satisfying ¢(U) = 28;_11)7'('([]), w(U) = 37 (U).

For the Riemannian curvature tensor R, Ricci tensor Ric and the scalar cur-
vature 7 of V, we have
RUVIW = RUWV)W +0U VYW +w(U W)V —w(V,W)U,
Ric(V,W) = Ric(V,W)+0(V,W) — (n - Dw(V,W), (1.5)
T = r+Tr@) —(n—1)Tr(w),
where §(U, V') = %[(Vv’/T)(U)—(VUW)(V)], w(U,V) = 2( 50 (VUW)(V)—F%(Vvﬂ)(U)—
ﬁW(U)W(V), for all U, V,W € x(M). (see also [9]).

1.2. Tangent bundle. In this subsection, some basic facts will be repeated
about tangent bundles of differentiable manifolds that be used in the future
(for more information see [11]). Given an n—dimensional Riemannian manifold
(M, g). The tangent bundle T'M of the manifold M is TM = Upen T, M, where
T,M is the tangent space of M at p, and the manifold 7'M is 2n—dimensional
which has a differentiable structure induced from M.

Let f,U,w be a function, a vector field, a 1-form on M, respectively. We will
denote their vertical lifts by f*,U",w” and their complete lifts by f¢ U¢ w® to
tangent bundle T'M. The following relations are satisfied:

(fU) = fUu*, U f* =0, w(U’) =0, (1.6)
(fU) = fU+ fU, U f = (Uf), w(U) = (wU))",
U (f) =U(f") = Uf)",w'(U°) = w(U") = (w(U))".
For the Lie brackets, we have

ue,ve=o, [U° V] =[UV]"[UV]=[UV].

We know that that the complete lift metric ¢g¢ of the metric g is a semi-
Riemannian metric on 7'M and it is given by

9o (U, Ve) = g°(Ue, V?) = (g(U, V)",
g°(U", V") =0, (1.7)
9°(Ue,Ve) = (g(U, V)", VU,V € x(M).

The complete lift connection V¢ of a linear connection V fulfills the following
relations:

GV = (VV), ViVe = (Vo) Vi Ve = VeV = (V). (18)

For some significant recent papers about lifting theory on tangent bundles, we
may refer to ([1, 2, 6, 7, 8, 10]).

According to Proposition 3.11 in [l 1] and using (1.5), we have the following
proposition.
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Proposition 1.1. Given a Riemannian manifold (M, g) and its tangent bundle
TM with the complete lift metric g¢. Then the relation between the Ricci tensor
Ric of g and the Ricci tensor Ric® of the metric g¢ is given by

Ric* (U, V?) = 0, Ric“(U*,V®) = (Ric(U, V)", Ric(U,V®) = (Ric(U,V))*
(1.9)
for all U,V € x(M).

From (1.5) and Proposition 1.1, we have

Proposition 1.2. Given an n—dimensional Riemannian manifold (M,g) en-
dowed with the projective semi-symmetric connection ¥V defined by (1.4), and
(TM, g¢,V°) its tangent bundle with the complete lift metric g¢ and the complete
lift of the projective semi-symmetric connection V°. In this case, the Ricci tensor

field Ric” of V° fulfills

(1.10)
Ric'(U*,V) = (Ric(U,V))* = (Ric(U,V))" + (8(U, V)" = (n — ) (w(U, V)",
Ric’ (U, V®) = (Ric(U,V))¢ = (Ric(U, V) + ((U, V)¢ = (n — 1)(w(U, V))".

In this paper, we study Ricci solitons on tangent bundles using vertical and
complete lifts of torqued vector fields and considering the complete lift of a pro-
jective semi-symmetric connection. Similar problems were examined in [5] with
respect to a semi-symmetric metric connection.

2. RICCI SOLITONS ON TANGENT BUNDLES

In this main section, we examine the Ricci solitons on the tangent bundles of
Riemannian manifolds when the potential is the vertical lift and the complete lift
of a torqued vector field, respectively. The tangent bundle will be endowed with
the complete lift of a projective semi-symmetric connection.

2.1. Case 1: The potential is vertical lift of a vector field.

Proposition 2.1. Let (M 9,V, 7‘) be a Riemannian manifold with a torqued vec-
tor field . Then, (TM, g%, V¢, 7%, ) is a Ricci soliton if and only if the following
conditions hold:

i) Rz’c(U V)= Xg(U, V)= 0(U, V) + (n—1Dw(U,V),

1) sk ()9 — [k (7 — @) @+ 0 ® 2 (- @) =0,

ii1) The functzon ¢ in (1.2) is 2 ().

Here n denotes the dual 1-form of .

Proof. First we compute (£,.¢°) (U, V) and (£,.¢°)(U, V) for all vector fields U, V
on T'M. From (1.2) and (1.8), we get

(Lrg)(USVE) = [g(Vor, V) +g(Vyvr, U)] (2.1)
= [209(U, V) + a(U)g(V,7) + (V)g(U, 7)]",

(LT”g )(UC VU) = 0.
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From (1.2), (1.4), (1.8) and (2.1), we obtain

g U V) = [6(Tur V) + g(Tyr V)P (2.2
= o+ (g0 V) + (@lU) - — = (U))g(V,7)
HalV) = ——=n(V)g(U, 7],

n+1

(€.0g°) (U, V) = 0.

Now, suppose that (T'M, g¢, V¢, 7%, A) is a Ricci soliton. Then, we have

—_

Ric (U, V) = Ag° (U, V) — =(£,09°) (U, V°).

(]

Using (1.10-2.2), we get

(Ric(U,V)+0(U,V) = (n—1w(U,V)) = Ag(UV))°

O

T
n+1

(1)g(U, V)

Thus, we occur

Ric(U, V) = g(U, V) = 0(U, V) + (n — Dw(U, V),

(6+ n Z 17T(T))g<U’ V)= %[(n _1|_ 17 a)(U)g(V,7) + (n n 7T oz)(V)g(UET)]).
2.3
If we take contraction over U and V in (2.3), we obtain
n 1
(¢ + n—HW(T))n = - 1(71'(7-) _ Oé(T)).

Since for a torqued vector field a(7) = 0, above equation gives

_l—n

o=

(7).

n

If we denote the dual 1-form of 7 by 7, we occur from (2.3)

1 1.1

n(n + 1)7r(7')g a §[n +1

(T—a)@n+n®

n+1(7r—a)]=0.
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Contrarily, let (M, g, V,7) be a Riemannian manifold with a torqued vector field
7. From (1.5), (1.9), (1.10) and (2.2), we have

Ric (U, V) + 5(Creg)(U%, V) = (RicU, V)" + (69U, V)" +

n+1
1 1
e O
+(a — 1)()( 7)]"
= [Ric(U, V)+ O(U, V) — (n— Dw(U, V)|
—1

+

()] (g(U, V)",

Ric' (U, V") + 5 (Cg) (U7, V") = (Rie(U, V)"
= [Ric(U,V)+0(U, V) — (n—1w(U,V)]°.

It is clear that if Ric(U, V) = Ag(U,V)—0(U, V)+(n—1)w(U, V) and ¢ = £=27(7),
then (T'M, g°, V¢, 7, \) is a Ricci soliton. This completes the proof. O

2.2. Case 2: The potential is complete lift of a vector field. In the fol-
lowing propositions, we give some characterizations about Ricci solitons on T'M
by replacing the vector field 7" with 7¢ in the above proposition.

Proposition 2.2. Let (M,g,V,7) be a Riemannian manifold with a torqued
vector field . Then, (T M, g°, V¢, 1 \) is a Ricci soliton if the following condition
holds:

Ric(U, V) = (A— nilﬂﬂM@Uﬂ
+%((n _1'_ T a)(U)g(V, 1)+ <n+ 7= a)(V)g(U, 7))

—0(U, V) + (n—1)w(U,V),
where Ric denotes the Ricci tensor of V.

Proof. First we compute (£,.g°)(U, V) for all vector fields U,V on TM

Eeg) UV = [o(Tum V) + o(Tor, V)] 2.4)
= P06+ U V) + (@ - — =) ©)g(Vo7)
Ha = — M V)9l ),

n+1
(Lreg®) (U VY) = [g(Vur,V) 4+ g(Vyr,U)]"

= 206+ ——=7(r)g(U, V) + (o -

m)(V)g(U, )",

m(1)g(U, V)’
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Using (1.1) and (2.4), we get

Ric (U5, V) = Ago (U, V) — —(Lg°) (U, V).

N — DN —

(ReUV)) = Ma(U.V)) = 3200+ —m(m)a(U. V)]

1 1 L
—slle= M WeVir) + (e = =7

= (= 6= —nT)g(U V)

3l

From (1.5), we have

m)(V)g(U,7)I°

1 c
——m = a)(V)g(U, )"

m—a)(U)g(V,7) + (

n+1

S ATt

(Ric(U, V) +6(U,V) = (n = Dw(U, V)" = [A=¢—— 11

3l — ) (©)g(V,7)
1 c
Horm = a)(V)g(U,7)
which implies
Rie(U,V) = (=6 - ——=n()g(U,V) + 5((—gm = a)(U)g(Vir) +
(g = ) (V)g(U, 7)) = 0, V) + (0 = (U, V),

O

Proposition 2.3. Let (M,g,V,T) be a Ricci soliton with a torqued vector field
7. Then (TM, g¢, V¢, 7¢,A) is a Ricci soliton if the following conditions hold:

i) ¢ in (1.2) is a constant.

i) 6(U, V)~ (n— (U, V) = —3(a - ))(U)g(Ve7) + Lo — m)(V)g(U,7) for
al U,V e x(M).

Proof. Let (M, g,V,T) be a Ricci soliton with a torqued vector field 7. Then, we
have

(£-9)(U, V) = 2¢g(U, V) + a(U)g(r, V) + a(V)g(7,U) (2.5)
for all U,V € y(M). Using (1.1) and (2.5), we obtain
Ric(U,V) = (A — 0)g(U, V) ~ 5a(0)g(r, V) — 5a(V)g(r,U).
On the other hand, we compute
(L) U, V) = g(Vur,V)+g(Vy7,U) (2.6)
= (£ )UV) + — = [2nmg(U, V) = (9lU,7)x(V) + g(V, 7)m(U)

= 2o+ —Dg(UV) + (@ = mU)g(Vi7) + (@ = m)(V)g(U.7).
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Equations (1.5),(1.9) and (2.6) give us

i (U, V) + 5(Ereg) (U, V) = (Rie(U, V)Y + 5((Cog)(U, V)"
= (Ric(U,V)+0(U,V)—(n—1)w(U,V))°

H(6+ —0)g(U V) + (o= m)©)g(V,7)

+lo—m)(V)g(U, 7))
= (MU V)+0U, V)= (n—1w(U,V))°

H(6+ —0)g(U V) + (o= m)©)g(V,7)

(o= m)(V)g(U, 7))
= (ot U V) + (B Y)

n+1
(1= (T, V)) + 5 (@~ W) (©)g(V,7)
+lo=m(V)g(U,7))"

So, in order that Ric (U°,V°) + + 1(L..¢°) (U, V) = Mg(U, V), we find A = X +
¢+ 15, ¢ is a constant and 6(U, V) — (n —Dw(U,V)=—3(a—m)(U)g(V,7) +
s(a—=m)(V)g(U,7). 0
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